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2 ELEMENTARY INTEGRALS. 

supposed to be the differential coefficient of the unknown 
function y. The required function y is called the integral of 
f{x) dxy and is expressed by the notation y = lf{x) dx. The 
expression /(a:) efo, which is called an element of the integral, 
is the limiting value of the increment of y when we substitute 
x + dx for X. The integral y may thus be regarded as the 
siun of an infinite number of these elements. It was from 
this point of view that the word integral and the symbol / 
arose, an integral being the total or integral sum of an in- 
finite number of elements, and the symbol J being the initial 
letter of the word sum, in. the same way as the symbol of 
differentiation is the initial letter of the word difference. 
The simplest method, however, of finding an integral, or of 
integrating a given differential, is by regarding the process 
as the inverse of differentiation, and is that which we shall 
almost exclusively make use of in this Treatise. 

2. Since any arbitrary quantity which does not vary 
with X disappears in differentiation, we must add on to y 
Buoh an arbitrary constant, in order to find the general value 
of the integral of a given differential /(a?) dx. In finding in- 
tegrals we shall usually omit for convenience the constant (7, 
but it must always be considered as involved in each case. 
In all the applications of the Integral Calculus the constant 
is of great importance, and its value must be determined in 
each case by the conditions of the problem. 

Since ^ {ay) =" a—j where a is a constant quantity, we 

have \ia-j- dx\ = ay^ from which it follows, that if a constant 

multiply a differential coefficient as a factor, it will also 
multiply its inte^al. Again, let yi, yt be functions of a?, 
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and Uu fh their differential coefficients, so that -j-^ « u^ and 

ax 

jfi » fuidXf &o. ; then 

henoe 

j {ui ±Ut)dx = f/i ±yz = j Uidx ± j Uidx, 

that is, the integral of the sum or difference of two differen- 
tials is equal to the sum or difference of the integrals of these 
differentials. 

8. The most important class of integrals are those of 
algebraic functions of the variable. These can be expressed 
by algebraic expressions, by logarithms, or by angles deter- 
mined by their circular measures, besides an infinite number 
of other functions which can be defined in no other man- 
ner than as the integrals of given algebraic expressions. 
Amongst the latter are included the functions called elliptic, 
hyperelliptic, and Abelian. It may be remarked that, with- 
out making any use of the Integral Calculus, we can arrive 
at the ideas of circular functions and logarithms from tri- 
gonometrical and algebraic considerations ; but we might 
consider these functions altogether as derived from the in- 
tegrals of certain algebraic expressions, and thence deduce 
their properties, as we do in the case of the elliptic functions 
and the higher transcendents. 

Our main object is then to reduce given integrals to those 

irreducible fundamental forms, and, in fact, the greater part 

of this and a few of the following chapters consists of an 

enumeration of those cases in which it is possible to effect the 

reduction to the elementary algebraic, circular, and logarithmic 

forms, and an explanation of the means employed for that 

purpose. 

b2 



4 ELEMENTAEY INTEGRALS. 

4. In a great number of practical applications of the 
Integra]. Calculus it becomes necessary to determine the 
actual numerical values of the integrals when certain values 
of the variable are assigned. In the case of algebraic func- 
tions these values are of course known at once, but in the 
case of circular functions, logarithms, and elliptic functions, 
we must have recourse to the proper tables. 

The integrals of expressions involving circular, loga- 
rithmic, or exponential fimctions will frequently be capable 
of expression in terms of similar functions, but if not, can be 
made to depend upon certain irreducible transcendents. It 
may be observed that circular functions are often introduced 
into jalgebraic expressions in order to give them a simpler 
form, so that many differentials, though apparently involving 
these functions, really depend upon algebraic quantities. 

When a proposed integral cannot be obtained in a finite 
form in terms of algebraic quantities, or those functions 
whose values are tabulated, in order to obtain its numerical 
value, we must expand the differential expression in an infi- 
nite converging series, and then integrate each term sepa- 
rately. 

5. We may now enumerate the different methods by 
which the reduction of integrals to the elementary forms is 
effected. These are — 

(1) Transformation by the introduction of a new variable, 
that is, supposing we have an integral lf{x) dxy then putting 
ic = ^ (2), we get dx = ^'(g) dz and J f{x) dx=jf[<t> (s) ) tj/ («) dz^ 
which, by a proper assumption of the function ^ (s), is reduced 
to one of the elementary forms. 

(2) Integration by the resolution of rational expressions! 
into the sums of several others of a similar form. 

i 



.ui 
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(3) Bationalization, that is, the substitution of a new 
variable in irrational expressions, so as to make them rational. 
This is a particular case of (1). 

(4). The use of formulae of reduction, by which means a 
proposed integral is made to depend upon one more simple, 
and this again in the same way on another yet more simple, 
and so on, imtil finally we arrive at one of the elementary 
forms. 

(5) Integration by parts, that is, the use of a certain 

formula obtained thus: — By the Differential Calculus we 

have 

d{uv) = udv + vduy 

whence we get 

judv = uv - jvdu. (1) 

We thus see that the formula of integration by parts 
makes a given iategraljudv depend upon another, namely, 
jvdu. 

6. Prom the simplest considerations of the Differential 
Calculus we can write down at once the following elementary 
integrals: — 

oTdx = r, (2) 



[ 



m + V 



where m is any constant quantity whatever, except negative 
unity. 

j^-log(^), (3) 



1 
1 



dx , X 

^ =itan-'-. (5) 



a* + «* a a 
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Either of the latter pair of integrals may be taken as 

the fundamental elementary form for oircular functions ; but 

it is evident that they cannot be independent, that is, one 

must be capable of being transformed into the other by an 

algebraic substitution. In fact, putting ^ = a sin 0, and 

taking another variable s, so that s » a tan^0, we have, by 

differentiation, 

dx ^ ^ dz dO 

whence . f , = 2a \ — ^. 

Expressing then x in terms of 2, we see that the substitu- 
tion X = 2a^z/{d^ + s*) transforms (4) to the form (6). This 
transformation is of importance, as it enables us to ration- 
alize an expression involving the radical ^{a^ - ^)f thus 
affording an example of the method (3) of the preceding 
Article. 



Examples. 
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J («2 + ^2)5 J ^ (1 + a^^r^)^ 2aa J (j + ^,^2)1 a' ^ ^ ^ 



f dA 



dx 
10 ■ 



(!+«•) n" (1 + a:«)» 



11 f ^_-_Jl_ 

n+1 i' 

J (!+«•) n (1 + a:«)» 






J a2 + j?2 a 



13. I - :; = - coH -. 

a 



7. By means of the Differential Caloulns we obtain the 
following elementary integrals in the case of circular and 
exponential functions:-^ 

J sin arefe « - cos a?, /cosa?dir = sina?. (6) 

— J- = tan a?, \-^-—^ - cot a?. (7) 

cos^iC J sm'ic ^ ' 



\ 



a 



(8) 



It may be observed, however, that none of these integrals 
are really fundamental, as they are all immediately reducible 
to the integrals of algebraic differentials ; for instance, 
putting sin a; « s, the equation / cos a;e£r ^ gin ^ becomes 
merely J efe = x. 
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Examples. 

J tn 

2. \ Bmfnxdx = — QOBnuf, 



m 



83n0d9 



3. I — ^ = see 0. 

. r cos 9^ 

4. 1 — r-=-r = - coeec ^^ 



5. I taxi ede^ log BOG 0. 

6. I cot 0<^ slog sin ^. 

7. J impede = {eeo^e -- l)d0 =: tajie - e. 

8. j cotf*^d& = - (^ + cot 0). 

9. f 8ec*«<«&=: f (1 +tan2e)rftaiia = tan« + -tan»^. 
10. I co8'^<fd = -(^ + 8in^co8^). 

J sin^^cos^^ 



de 

= tan ^ - cot ^. 



femOdS 1 
r^ = ^ log (a - * C08«). 
a - * cos « b °^ ' 



dx 
13 



• Iv(ia^3Ij = <^-^(^)' 



8. Eetuming to algebraic functions, we observe that we 
can find the value oilydx^ where y is a polynomial expression 
of the form 

where w, w, p are any quantities whatever. 
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Integratiiig eaoh term separatelji we obtain 



I 



aaf^^ &»"♦* ca^^ 

ydx = ' + = + r + &0-, (9) 

m + 1 n + 1 jp + 1 ' ^ ' 



in which all the terms are algebraic, unless y inyolves a term 

of the form gx'^^ the integral of which is g logo;. 

To the preceding case many integrals can be reduced by 

the substitution of a new variable. For instance, to obtain 

the integral 

ixS^dx 



1 



(a + hoc) 



n' 



where m is a positive integer, we put a-^-hx-z^ when it be- 
comes 



^|(«"«^^- 



Jm+l 

Expanding then (s - a)** by the binomial theorem, and 
integrating each term separately, the required integral is 
obtained. 

Again, in the same way, expressions of the form 

t 

(a + hdif'Yaf^^dx 

can be integrated immediately if mjn is a positive integer, or 
mjn + pjq a negative integer. Putting a + baf^ ^ z^ this ex- 
pression becomes 

1 £, «-i 

— m z^ (z - a)** dZf 



which is immediately integrable by the expansion of 
{z - «)♦* in a limited number of terms. 
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Also (a + hoif^Yx'^''^ dx = (aar» + 6)?^? « e& 

= --a^* ^^sV«-J) ^ » *^efs, where 6 + flar« = «. 

Hence, as we have stated above, if mjn + pjq is a negative 
integer, the expression to be integrated admits of expansion 
in a finite number of terms, each of which can be integrated 
at once. 

Examples. 






1. f^_^=llog(_^). 

J x{x + ») a ° V^ + «/ 

2. I a;V(a-a;)(fo? = ?(a-a;)i-y (a-«)l. 

r xdx 3 , 

3. = — ibx- Za)(a + bx)^. 

J (a + bx)^ 4*2 

f xdx __ 1 (2bx-\-a) 
' J (a + bxf 2l» (a + *ir)2* 

= - — (3a2 + 2x^) (a* - a;* A 

J «*(« + *«)» a'^ I \ af/ x(a + te) ) 

8 f ^^ _ i f y^ _ 2*a? /a ?\ ) 

J x{fl + te)» 05 (2(a + te)» a + *»" ^^ V "*" «/ 1' 

-TTTl 5r = --V(l-«*). 

d?*V(l-«*) * 



9. To find the integral of 
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dx 



We have 



2a 1 



a? " a^ X- a x ■¥ a* 
hence 

In the same way we find 

In practical applications the distinction between these 
two integrals becomes important, as in (10) x is supposed to 
be always greater than a, and in (11) less. Adding the two 
expressions together, we see that the sum of the two constants 
involved in each case is the imaginary quantity 

-ilog(-l). 
In the same way, since 



{x - a){x - b) a ^ b\x " a x - by 
we find 

f dx 1 ^ fx - a\ 1 . fa-x\ 

which might, however, be at once reduced to the preceding 
cases by putting x = i(a +&) + «. 

It may be observed that the foregoing integrals afford 
simple examples of the application of method (2) of Art. 5. 
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10. We may now integrate the general form 

dx 
a + 2bx + or*' 
We may write this 

cdx 1*11 dz 

wnicn becomes 



[ex + bf + aC" J*' 2* + flfc - 6*' 

if we substitute z for c;» + b. 

Hence, the expression to be integrated is reduced to the 
form (5) or (10) according as ac - 6' is positive or negative. 
We find thus, if ac - 6' is positive, 



dx 1 ex + b ,-^v 

tan-' ,,_ \, ', (12) 



and if ac - ds negative, 



Examples. 



^* J (a; + 2)(a;-4) ^ 6 ^°^ \rr2/ ' 
« f ^ 2 ^ • /2a;-l\ 

f (/+ma?)<to _ « f (fe4ga?)<fa (fe - m^) f <fa 

] a + 2bx + ez^" e ] a -^ 2bx + es^"^ e J oT^bx+lx* 

2tf ' e } a + 2bx + «r 

f (l -¥ mx)dx l-^-ma^ . fx - a\ , , , ^. ^^ 
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Jar — 2a;co8^+l sin^ \ emB J 

J »* — 2a; cos d + 1 ° ^ ' \ sin 9 / 

11. It may be noticed here that the integral of dx\x can 
be deduced from that of mf^dx. If we suppose the integral of 
the latter expression to vanish when ic = a, we have 



\ 



af^dx = :; — , 

m + 1 



If we expand now of^*^ and a^*^ by the exponential series, 

that is, putting 

A' 
ij^ = 1 + A log a? + j-^ (log xy + &o., 

and a similar value for a*, where w + 1 = A, we get 
iB*-*(/a; =T (iz^- a'^)=logiP-loga + -^ {(logo:)' - (log ay] + &o. 

Hence, letting A = 0, we have, finally. 



1 



uX iX\ 

— = log iP - log a = log f - j, or log x^ 



if a is taken equal to unity. 

12. Again, we can make circular functions depend upon 
logarithmic by means of an imaginary transformation. 
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In (11), putting a = 1, ^jid ic = «», where i* = - 1, we get 



fdz 1 - /I + iz\ 



and the constant to be added is zero if the integral vanishes 
with s. Hence, from (5) we have 



1 , n + iz\ 

tau->8 = ^. log ( j— . j, 



that is, the circular function tan'^s is expressed as a logarithm 
by the use of the imaginary L 

If we put 2 = tan 61 in the foregoing equation, we arrive 
at the well-known exponential values for sin and cos 0. 

13. As has been remarked already, we can define loga- 
rithmic and circular functions by means of the Integral 
Calculus solely, and thence derive all their properties. Thus, 
writing jdx/x =f[x)y and if the constant is supposed to be such 
that /(I) vanishes, we have 

therefore 

which may be considered as the fundamental property of the 
logarithmic fimction. We can then immediately derive the 
properties of tan'^a; by means of the expression of this func- 
tion as a logarithm. Or, directly thus for sin"^ic; putting 



i 



^(1 - ««) "•'^*^' 
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and cnipposing the integral to vanish with x, if f[w) + f{y) 
■=s/(a), a constant, we have d[f{x) +/(y)) » 0, that is 

7(^)^7(^ = ^' " v^(l-y')'^ + v/(l-*')rfy.O. 

Now, integrating the terms of the latter expression by 
parts, namely, making use of the formula (1), we have 

hence we get 



*^(i-y*)+2'y(i-'^)+j'^{y(^ 



dx 



- a constant, or, since the quantity under the sign of inte- 
gration vanishes, 

iP>v/(l -y^) +y V'Cl - iP*) = a constant = «, 

as we have ^ = 2, when y vanishes, from the equation 

We see thus, that if /(a;) +/(y) =/(s), then 

which may be considered as the fundamental property of the 

function sin"*ic. 

dx 
14. Tq integrate ;^7^^:7^,). 

We have seen already, in Art. 6, that the substitution 
a? - 2a'a; / («» + a') transforms the radical >v/(a' - x^) to a rational 
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form. Hence, putting a^Jx for x^ we see that>v/(a5' - «')/^j and 
therefore \/(^ - <^^) is rationalized by assuming ir = i (s + a'/^)- 
Differentiating then this relation, we get {z-x)dz= %dx\ but 
s - a? = v^(ic' - a*) ; therefore 

e;^ dz 

and j-^^-5^,j^ = log» = log{^ + y(^-a^)}. (14) 

Hence, changing the sign of a\ we have 

dx 



1 



v/(ar* + fl'^) 



= log{iC + v/(a:' + «')}. (15) 



By the aid of (4) and the forms in the preceding Article 
we can evidently integrate the expression 

dx 



^[a + 2bx + CQ?Y 



where a, (, c are any constant quantities. 

Putting cx-^-h -%^ as in Art. 10, we find from (14) and 

(4), 



1 ( b + ex 



__ ooB- JT^jn^^j, (17) 



according as (; is positive or negative. 

If the factors of the quantity under the radical are given 
and real, we can exhibit the integrals under certain simple 
forms. 
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15. To find the integral of -777 r-; — Trr-p, let a? - a = a'; 

then --; r = 2dz ; 



hence 



dx 2dz 



^[{x-a){x-fi)) ^{z-^a-liy 



, f dx C dz 

= 21og{s + v/(sUa-i3)), from (14), 
f dx 



In this integral a; is supposed to be always greater than 
both a and j3 , but if it be less, we find in the same way, 

c dx 

dx 
Again, to find the integral of —-7 -7 Tjrr, we might 

put /=asin^« + i3co8^«. v/((«-^)(^-/3)) 

We get then 

a-aj = (a-j3)cos^^, x-(i== (a-)3) sin*0, 
fl^ = 2 (a - j3) sin cos fl^^ ; 

hence —777 77 — rjr; = 2«?0, 
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£ZA1CPLE8. 



- ^--Jl^i- 



2 



f dx ( - d{sr^) _ 1 ^ /a\ 

*• J «V(a:a-a»)""Jv(l-«*ara)~a^°* W 
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13. Show by the Integral Calculus that 

log {x + \'{l^ -l)} = i COBT^X. 

14. Given -^ + -^ = 0, 

1 + «« 1 + y* 

show, without making use of (6), that 

1 - ay = <?(a; + y), 
where « is a constant. 

dx 



16. To integrate 



[ie -a) y/{a + 2bx + cx^y 
putting 0? = a + «, we have 

fdx ^ r dz 

(a? - a)-v/(« H- 2bx + ca?') J s -y/ (a' + 26 s + ci 



■1: 



c«') 
- die-') 



1 



v/(c + 26V^ + a's-»y 
where d ^a-\^ 2ba + ca*, 6' = J + ca. 

We see thus that the integral is reducible to (16) or (17), 
accorduig as a' is positive or negative. For instance, if a is 
positive we get 

^ 1 1 ( ^"^ ) /oi\ 

=— ^logj 7^ , (21) 

(a?-a)A va' \a + bx+a{cx'^b)'{- Ay/a) 

where A* = a + 2bx + car*. 

From this result we can obtain the integral of the expres- 

{lx + m)dx - -. „. . . CI I. i.- 

sion -j--^ — /32tA ^ ^ making use oi imaginanes. substi- 
tuting a + fj3 for a, if we put 

a + 2ba + c(o* - /3^) = m* cos2A, 
2)3 (6 + <Ja) = m' sin 2A, 
a + bx -h a{cx ■¥ b) ■\- Am cos A - -4, 
j3(ca; + 6) + Am sin A = jB, 
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and make use of the identity 

log {A + iB) = ilog {A' + B^) + i tan-^ f ^\ 



we find 



f dx f {x-a + i^ 

J (a; - a - «/5) A' °'J |(ar-a)» + 

(sin A + »C08X) |tan"M "2 j + tan-M -^ ]>. 



Hence at once we get 



1 



{x-€L)dx _C08X. ((« -a)' + 3')i 



{(a!-o)»+/3'} A m ® ( ^' + ^ 



-^H(2)'-C4-i. « 



r dx ^ sinA ( ^^ + ^ | 



cosX 



m 



|'™-(3)*'»-(^.)!' <^) 



upon which two integrals the integration of the expression 
given above can be evidently made to depend. 



Examples. 



1 f ^ = L_8in-i ll±^\ 

' J [a + bx)y/(l-x') V(«*-**) \a + bxj' 

J {a + bx)y/{l + x^) V(y72 + *2) ^^ \*-aa; + V{(«2 + J2J(l+a;"-)}/ 
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J (ftP + 4)V(a+2*2?+«f)"«w ^^ V ex + b /' 

if ac — ^2 -. ,^»(. ; i)ut if otf — ft2 — _ ,|2^^ (^Q integral is 

— tan-i !-V(a+ 2bx + cx^)\, 
ne {n } 

. f dx 1 lf^-^\ 

J [a + x)y/{a^'-x^)''~a\j\aVx)' 

. f dx _1_ ( a + bx I 

J (a + te) V(a + 2bx + <?ic2j " ,„« ^^ (v(a + 2to + <?a?«) - my 

if otf - *2 = «i*a ; but if ae - b^ = ^ n^a, Hie integral ia 

Itan-if "^ V 

na \y/{a+2bx-\-cx'^)/ 

6 f ^' = i. tan 1 / ^^ ^ 

' J (l+a;2)V(l-a;») V2 ^(1-^^*)^ 

7 f <fo ,,,, ( 2V(^ + 4) + V(a:+l) ) 

J (^ + 6)V{(a;+l)(a; + 4)}~*'°« l2V(a; + 4)-V(a:+l)i• 
JQ f ^ 1 . 1 WIX 

J (« + *^») V(l - a^^) ■" ;^ ^ V(l-a;2) 
if a + i = m^a ; but if a-{-b = - n^a, the integral is 

V{l-x^) + nx) 



L ^'^ ji 



2na ° (V(l - a?*) -nxl 
dx 



^^- I (:^-a)V{(^l.)(*-3)}-^<^-">jf3if- 
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12 



dx 2 (o + j8 - 2a;) 






13 I (X + /la?) <to _ 2A.(a + jS - 2a;) + 2^ {2ttiS - (a -I- iS)a?} 
«)(^-«}l~ (a-i8)'V{(a;-a)(a;-i8)} 



14. 



J {(a + 



2hx-\-ea?)^ {ae - b^) V(a + 2*a; + cx^' 



17. The method of integration by parts, that is, the use of 
the formula given at the end of Art. 5, enables us to obtain 
very readily a great number of integrals which it would not 
be easy to determine otherwise. This is particularly the case 
when the expression to be integrated involves both algebraic 
and circular or logarithmic functions, as we can then fre- 
quently make the given integral depend upon another, in 
which the transcendental function disappears under the sign 
of integration. The advantage of this method can be best 
exhibited by applying it to the few following cases : — 

To integrate v^(«' + a') dx^ 

let u = v^(a?' + a'), f? = a?, in the formula 

judv = uv - jvdu. 
We get then 

but we have 

therefore, by addition, we get 

r dr 
2i^{^^a^)dx^x^(x^^a^)^a-^-y^^^^^^ 

or finally, from (15), 

i^{c^^-d:')dx^ix^{x''Va') + ^aHog [x + y/ [x" -v a")] . (24) 
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Again, to determine the integral of log xdx^ putting 
u = log^, t? = a?, we get 

/log xdx = X log X - jdx = X (log a? - 1). 

In the same way we find 

jtBJi'^xdx = a?tan~^ir-logv/ (1 +a:*). 

We may frequently determine the value of an integral by 
repeating the process of integration by parts, as, for instance, 
to find the integral of ^' siamxdx, we may take 

ti = sin mxy v « e^/a, 
when we get 

f e^sin mxdx =- e^smmx (e^ cos mxdx. 

a a ^ ' 

and in the same way, 

( ^' OOB mxdx = - e^ cos mx + —(&^ sin mxdx. 

a a 

Hence, substituting for Je^ cos mxdx, and solving for 
je^'mimxdxy'we obtain 

I- «« • -7 ^^(aBJimx-moosmx) ,^^. 

je"^ smmxdx = €^^ \ (25) 

In like manner we get 

r n^ , ^^((^cosmiT+msinma?) ,^^. 

(e^oosmxdx^e^^^ r ^. (26) 

It may be observed that the two latter integrals can be 
obtained at once by putting a + im for a in (8), and equating 
the real euid imaginary parts on both sides of the resulting 
equation. 
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Examples. 



1. 



2. 



3. 



4. 



6. 



6. 



7. 



8. 



9. 



10. 



11. 



12. 



V(a+2*« + <?a?2)<te = — {ex + b) ^/(a + 2bx -^ ea^ 



+ 



f dx 

J V(a + 2to + 



2c J V(a + 2bx + <?a;») 
(a + bx'^)^dx = i«(a + te*)* + fa J (a + *r«)irfip. 

&jr^xdx = a? sin-^a? + V(l - a^). 

a; sin-la; eto = i(2«2-l)8m-iaJ + ia; V(l -«2). 

log{V(a;-o) + V(a;-i8)}rfa;=J(2a;-«-i8)log{V(a;-o)+V(a;-j8)} 

-iV{(a;-«)(a;-i8)}. 
a;' tan-^a? dx=\sfi tan-^a? - iai^ + J log V(l + ««). 

a;2 cos a?<fo? — (a;^ - 2) sin a; + 2a; cos a;. 

x EVD^xdx = i(«2 + a; COS 2a; - sin a; COS x). 
iXDT^xdx I + X tan'^a; 



(l+a;2)i V(l+»8) 
a?» log a;<fo? = -^-— r log ( -^ ) . 

a:3i?«dii; = i?« (a:^ - Sa;* + 6a; - 6). 



18. In connexion with the process of integration by parts 
we give here a general formula, which will be shown to be of 
considerable use in the evaluation of integrals. 
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If we put 
we shall have 

J«^'^- = e-(-i)-J''^*'. (27) 

For, if we differentiate this equation, it becomes 

which can be verified at once, as we have 

(f***^«? du d^v . d^udv 

■'''^^"^^^ •"■'^"■^^ ^^' 

but all the terms on the right-hand side of this equation 
destroy one another, except the last of the first line and the 
first of the second line, which gives the result stated above. 

As an example, we may make use of (27) to determine 
tiie integral / ef^f(x) dxy where /(a;) is an integral polynomial 
expression in x of degree n. Taking then u = /(a?), t? = ^, 
we have 

from which we infer 

a^^^\^f{x)dx^(d\ 

or, putting for 9 its value, 

|.-/(a.) efo = ^ e- \f{x) - \f{x) + . . . -f ^V^"^ (*)}. (28) 
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In like manner \?e can obtain the integrals 

//(a:) COS axdx = P cos aa? + Q sin ax^ (29) 

lf(x) b]xl axdx = P Bin ax - Q cos ax^ (30) 

where P = i fix) - ^^f"{x) + &o., 

Q^\f{x)-l,r{x)^&o. 
a a 

19. We now proceed to consider some integrals of diffe- 
rentials involving circular functions of the variable. These 
are, in general, reducible to integrals of algebraic expres- 
sions already given, but we shall here consider them sepa- 
rately. 

To find the integral of - — j.^ 

° sm 

we have 

sec'PrfO frftanifl 



r de ^ r dQ f sec4e rfO __ r 

Jsinfl""j2sini0cosifl"J 2tani0"~"J 



tan^O 
= logtaniO. (31) 



Or thus : 

r d9 [ Andde [ (/(cosfl) /1 + oosfl 

Jsin0~] sin^O " Jl-cos»0" *^^^Vl- 



cosO, 
log tan ^ 0. 



Similarly we find 

— y = log (sec + tan 0), or log tan f | + ^ j. (32) 

Again, to integrate -—Tl—n, 

a ■¥ cos u 
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we have 

C d0 r dO 

J a + 6 008 " J (a + 6) oos'i© + (a - 6) sin'JO 

J fl + 6 + (a-6) tan'i© "'Ja + 6+(a- 6) tan'^ft' 
Hence, from (5), if a > J, we get 

J a + Jcose " y(a»-6») *^''"' W (^Tfty' *^'' 21 

^^ -771 — nr^s { — I s5 (3'i) 

and, from (11), if a < 5, 

f ^0 1 ,_( y(ft4^)4y(6-^)taniO ) 



a + booBd -s/(6»-a») ® (v/(6 + a)-y(6-fl) tan Jfl) 



Examples. 



• I 



de 



cos 9 — cos a sin a 




f ^^ 1 i b +acosg-f V(&»-ag) sing j 

J a+ftcose" V(*«-a2) ^^ } a + Aco8# )' 

' f de 1_ _^ I b^ ^ c^ + ab COB e-^ac Bin $ ) 

J fl + 6cos0 + csine'"V(a«-A2^) ^^ \{a+bcoBe-{-came)V{bH(^)]' 

f rfd 1 (b^-^c^ + (aJ - mc) cos $-\- {ae-{- mb) sin d ) 

] a + bcoad-\-c Bin$~ m \ a -i- b cob -\- c sin y 

where m* «= d' + c' - a*. 

This and the preceding integral are reduced to (33) and (34) respectively by 
putting 5 = « cos a, c = e sin a. 
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*• I "5 — oa , A2 • 2/» = -£ ^^'^ l-tan $]. 
J a* COB^B + ^2 sm*d ai \a J 

• J «^ + A2 + 2ad cos e ~ i«3T2 ^^'^^ (^^2)* 
f <fe 2 (* + «tan-| 

1 . . (^ +a sintf) ., - 

9. From the expression given by the Differential Calculus for the sine of 
the angle at which the radius vector meets a curve, namely, rd9 / thj show that, 
if 0, ip are the base angles of the triangle formed by the foci of an ellipse and a 
point on the curve, tan \B tan ^^ = a constant. 



10 



de b aB 



{ dB * , , , . X 

] a-\-h tan B «'+ ^2 «» v ' a* + ^» 

J. f dB 1 ( g sin e - a cos a -f V(g» + ^g) ^ 

J aco8(? + *8in(?~ V(a« + a2) °^ ( acosd + Asind j' 

r (/-f m cos g -f n sin B) dB _ (ma-{-nb) ^^ f IdB \ 
J a cos e + a sin a ~ a' + a« ( ~ J acosd+Asina) 

+ ^g ./ log(a cos e + A sin e). 

20. In the case of integrals of algebraic differentials, it 
may be of interest to notice the forms which these expressions 
take when they are rendered homogeneous, that is, when we 
substitute yjx for x. Now, if we put ylx for x \xif[x)dx^ we 
get 

]^f{^^{xdy^ydx\ 
from which we see that if the expression ^{xy y)[xdy - ydx) is 
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capable of integration without assuming any relation between 
X and y, then (.r, y), namely, the coefficient of xdy - ydx^ 
must be a homogeneous function in x, 1/ ot the degree - 2. 
The advantages which follow hence are those which have 
place in algebra from the use of homogeneous expressions, 
namely, symmetry of form and the appUcabiUty of the linear 
or homographic transformation. Suppose we transform a?, y 
by the linear substitution, that is, let 

X'ax + fii/\ y-aV+jSy, (35) 

then dxy dy are evidently transformed in the same way, and, 
therefore, we have 

xdy^-ydx^ (ajS' - /Sa') [xdy' - y'd^') ; (36) 

that isyxdy-ydx is transformed into the product of the simi- 
lar expression for the new variables by the determinant or 
modulus of transformation. If then we transform a diffe- 
rential expression ^ (a?, y) [xdy - ydx) by the linear substitution 
(35), we get ^(a^, y')[xdt/ - 'i/dx') multiplied by the modulus 
of transformation. In this manner we can frequently 
simplify the expression to be integrated by a proper choice of 
the new variables, in the same way as this result is effected in 
the theory of binary quantics. 

From this point of view two general forms of integrals 
representing the circular or logarithmic functions are — 



[xdy -ydx 

^xdy - ydx 
J Pv/m ' 

I 

where u is a quadratic, and v is linear in a?, y. 



(37) 



(38) 
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We see then that one form cannot be reduced to the other 
by a linear transformation. The reduction, however, can be 
effected by a quadratic transformation, as will be proved in a 
subsequent chapter. 

The integral (37) will evidently be logarithmic or circular 
according as the factors of u are real or imaginary. In the 
first case, if these factors are Lc + mt/f Vx + m'y^ and if we call 
them x\ y', respectively, we get at once 

In the second case, we may put 

u^{lx-\- myf + {Vx ^ niyf ^ a?'* + 2/', say, 
and then we have 

21. As an application of the method of the preceding 
Article, we may investigate the value of the integral 

pz -h q dz 



I 



{(*-«)'+/3'i ^{fl'-z-^y 



From Art. 6, we see that ^/(a' - »') is rationalized by 

taking 

2ax 2axy 



z = -z 1, or 



1+a:" a^ + f 

if we put yjx for x. With this substitution the given inte- 
gral takes the form 

\-g[^dy'ydx\ 
where JZ is a quadratic, and 8 a biquadratic expression in 
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a;, y. Now the linear factors of 8 are evidently all imaginary, 
and, therefore, from algebraical considerations, 8 can be ex- 
pressed in a single manner as the product of two real quad- 
ratio expressions, P, Q, say. Again, if c/ denote the Jacobian 
of P, Q, namely the quadratic 

dP^ dQdP dQ 

dx dy dy dx^ 

it is easy to see that, in general, we may write any arbitrary 
quadratic in the form IP + mQ + nj^ that is, we may assign 
the constants /, m, ^, so that this expression may coincide 
with any given quadratic. Supposing then JB to take this 
form, the integral given above becomes 

IP + mQ + nJ 



1 



PQ 

or 



/ 



{xdy-ydx), 



[ {xdy-ydx) ^ [ {xdy-ydx) [ Jixdy-ydx) 

J Q -^^J P ^\l PQ • ^^1) 

Now, since the factors of P and Q are imaginary, the first 
two terms in (41) are, from (40), expressible by angles ; and 
the third term is expressible by a logarithm, as we shall show 
now. We have 

/ dQ dQ\fdP, dP, 

-^v-^^y-d^)\Tj''^Ty'^y 

Thus we get 

J {xdy-ydx) 2{PdQ- QdP) 
PQ ~ PQ ' 
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and oonsequently the third term of (41) is equal to 



2n log (I). 



22. In addition to the methods given in Art. 5 for the 
reduction of integrals to known forms, we may notice here 
the principle of diflEerentiating or integrating under the sign 
of integration. Let a be any quantity involved in a func- 
tion of a*, which we may therefore denote by f{xy a), and 
suppose we have any equation 

J/(ir, a)t^ = ^(^, a), 

then f{x, a) = ^^^ \ 

df(x^ a) _ d^^{a!y a) d'^t^ (a?, a) 
da dadx dxda 

Hence, integrating with regard to a?, we get 



1 



^(^'^)^^ ^e/0(ir, «) 



da da 

that is, if we have /«*cfe = t?, 

then 



]">■% (^^) 



where a is any quantity that is involved in «, and does not 
vary with x. 

We may evidently repeat this process as often as we wish, 
so that we have 

In exactly the same way we can show that we may inte- 
grate with regard to a quantity a involved in u and t? , thft 
is, if, as before, J udx = t? , then we have 

j {juda)dx '^j vda, (44) 



1: 
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EX4MPLES. 

f ^' — f ^ = - £ f i. t -1 ^^ 






f dx 1 f x + ya X 1 a? 

f <ir 2 rf j. <ir _ a: (3a + 2*2) 

J («» + a)» 3 rfa J («« + «)* 3a«(a;« + a)^* 

4. la?" logxdx = T- ^»^rf^ = ; Uogx J . 

J ^ dm} «i + l( m + 1) 

^°' (m+1)' f»+l\ w+1/ 



6 f ^^ - ^ f 

J (a + *co8e)' rfa J a + 



<M 



^ C06# 

. _i?_ Un- iJ("— Vi'i ^^^-^ • 

(a« - *2)« (M \a + ft/ ) (a» - ft«)(a + b cos #) 

a;*«««<te=~ ««*rfa; = — (a2a;*-2aa? + 2). 

1^ r 1 9 

cos tn$d$= —■ \siiimede = —z cos md + — cos md. 
flw J mr m 

23. We have now enumerated and exemplified most of 
the methods which are generally adopted for the reduction of, 
integrals to the elementary circular and logarithmic forms. 
The different methods may sometimes be made use of to 
olbtain the same integral, and must, of course, then give the 
same results, the identification of which may often serve to 
throw additional light on the processes employed. 
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The reduction to the forms just referred to is always pos- 
sible, when the given differential coefficient is a rational 
function of x and the square root of an expression which 
does not involve powers of x beyond the second. The most 
important methods in this case are (2), (3), and (4) of Art. 5, 
and to each of these we propose to devote a chapter. 

The same methods of reduction are also applicable, if the 
expression under the square root involves higher powers than 
the second. When this expression is of the third or fourth 
degree, the integral can be made to depend upon three fun- 
damental forms, namely, the three kinds of elliptic integrals, 
some elementary properties of which we shall consider in a 
separate chapter. 

24. We can give a geometrical illustration of the pre- 
ceding remarks* Let or, p be the Cartesian co-ordinates of a 
point on a conic', then if ^ {x, y) denotes any rational function 
of X, y, the integral 

/ * (^, y) ^ (45) 

depends upon the elementary circular and logarithmic trans- 
cendents. This can be seen to be the case, by supposing the 
conic to be written 

y^ - aa^ + 2bx + c, 

when the integral evidently assumes the form referred to in 
the preceding Article. Again, similarly, the integral (46) 
will depend upon elliptic integrals, if the point x^ y lies on a 
general curve of the third degree, and, more generally, if the 
point lies on a curve the w** degree, (45) will depend upon 
certain fundamental forms of the integrals which have been 
called Abelian. We shall return hereafter to the consider- 
ation of transcendents from this point of view. 
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Examples. 



1. I -=tan-*r — . 



<£r 1 1 



a:(log«)*» «-l (logar)**-^* 

f x^dx _ sin jp - a? cos i; 

(d; sin 2; -f- cos x)' 4; sin a; 4- cos a;' 

jF^dlo; JT sin d; + cos a; 



f 



V 



I 

v! 



9. 



10 



J (rr cos « — sin 2;)' x cos a; — sin a; 

flf* rfa; (j? sin a? + cos x) 



I 



{(«»-*) sin «+(a+ hg)cQ%xY * { («a? — *) sin a; + (a + ij:) cos a:}* 
««<te a (3a + 4ar) 



f «»<to a(3a + 4ar) , , 



12. 



J (a + 



a;'rfa; a? a 



3 



(a + Aa;)* (a + ^a;)* 3A(a + *a;)3 
3?dx 1 



13. f -^ = TTi (« + **) (2*'^» - 5^*J^ + 1 1«*) - 7i log (a + ^a:). 
J a-\r ox 00* *■ 
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16. ( _--^_-=Jlog{4a:+l+2V(2+2aJ + 4*')}. 



^«- ! vTCTr^=^--M4V(-i)l. 



''' l ^(8^^^4:r-4) = ^^^"C-2r)' 

+ log{«+2+V{(«+l){«+3)} 

20. I r= - COS"^ \X » A 

J a;V(«»-l) n ^ ^ 

!<fo 2 2 , f -S\ 

— V(a:»-1)=-V(a:»-1)-- sin-iU V. 



22 

J a;* 



f (jg + ya:) <fo _Zp-2q-¥{6p-dg)x 
J (2+6a; + 



6a;2)* V(2 + 6a:+6;c2) 



fax {2x* 4- a^) 



x'^dx 
27 



. ("\/{(a-«)(«-*)}<fo = i(2«-o-i)v'{(»-a;)(«-4)} 
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29. I — taii-^a? = — tan'^a; + loi? I— : r}. 

30. I —T sin-^af = — sin"^* + log \ y,- j. 

J «2 X ^ ll + V(l -«»)) 

31. |«»log(a;a-l)rf«-ia:Mog(r»-l)-f«-Jj:»-ilog|^M. 
. f tan*$rf$ = itan»a-taii$ + «. 
. f co8 0V(l -d2 8m«a)rf0 = } sina V(l -e» sin'tf) + J^* sin-^ (« sine). 

34. f 8m«V(l-d2Bin80)rf0 = - jcoseVCl-d'sin'a) 



32 



33 



2tf 



log{co8« + V{l-r»8in«$)} 



or - /_ log { V(a« - *«) cos e + V(a« cos«a + *« sin^e) } . 

or —72 jv log {V(*2 - a2) sine + V(a«co8«e + ** sin'^)}. 

37. ( -^^ V(«» + ** 8in2(?) = i cos-i (^^4^1 

- a log {a cot + V(^« + a» cosec'e)}. 

38. I (sin e)»-^ sin (« + 1) rfe = J (sin e)»»-^ (sin we cos a + cos nd sin $)rf0 

= - I {sin «arf (sin $)» + (sin e)» <f (sin nd) } = - sin ntf (sin B)\ 
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. f (sin $)»»-i cos (n + 1) e <fa = - cos w$ (sin a)«. 
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40. Giyen U^aa?-^ Uafiy + Zexy^ + dy^^ 

M={ae -*»)ar* + {ad^ be)xy -k- {bd- e^)y*y 

O = {a^d + 2*» - Sabe)si^ + 3(a*rf + *»« - 2ae^)x^i/ 

■^Z(2dh»-a€d- b(^) xy'^ + (Zbed - 2r» - ad^) y», 
show that 

J-(^rfy-yrf^)=-— . 

41. With the same notation as in the preceding example, show that 

[ JS^{xdy^ydx) l.(U\ 

42. If P, Q are two quadratics in x, y, and /has tie same meaning as in 
Art. 21, show that 



C Jixdy-ydx) ^ 2_ /Q\"» 



( 39 ) 



CHAPTER II. 

INTEGRATION OF RATIONAL FUNCTIONS. 

25. We propose to consider in this chapter the integrals of 
f{x)dx^ where /(a?) is a rational algebraic function of x. The 
most general form of such a function is evidently a fraction, 
namely, the ratio of two expressions, P, Q, say, which can 
be written 



'my 



Q = qtiOf + qx(xf~^ + . . , + q, 



ny 



where m, n are positive integers, and joo, Piy ... Pmy qo, ^i, . • • qn 
are constants. 

' If the degree of the numerator be equal to, or greater 
than, that of the denominator, the fraction P/Q may be re- 
duced by division to the sum of an integral expression and 
another fraction in which the numerator is of a lower degree 
than the denominator. The first part can be integrated at 
once, so that we may confine our special attention to the 
case when m is less than n. The method of integration 
adopted in this case is (2) of Art. 5, namely, by decomposi- 
tion of the given expression into fractions with simpler de- 
nominators, which are called partial fractions. We have had 
already a veiy simple example of the application of this 
method in Art. 9. 



40 INTEGRATION OF KATIONAL FUNCTIONS. 

26. Supposing the fraction P/Q to be denoted by 
^{x)lf(x)y we know, from algebraical considerations, that 
f{x) can be expressed as the product of a series of factors of 
the form 

a? -a, [x-by, [(X?'-2ax^a^-\-^% (a:» - 2a'ir + a » + j3'*)«. 

The simplest method will be then to consider these four dif- 
ferent kinds of factors separately, and this is what we proceed 
to do in the following Articles : — 

27. First, let all the factors of /(a?) be of the form x - a^ 
that is, suppose that all the roots of the equation /(a?) «= are 
real and unequal, then we have 

f{x) = (a; - a,) {x - a,) {x-a^) ... {x - an)^ (1) 

where ai, ^2, • • . «n are the n roots otf{x). 
We may put now 

tp{x) A, A2 An ,9. 

f{x) sa-ai x-tti x-Un 

where -4i, At . , . A^ are constants ; for, if we multiply both 
sides of this equation by /(a;), and then equate like powers of 
X, we obtain n linear equations for the determination of the 
n quantities Ai, A^y . . . An> The simplest method, however, 
of finding these quantities is as follows : — 
From (1) and (2) we have 

^{x) = Ai{x-a2) (x-Uz) ... {x-an)-\-Ai{x-ai) {x-a^ ... (x-a^ 

+ . . . -{■ An{x-ai){x-<h) . . . {x-a^^ ; 

but this identity is, by hypothesis, to hold for all values of x ; 
therefore, putting x = ar^ where «r is one of the roots of /(a?), 



UnXGKATION OP RATIONAL PUNOTIONB. 41 

all the tenns except the coefficient of Ar vanish, and we get 

observing that (or - «i) («r - 02) ... (tfr - «») =/' («r). 

Hence, giving to f* all values from 1 to n inclusive, we 
obtain 

0(f) ^ ♦(«l) _J_ ^ «1«2) _i_ ^ ^ «W 1 M ) 

/(^) /(«i) «^ - «i /'N « - ^ ' " /K) «?-«»' ^ 

and, therefore, 

4M*.^) log (.-«.)*t^ log (.-.).... 



1. 



which we may write 



.|^log(-.). 



where the summation refers to r. 

In this result x is supposed to exceed the greatest of the 
roots ar> (hy &o. ; but if it be less than any one, a^ say, of 
these quantities, log (x - ag) must of course be replaced by 
log (a, -a?). 

From this investigation we see that the integral contains 
a single term of the form 

corresponding to a root ar of f[x). But this expression re- 
mains real and determinate, if any of the other roots are 
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imaginary or beoome equal to one another, provided Or itself 
is a real determinate quantity and not a multiple root. We 
see thus that (5) gives us all the terms in the integral arising 
from real unequal roots of f{x)j the summation in this case 
extending to these roots only, and the parts depending on 
the other roots being determined by a different process. 

It may be observed that if the degree of ^ [x] exceed n - 1, 
the partial fractions involved are still of the same form. 

Let ^ {x) lf[x) in this case be put equal to ^ {x) + ^i {x) //{x)j 
where \l/{x) is an integral expression, and it>i{x) is of the 
degree n - 1, then 

and therefore 

which establishes the remark just made. 



Examples. 



' J (a:-a)(a:-*)(2a:-a-*)*"(a-*)2 ^((2aj-a-*)a)' 
' J («-a)(iF-ft)(3ir-2a-*) 2(a- *)« ^ ((3« - 2a-*)»J* 



xdx C xdx 



fxdx r 

f g»<fe ((«-l)(a:-3)") 
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is f ^ - 1 w ((f.z^)M*+i)) 

I f ^^ _ 1 f (3g» - 7 + 7) <te 
• J «8 - 7a: + 6 " * J «« - 7* + 6 



= Jlog(^-7. + 6)-fAlog((i:^|^ 



^' J ^irr^j-^^^lvo^r 



f g*ga? 

* J a:3-13a:+12* 



The factors of a;' - 13* + 12 are a: - 1, a; - 3, «+ 4, so that we may 
assume 

ic* Ai A% Az 
a:+ o + — —-{■ - + 



a:»-13a;+12 a; - 1 a:-3 af+4 

Multiplying up, we find, from the coefficients of a;*, a = 13, and we have 

Hence, we get 

Hence we get 

J a;(a;«+o)(a:2 + /8) " 2i3(a-i3) ^^^ \FTiB j " 2o(o-i3) ^^^ \i»Ti/ ' 



44 INTEGRATION OF RATIONAL FUNCTIONS. 



14. Show that 






where f{z) = (a:» - ai2)(a:» - 02*) ... (a;' - fln»), 

and the summation refers to the letter r. 

28. We now consider the case in which /(a?) has a factor 
of the form {x - by. Putting 

Ax) = ix-b)PMx), 
we may assume 

it>{x) ^ 5, . B, Bp «i(^) 



[^-by/M (a?- ft)' (a? - J)^^ " • • • " «j - J / (a?)' 

where 0i (rr) is an integral expression of the {n - p - 1)** 
degree in Xj and Biy £2, . . . J^j, are constants. This assump- 
tion is legitimate; for if we multiply both sides of (6) by 
[x - by/i (a?), we obtain 

^{x) = [B,^-B^{x-b)'^...^Bp{X'-b)^')A[x)^-^,{x){x-bY; (7) 

and equating then like powers of ^ in this identity, we get 
as many equations as there are indeterminate quantities. 

To find the actual values of B^ -B2, &c., let a? = J in (7). 
We get thus 

which determines Bi. Again, differentiating (7) with regard 
to Xy and then putting a? = 6, we find 

<t;{h]^Bj:{b)^B^Mb). 



INTEGRATION OF RATIONAL FUNCTIONB. 45 

Continuing this prooess, we obtain 

«"(*) = B,fr{b) + 2B,f:{b) + 2B,Mb), 
0"'(J) = B,fr[h) + 3-B,//'(J) + 65,// (J) + &B,A{b), 

and so on. These equations evidently enable us to determine 
Biy Bif . . » Bn in succession. We might, however, write 
down at once the value of Br as follows: — Multiply both 
sides of (6) by (a? - J)^, differentiate r times with respect to ar, 
and then put x = b. We thus find 

whwe ( is to be put for x after difierentiation. 

Integrating now both sides of the equation (6), we obtain 



f ^{x)dx [ i>i{x)dx 



Bp.i 



x- b 



Bp.% Bi 



^{x-by"" {p-i){x-b)p-'' ^^^ 

If /(a?) have any other factor of the form {x - c)*, we must 
evidently put /(a?) = (a? - 0)^/2 (a;), and repeat the process 
just given for the integral 



I 






29. We may notice here another method of treating the 
integral in the case considered in the preceding Article. 

Let a? «= 6 + -, then rfa? = - -^, and ; r— = - y^"' dy. 

y y^ (x-by 
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Also, we have 






where \p (y)^ \pi {y) are integral expressions of the degrees n - 1 
and n -^, respectively. We get thus 






Now since the degree of ^ (y) exceeds that of yxf/i {y) by j^, 
we can evidently evaluate the latter integral in the manner 
already mentioned in Art. 25. In fact, by the transfor- 
mation just made use of, the given integral is resolved into 
the sum of two integrals, namely, that of a rational integral 
expression, and another of the same form as the given one, 
from which the multiple factor has disappeared. This 
method will be found useful when f{x) has but one factor of 
the form {x - J)'. 

Examples. 

2- J (..lf(.-2) = .— ^^^^g(^' 

*• J (a; - af (X - *)2 ' ■ (a - *)2 (x - a) (« - *) "^ (« - *)» ^^ U - »/ 
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M^i^-U.-s^ •-«-■■ 



We thus find 



f <te 1_ / a? -fa x 1 1? 



'•1 



(2a; 



This integral may be made to depend upon the preceding one as follows. 
"Wohaye 



^dx i x^ 2_ 1| 

f<fo ( g» 1__ 1^^ 

" J ^ ((a;" - a*)« "" i»^^ ■*" a^f 

- JL /^ + g\ 1 i_ f ^ 
" 2^ ^ U-«/ «*^ ^ ^ J («» - «»)** 

f dx 2a;- 3a 1 i /, «\ 

where ^(a?) = aa?' + Ja; + <?, /(a;) = (a? — o) (« — i3) (a? - 7). 
Wo haye ^^ = + :: + 



/(«) a;-o a:-/B a:- 7' 
where ^-_, m=^, n=— . 

2m» 2n/ 
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and the integral sought is equal to 

( I* m» n» ) 2lm , /«- o\ 2m« , fie-0\ 

- U-i^ + ^ni + ^r ^^^°^ \^fi} * r^ ^"^ [^ 

7-0 \«- d/ 

f ^ 1 1^ 

• J (a:-o)»(a;-i3)(a?-7)"(o-/B)(o-7)a:-. o 



10 



•^/'":fr^\.iog(^-a)+ ''^^'"^^ ^"^^"""^ 



30. We consider now the case in which f{x) has a factor 
of the form a?* - 2ax + a* + /3', that is, when it has imaginary 
roots. The results already obtained for real roots will, of 
course, still hold; but as each separate term inyolves the 
imaginary, it is necessary to show that, if we take together 
the terms arising from conjugate imaginary roots, the sum 
so obtained will be real. 

Let a±ij3he two conjugate imaginary roots of /(a?), then 
the corresponding part in the decomposition of ^(x)lf{x) 
into partial fractions is, from (4), 

^{a^ifi) 1 ^«(a-i/3) 1 



/\a+0) x-a-iii f{a-ifi) x-a + ifi' 
*»' (x-ay + (i^ ^^^) 



if we put 



/(a + i/j) ■"/'(« -t/3) ^' 

»(« + »^) »(«-^/3) .jif 
/'(a + ,-j3)"/(a-i/i)-*'"- 
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Bui it is easy to see that £, Jf, and therefore (10) are 
reaL The corresponding expression in the integral 



1 



t^& 

/(*) 



is then iLlogl{x-ay+^^]~Uai-^(^\ (11) 

31. Practically, however, the method just given is not, in 
most cases, the best for obtaining the values of Z, if. If we 
put f{x) ^ {a?- 2ux + a* + /3') X (^)> we may write 

»(^) __ L{x-a)-M R 

where B/Sisa, fraction arising from the factors of x (^) • Wo 
have then 

J2 

^(ar) = [L(x'-a)-M] x(^) + ^ (^'-2aiP + a» + ^*) X(a?), 

and, therefore, 

i,{x) = {Lix-a)-M}x{<»), (13) 

for both the values a ± t/3 of a?. Substituting now 2ax - a' - /3' 
for ;r' in (13), and repeating this operation, we shall finally 
get a simple equation in x. Equating then the terms on 
both sides of this equation, we get the values of Z, M. 



1 



Examples. 

Let 1 _ ^ £x+C ^ 

then, from (3 ), ^ = J. Clearing of fractions, we get 

e 1 - a; -h «2 + 3(1 + «) (-»« i C), 
G 
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whence, from the coefficient of ji;' and the ahsolute teim we find B=^if C^^ |. 
We hare thus — 

=Tlog -i ^ +— tan-» (— p-J. 

2. f £^=liog(Lz£±fUltan-i?i::i. 

I die 1 - / flj—a \ « 1 

(^-«)(i + ««) " HT' ^""^ WT^) ) " i+T* **^" ""' 

J (« - o)»(l + «» ■ (1 + o«)(a;-o) "^ (1 + aT ^^ \v(l + (X^)l 



a'- 1 

tan"^a?. 



This integral may also he found from the preceding hy differentiation with 
regard to a. 

' { dx 1 I . , /^\ 

J x^(x*^ + a) a^« a^ \a/ 

^ C dx I. ({I'k-x)* {l + x-+afl)) ^ 1 ^ , / arVS \ 



We have a;*- 4a?+ 3 = (a?- l)2(a;2+ 2a:+ 3). 

Hence, assuming 

1 _ a /S 7a; + 8 



iC*-4a;+3 (a; - !)« a; - 1 a:'^ + 2a; + 3' . 
we have 1 = o(a;» + 2a;+ 3) + i3{a;- 1) («» + 2a:+ 3) + {yx-^- 8) (a;- 1)«. 
Putting then « = 1, we get 0= J ; and taking a' + 2a; + 3 = 0, we have 

I»(ya;+8)(l-2a;-2a;-3), 



+ 

18 
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or 4tx{yx + «) + 2(73; + 8) + 1 = ; 

hence -47(2j:+ 3) + 48j? + 2(73? + 8) + 1 = 0, 

from which we find 7 «> i, 8 = }. From the coefficient of «* we obtaia 

then 

)3 = -7=-J, 

so that finally we get ^ 

V2 V V2 y 

The integral may, however, be obtained more easily by putting xt^l ^t^, 

18 V2 \ \'2 I 

f ^ -if( 2"^ 24-a; ^ ^ 

^^- J iM^^* J (^-22; + 2"*'^3 + 2^ + 2r'' 

= i {lan-> (« - 1) + log V(a;« - 2ar + 2) 

+ tan->(a; + 1) + logV(a;* + 2ic + 2)} 

2:c , , Ta;' + 2j? + 2 ) 

f ^P _f dx 

J a;* - lOiJ' + 16a; - 6 "^ J (« - l)»(a;» + 3a; + 6) 

«»^2 . 1 



= — I ,-7r-5 — ^ T» where s = 

J 10z2 + 65+1' 



a: - 1 



f (a; + 3)rfa; _ f 8(a; + 3)ia; 

• J 4^'* + 9a;« + 18a? + 17 " J (3a; + 1)» + 6(a; + 



^^^i^Tl' 



3)» 

, 3a? + 1 

where t ■ — — -« 
x-V i 
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U f__^_-if/lJ_ 3(0? ^1) 2(2a: + l) j 
J (««-l)(«»+l)""'J U-l" a^^+l "*"a;« + a; + lj 

r(^-l){^+l)i) 

'^- I ^■ fl)(^^f4)(^.f9) -- * *"^*'^ " A tan-i g) + A tan-i g) . 

J («2+a«)(a^+ **) * a* - *2 J \a;»+ a* ' x^ + b^J 

= -:: — TIL I tf tan** - — J tan'^ - i . 

32. The case whenf^x) has a factor of the form 

{ix^ - 2a.r + a» + /3')« 
can be made to depend upon Art. 28. Putting 

(a?- o + tj3)« (a? - o + t/3)« x W 

oan be expressed, as we have already shown, as follows 

Bi B2 Bff 



{x-a'-i(i)9 (a? - a - e/j)«-^ 
C\ Cj 



+ .. . + 



X- 


-a - 


»/3 


X- 


-a + t/3 


*l(^) 





Now it is easy to see that Br and Cr must be' conjugate 
imaginaries. Henoe, patting 
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and taking together the terms 



{x-a-iliy (x-a + ili) 
the sum is real ; for, letting 

x-a^ p oosOf /3 = /o sin 0, 

(15) becomes — {Lr + iMr) (cos rO + i sin rO) 

1 2 

+ — (Zr - iMr) (cos r0 - { sin rO) = — (ir cos rO - Jfr sin rO) . 

Multiplying (15) then by djr, and integrating, we get 

1 { Lr + iMr Lr - Hfr 



r - 1 ( (a; - a - Hiy-' (^ - a + it/3)'-\ 

" (r-"l)V ^^-''''^'^'^^^"^'''''^''"^^^^^ (16) 
except in the case in which r = 1, when we have 

L, log { (^ - a)' + jS^l + 2Jfi tan-> (^^ (^''^ 

33. We might also consider the integral in the preceding 
Article without making any use of the imaginary. We may 
assume 

0(;r) __ AiX + JBi 

(^^-2aa?+a'+/3'0'?xW " (^' - 2ax + aH j3')« 
{x'-2ax+a'\ii'y-' x'-2ax + a' + li' xH 

for, if we clear of fractions, and then equate the coefficients of 
the different powers of Xy we get the proper number of equa- 
tions to determine ii, ifi, Zj, &c. The latter quantities may^ 
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in many oases, be most easily determined directly from these 
2q linear equations. The given integral is thus made to de- 
pend upon a series of integrals of the form 

r {ArX'\-Br)dx 

which is equal to 

— Ar f . ZJ \ f ^ 

2(r-l)(*»-2a« + o' + 0y-' ^ ^ '■" ^ "^ I («» - 2aa; + a» + ^Y 

Now, putting a; = o + y, we have 

f dx f dy 

which, being integrated by parts, becomes 



2(r-l)/i'(l + /3'rT" (2r-2)j3' 



y 2i'-^ [ dtf 



2 (r - 1) /3' (y» + f3')'"» 2(r-l)/3' 



Jcy'+l^'r' ^^^^ 



from whioH result, by changing r successively into r - 1, 
r - 2, &c., we shall make 

The integration of dyl {y* + jS')**, in the manner just given, 
furnishes an example of the method (4) of Art. 5, namely, 
that of integraticm by successive reduction. 
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EXAUPLES. 

f ^^ ^ ^ - ftnn-^ / g-C08tt \ 8ina(a;-co8tt )) 

J (a;* - 2a; cos o + 1)* 28in»o( \ sino / «»-2a:co8a+ij 

f «^P cosa J /«- C08 o\ 

J («2-2a;c08a+l)«~2 8in»o " \ sina / 

■ 1 (a? -■ cos g + gjn^q) 

2 sin'^a a?* - 2a: cos a + 1 * 

J (l + a;3)2 9 *V^'-«+l/ 3V5 V \/3 / 

11 1 (1+a:) 

+ « 



91 + a;9ar»-a:+r 

34. We have given already, in Art. 21, a method of 
evaluating the integral Edx/PQy or rather 



1 



R{xdf/--ydx) 



where P, Q, iZ are homogeneous quadratic expressions in 

Xy y. This method may be extended to the more general 

integral 

" Un-iixdy-ydx) 



J 
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where 17» and 17»_3 axe homogeneous integral expressions in 
X, y of the degrees n and n - 2, respectively, and n is an even 
number. 

First, let n = 6, then we know that we may in general 
assume Ut = P1P2P39 where Pi, P2, Pa, are real quadratic 
expressions. Now let e/Sa, e/ii, J12 denote the three Jacobian 
quadratics of P2, Ps ; Psj Pi ; Pi> P2, respectively ; then sup- 
pose we assume 

Ui = IPzPz + mPsPi + nP.Pi + XJ21 Pi + fiJzi Pa I v«7;2P3. (21) 

But putting for Pi, P2, P3 the values 

we see that 

JiPi + J2P2 + J3P3 = 0, (22) 

identically. Equating then the coeflScients on both sides, 
we get a suflBcient nimibor of linear equations to determine 
/, w^, n and the differences of A, ju, v, as we see from (22). 
We thus get, making use of a result given in Art. 21, 

f U^(xdy-ydx) _ ^ [ {xdy - ydx) ^ [(xdy-ydx) 

J P1P.P3 'J p; ^n T, 

-f^J ^'''^-^;;^'^''^ 2{(M-v)logPi-f(.-A)logP2 

+ (A-;.)logP3}. (23) 
Each of the integrals 



1 



.dy - ydx^ ^^^ 



.-Pi 

r 

can then be evaluated by (39) or ('lO), in Chap. T. 
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In the same way we can integrate 

Putting IZs = P1P3P3P4, and assuming 
JT; = IF^F^T^ + mP,P^P^ + nPiPiPi +pP,P2Pz 

+ XJnP^Pi + fiJ^PiPi + vJuPiP2, (24) 

we can determine the seven quantities /, w, n, j?, A, /i, v. The 
given integral is thus made to depend upon the four integrals 
of the form 

xdy - ydx 



\ 



besides the expression 



2{x%(i;)..iog(5).„i„g(g)j. 

It may be observed that the case, when n is odd, can be 
made to depend upon the preceding by multiplying both Un 
and Un-2 by an arbitrary linear factor he + my, 

35. In some cases in which the roots oif{x) are known, the 
partial fractions arising from the decomposition of (x)/f{x) 
take a simple form, so that we may at once write down the 
integral as the sum of a series of known terms. For instance, 
let us consider the integral 



1 






where m is less than n, 

H 
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Now if a is an imaginary root of a?" - 1 = 0, we know 
that a'^ is also ; in f aot these two roots are^ by trigonometrical 
oonsiderationsy of the form 

• 

2nr . . 2r7r 
cos — ± * sin — , 
n n 

where r is some integer. But the partial fractions cor- 
responding to these roots are, from (3), 



a" a - 

or— 7 V, and 



na^'^ (x - a)' n{x - a)' n{x- a"^)* 

Hence, adding these terms together, we get 

1 X [a^^ + g"""^) - {a^ + a^) 2x COS (m + 1) ^ - COS mfji 
n a^ " {a-¥ a"*) a? + 1 n a^ - 2a? cos ^ + 1 ' 

if we put 2r7r/n = ^. Writing then this expression in the form 

2 cos {m + l)<p{x- cos ip) 2 sin (m + 1) ^ sin ip 
n a^-2x oosifi + 1 w (aj-cos0)*+ sin*^' 

multipl3ring by dx^ and integrating, we obtain 
- cos(m + l)^log(ii?' - 2x cos^ + 1) 



n 



- 1 sin (m + 1) ^ tan-' (^^^\ (26) 



We have now to consider two cases, according as w is 
even or odd. 

First, let n = 2p, then x^^ - 1 has x-l and a? + 1 as factors, 
and we easily find 
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■"2^^! COS (^i-^^j log (^1-2*008- + a* j 






Secondly, let w = 2p + 1 , then we find 




1 



'g"^^ ^ lo g (a' - 1) 1 J^ (K!i)2«rl 

a^J^'-l 2p + l 2i)+l • ( 2p + l 



X log ( 1 - 2a; cos jr 7 + «* | 



2»* 

« - cos 



In both of these results the summation is taken with 
regard to the letter r between the limits indicated in each 

case. 



Examples. 






--— — = -log(;i;2-2a;-2) + — : log 

a;«-2af-2 2 2V^ \a; + l + 

^- J ^-13^+12==*^^^ (*-l)' i' 
f <?^ J_ 1, [ a?"2 1 
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. f ^ __i w ((fz^ /?±}\"1 

J («-n)(«»-l) 2(»»-l) ^ U»-l U-1/ )' 

6- j (1^ = i rr? + »*«»"-'*+ A log i taa-'«+ A log ([-±|) • 

f (fwrc + n) (fa; 1 «n — « (3m - «) , /a; + 3\ 
J (a; + 1)2 {x + 3) ~ 2 xT\ 4 °^ V^rTl / ' 

f 'g^<?a; 1 r a;2-2aa?costt + g2 j 

J «*-2a'aj*c08 2o+a*'^ 8aco8o ^ U'-* + 2«a;coso + a^T 



— tan-i 



4a sin a 



(2aa; sin a\ 
a2-«2 I 

f ^ 1 frc* — 2aiPCOSa + a2\ 

J ic*— 2a'a:*C08 2o + a* ~ Sa^cosa *^ (a?* + 2aircoso + a*/ 

1 _j /2aar sin o\ 

sin a. \ a»-a;* / 



■*"4a3 



^^- J ic(a:» + a;-2)"^^^^ (^^(^IT))- 

f d» 2a? + 1 4 ., / 2a;4-l \ 

^*- J (H-a; + «»)2"3(H-a: + a;2)"*"^ "^ \ Vs / 

J (l + a; + ;r«)» 3(l+a? + a;»)^V8 \ Vs / 



16, 
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1^' -^-SS ^-S=-r-7 2 log ( :— — )-«logtan-|. 

19. f — ^/,^ a . 2M =ri— »^Qg(^^+^^)+7-?-«^("*»P^)- 
J cosO(l + w' sin'd) 1+m* 1+m' ^ 

— ^^-^ = - tan-i _fl_ A. _L tan-* I — I . 

(z2 + 1) (a:* + 2) (ar« + 4) 3^ 2 - a:* ^ ^ "*" \V2/ 

2'- I (^2 ^ 1) (//I) (^. ^ 16) = ^ ^"' (4-^) + ^^^-^ I- 
on f (ar»-a: + l)<te ., ((a?+l)«) ,^ , 

J (a;-a)«(a;-/3)» (a-/3)-«*»-» J ^^ *' ««•' 

where a: = -; , a + Da=p, a -{■ bfi = q, 

I — z 

The latter integral may be evaluated by expanding {p - ^a)"»+»»^ in a series 
of a limited number of terms. 

f 'fe {1 - g)' - S(a! - g) (g - 18) - 2 (g- g)' 

''*• J (« - g)» (« - 3)^ ° 2 (o - g)M=c - g) (* - i8)» 

25. f _^_ =-!((.- l)->* 
J a? (1 + «»)"• » J ^ ' «*» 

where ar»(2 - 1) = 1. 

26. [ 



{ax^ + 2bxi/ + ep^) [xdy - ydx) 
a^ + y*-2a;«y2co8 2d 



I 

^ *^U» + S^-2:rycoser 
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.y a + tf + 2A sec a 

where 4* = : — ~ , 

sin e 

a + e — 2haecB 

4lfl = : — , 

4it = (a - «) sec 9. 

27. Showt}iat 

( dx 1 1 (2r-l)x, /, . (2r-l)x ,\ 

It— -3- = -^ 2^ cos' — -— ^ log (1 -2a; cos ^ — jt— ^ + «M 
J 1 + «2w 2» » 2» ° \ 2» / 

+ - 2 sin — ^ tan-* < k ,1 

n • 2n ) sm<^""^^' 

V 2» 

where the summatioxi refers to the letter r. 

28. Show that 

A .^, (2r - 1) mx ^ 

J ! + «« n n V . (2r-l)mx /' 



sin 



» 



where r is taken between 1 and }» or } (n - 1), according as n is even or odd. 
29. Show that the general term of the integral 



I 



x^dx 



a;2i» - 2«»» cos d + 1 

IS 

I / ,x ^ ./ xemd> \ sin(n-m-l)A, ,, „ ^ , ,v 

— :--cos(n-i«-l)d>tan-> f- ^ ) — :— --^log(«2-2a?cos^+l), 

ft sin * '^ \l-a;cos^/ 2»8in0 

where <b = , and, to obtain all the terms, r must be taken from to 

n ' 
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CHAPTER m. 

INTEGRATION BY RATIONALIZATION. 

36. In the preceding Chapter we have shown how to obtain 
the value of the integral judx^ where uis& rational function 
of X ; and we now come to the case when u involves irrational 
expressions. In several cases the irrational expressions can 
be rendered rational bj certain transformations, so that the 
integration may be then considered as performed. In gene- 
ral this simplification cannot be effected except when u in* 
volves a radical not containing higher power of x than the 
second, and in certain other particular cases, which we 
proceed to consider. 

37. If an algebraic expression involve fractional powers 
of the variable Xy it can evidently be made rational by putting 
X = y"*, where m is the least common multiple of the denomi- 
nators of the fractional powers. Thus, for instance, to 

dx 
integrate -ttj tt > we put^ x = y\ when the integral be- 
comes 



f?^.6to-to..y). 



Hence we get 

dx 



liRfT^-^^^-*^^-'^^*)^' 
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In the same way, if an algebraic expression involve 
integer powers of a?, and fractional powers of a + bxy we put 
fl + Jjj = y"*, and the reduction to a rational form is e£Eected. 
More generally, if u involve integer powers of x and fractional 
powers of y, where 

it may be rationalized by putting y = s*", where m has the 
same meaning as before ; for we have 

X = 



and dx - 



i^y - aS) mz"^'^ dz 
- Sz^^y ' 



Hence we see that udx = vdzy where t? is a rational func- 
^ tion of z. For example, to evaluate the integral 



>/(^)'^' 



i. X- a ^ 

whence x = — r-, 

and the integral becomes ^ 

.•((.-.)(-i3)i-i(.-/3)%{;^g-i^lJ 
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Examples. 

1. f ^^^«)«|-4«i + 4tan-i(jr»). 



!££r 11 

«»- 2a; + 4-4V(l+a:)"'' 3 V(l+iF)-l 

+ 1 log f i±l::ML±f.n 

18 * U + 4 + 2V(l+«)) 

9V2 \ V2 ) 

*• I >/(S)*'=^t{»-)(-»)}-(«-*)tan-.(J(i^*) j. 

I 
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C dx /x ^ a\i „r dz .f dz 

a - bz^ 

where «= -, 

1 — «5 

■«• !IJ(Sel)-'»-J(fcl)->-!W(S^)i- 

38. We now come to the consideration of the integral 

J/(^> y) d^^ (1) 

where y* = aa:' + 260? + c = X. 

The most general form of /(ar, y) can be evidently written 
[A + By)l{C + 2)y), where -4, jB, C, 2) are rational integral 
expressions in x. Now this is equal to 

[A^By){C-Dy) 

AC-DBX {BC-AD)X Q 

^^ C^-jyX "^ (C'-D»Z)y ■" y' ^^' 

where P, Q are rational fractions. 

But J Pflte comes under the case of rational functions, so 
that we have to consider 



1 



Q^lT. ^2^ 



y/iaa? + 2hx-\- c)' 



Our object is then to reduce the integration of this ex- 
pression to that of a rational function. 

Now if we put y -{■ hiov a?, we can evidently determine h 
BO that as^ + 2bx + c shall assume one or other of the three 
forms 
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But, from Art. 6, we know that the transformation 

2az 

y = 



will rationalize \/(a' - y^). In fact, we have 
and dt/ - 2a ^7^ ^r^. 

(1 + z^y 

Again, from Art. 14, we see that the transformation 
y = ifz ± — ) rationalizes \/(y'T a*), 

in which case we have 

dy dz 

We see thus that in the three eases we are able to make 
(2) depend upon the integration of udz^ where w is a rational 
expression in 2. 

We might treat the integral (2) directly in the following 
manner also : — If a is positive, assume 

flSiC* + 2&a: + c = fl (a; + %)\ (3) 

then 2bx ■¥ c = az^ -v 2azXy 



az^ - c 



or 2X = ^rjr r-. (4) 

2{o - az) ^ ' 

Also {b-az)dx = a{z'^x)dz = v^{a(aa;' + 26a?+c)}efo; 



therefore ,. ^ '^!,, . = v^ /5) 
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We see thus that this substitution renders (2) rational. 
For example, the integral 

dx 



I 



{x - a) ^/(a^ + 2hx + c) 

, f 2 v/a d% 1 - (a/aj (2 + a) - a' 

becomes == T 1^& i ^ 

J a^ + 2aaz - 26fl - c ^ (-v/a (2 + a) + A^ 

where A' = a^ + 2Ja + c. 

Again, if c is positive, assume 

flir» + 2JaJ + c = c (1 + rrz)*; (6) 

then aa? + 2J = c (a;z' + 2^), 

and a? = -^^ r^. (7) 

. , dx ^ ^^/cdz .g. 

Thus we see that this substitution rationalizes (2) pro- 
vided c be positive. For example, the integral 

dx 



\ 



,2\> 



(x-a)^(X'X^) 



22 

where a? = - = -.. 

1 + s'^ 

We now mention a transformation corresponding to the 
case in which the roots of ao^ + 2hx + c are real. If a, /3 are 
the roots, it is easy to see that a^ + 2hx + c will be propor- 
tional to one or other of the forms 

{x-a){x-^\ (a-x){x-^). 
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Now ^{(^_„)(^_/3)}=(^_/3)J^^| 

Hence, ty the preceding Article, we put 

X — a 



= 8' 



■whence 



and 



x-fi ' 



a -<38 » 

1-8' 



- = V^. (9) 



dx 2dz 



y[{x-a){x-li)} 1-8'- 

In the second case we get, similaxly, 

a + Pz ' 

1 + 2 

whence we find 

dx 2dz 



(10) 



- = ^r^. (11) 



(12) 



y {{a - X) {X - (i)] 1 + 8'- 

The preceding transformatioaaJaclude all the cases that 
can occur ; for if a and c are both negative, it is easy to see 
that the roots ol aa^ + 2bx + c must be real, so that then we 
make use of (11). 

The integration of udx, where w is a rational function of 
X and the square roots of two linear expressions in Xy can be 
reduced to the preceding cases. Let 

u =/ {x, s/(a + hx)y ^/(a' + Vx)) ; 

then, putting a + Jo? = 3/*, we have 

t*-0 (y,v/K6-&'a + jy)), 
and hdx^ ^ydy^ which proves the statement ^w&t TCi^4ft. 
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Examples. 



f {I + mz) dx 



c) 



f 2Vg{m(g2!»-g) + 2l{b''az)}dz 



where x = 



{aa» - tf - 2o (* - az) }» + 4/3^ (b - azf 



where x = 



2(b- az) ' 

f 2Vg '" 
J |a(a- 



2 Vg {/(g - gz») -f 2m (gg - 3) } <fe 
°' g^2)-2(c«-A)}2+/32(«-gr2')«* 



a - w* 



' J (a:-o)V(l-a:«)"J (1 - «>«- (1 + «)' 
where « = -= — r. 

where x = 



putting, then, i — «« = y, we get 

which may he integrated at once hy expanding [y^ - 2by + J' - flg)". 

• J a;"V(l-:f2)"2^ J «« ^^ + ^^*"' 

2« 
where a; = 



1 + a' 
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where « = « + V(«* + «*). 

dx 



•■! 



{mV(a-a;) + fiV(3;-iB)}V{(a-a;)(ir-iB)} 

// g-jB \ f V{(a-iB)(m»+ft»)}+mV(a?-i3)-ftV(a-a;) ) 

\U»+W ^^( mV(a-ic)+fiV(a:-iB) j 



9. } {V. + V(.-a)}»ii^ill^ 



39. "We now proceed to consider the general transfor- 
mation which serves to rationalize the expression involved in 
the integral (2). For the sake of symmetry we shall render 
(2) homogeneous, by putting xjy for a?, when it may be 
written in the form 



1 



0(j?, y) {xdy - ydx) 
^{ax^-¥2bxy-vcyy ^ ' 



where (a?, y) is a homogeneous expression in ^, ^ of the 
degree -li Let us put now P, Q for «•, y, respectively, 
where 

Q = aV+2/3'a?y + 7y; 

then the integral just written becomes 

r ^{P,Q)J{xdy-ydx) 

where J has the same meaning as in Art. 21. 
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Now this expression will evidently be rational if we de- 
termine the quantities a, /3, 7, a', /3', 7', so that 

aF" + 2SPQ + cQ' 

should be a perfect square. To effect this, we shall obtain a 
quadratic expression in P, Q, which is a perfect square, when 
it is expressed as a function of a?, y. Now, if we take the 
condition that P - XQ should be a perfect square in a?, y, we 
have 

X« (a'7' - i3'») - X(a'7 + 7'o - 2/3/3') + a7 - j3» - 0; (15) 

so that if Xi, X} are the roots of this equation in X, we shall 
evidently have (P - Xi Q)(P - Xa Q) equal to the square of a 
quadratic expression in x^ y. Hence, in order that 

aP» + 26PQ + cQ» 

should be a perfect square, we must express that it coincides 
with the result of eliminating X between (15) and P - XQ = 0. 
We thus find 

{±-^^ (g 7 + 7^a - 2)3/30 _ a7 - /3\ ,-.. 
a ""^ 26 " ' ^^^^ 

and these are the only conditions to which a, /3, 7, a', /3', 7' 
must be subjected in order that (14) should become rational, 
To find the quadratic whose square is proportional to 
aP'+ 26 PQ + cQ% we observe that one of its factors is a 
square factor of P - Xi Q, and therefore must satisfy the re- 
sult of equating to zero the differential coefficients of this 
expression, namely, 

dx dx ^ dy ^ dy ^ 
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whenoe, eliminating X, we get 

dP dQ^dPdQ^ 
dx dy dy dx 

Hence we infer that, subject to the conditions (16), 

oP* + 26 PQ + cQ* is proportional to J^. "We see thus that 

J disappears altogether from (14) , which becomes propor* 

tional to 

!i^{PyQ){xdy-ydx). (17) 

40. "We can now prove the statement made in Art. 20, 
namely, that the integral 

xdy - ydx 



1 



can be transformed by a quadratic substitution to the form 

xdy - ydx 






w 



where Uy w are quadratics, and v is linear in ^, y. 

Let {xy y) in (13) be taken equal to v^j where t? * & + wy ; 
then, by the substitution made use of above, the given integral 
is, from (17), transformed into 



1 



xdy^ ydx 
JpTmQ' 



which is of the form of the second of the two integrals just 
mentioned. 

41. From the preceding general transformation we can 
derive several particular cases by assuming certain relations 
between the constants a, /3, 7, a', j3', y'. For instance, if we 
take /3 « o' » 0, a = a, /3' = - « ; then from (16^ v:^ fixid 

K 



74 IKTEGRATION BY RATIONALIZATION. 

Y B - (*, 7' « 26, SO that for xjy we are to put 

2{bf-axyy 

but this is evidently the transformation (4) already made 
use of. 

Again, taking a = j3' = 0, a' = - c, j3 = c, 

we get y = - 26, y = a, 

which gives the transformation (7). 

If we take /3 = /3'=0, a'=7'=l, 

we find from (15), that o, 7 are the roots of the equation 

«a' + 26a + c = 0, 

BO that ioT x/y we put then 

ax^ + 7i/^ , 

or, changing the sign of y^, 

or* - 72/' 

These are evidently the transformations (9) and (11). 

42. "We have already remarked that if u involves the 
square root of an expression which contains powers of x of 
the third or fourth or higher degrees, the integral of udx 
will depend upon corresponding transcendental functions. 
In certain particular cases, however, we can reduce to elemen- 
tary forms the integral 

Rdx 



1 



where jB is a rational function of Xy and X contains powers 
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of the same variable as far as the fourth degree. Putting 
X ly ioT a?, this integral may be written 

f(x, y) {xdy - ydx) 



\ 



(18) 



where X = aa?* + 4Sar^y + Qcs^y^ + ^dxt^ + ^, 

and /(a?, y) is the ratio of two homogeneous integral expres- 
sions in cfy y of the same degree. 

Now, from (14), we see at once that 



1 



4, (P, Q) J{xd!f - yd^) 



depends upon circular or logarithmic functions. It follows, 
hence, that (18) will be reducible to the elementary integrals, 
if /(ar, y) is of the form J0 (P, Q), where P, Q are a pair of 
quadratic factors of X; J\b the J^cobian of P, Q, and 0(P, Q) 
is a rational homogeneous expression in P, Q of the degree 
-1. 

For example, let P = ar^ + y' + 2«a?y, 

Q = aj3 + ^2 ^ 26a?y, 
then J is proportional to x^ - y'^^ and the integral 



[ 



(ar^ + y\ xy) (a?' - 2^') { xdy -yd x) 
V W^ /+ 2aary) (> + ^^ + 26a?y) [ 



is reducible to the elementary forms. 

Again, we can show in the same way that the integral 

(^' - y', ^) (-^^ + y') (a?fl^y - ydx) 

^[{x''-f + 2axy)(x'-y' + 2bxy)\ 



I 



admits of a similar reduction, 



■ • '.1 
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43. In several other exceptional cases expressions involv- 
ing a radical can be rationalized. For instance, the integral 

becomes - — , 

if we put a + baf^ « z^. 



Again, 



is transformed into 



r ST" (lie 



1 



gn-m-i ^2 



where a + 6a^ = {xz)"". 

Examples. 

where f/=l + {a + x)i. 

4 [ /^^)*rf«= («-«)!(«- J)« + («-J){(«-i)»-(*-«)»} 

V3 I («-i)»Vi ) 
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* J (a:-*)^. ^lV(a:-4)-V(a;-«)| \x-b)' 

, f db; , ({X"b)i+{x-a)i) ^^ ,(a?-a)i 



where x= r-, <?2 = y + o. 

where x + V(l + ar*) = z. 

where a? + V(l + a?^) = ij, 

<j^ 1 



dtf 



10. ( 



V{(a-«)(a?-iB)} {V(a-a;) + mV(a?-iB)} 

" V{a - i8) 



f ^y 

J 1 - y2 + 2 V 



whex. X = «a"y^)'+w. 



f {y/{a'X)-{-mV(x-fi)}ndx _ r (1 - y« + 2my)» 

J V{(«-a;)(a;-i3)} ^ *J (1 + y^)-^ ''^• 



12. [ {V(a-3?) + mV(3;-iB)}»dii;= -8(a-iB) [Ly 



(1 - y» + 2my)» 



x(l-y2)yrfy. 
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13 f (^-1)^ 

J («»+l + 27j;)V{(«2 + l + 2(tr)(«2+l+2i8a:)} 

dt 



\ 



7-i8 + (o - y)z^^ 



, a^ + 1 + 2iBa? , 

where — — - — -^ = «« 

«« + 1 + 2aa; 

' J (««-l+27a:)V{(a;2-H-2ctr)(ar2-l + 2i82r)} 

"■ J 7 - iS + (a - 7) ««' 

, a:8-l + 2i8;p - 

where -r — ;: ^r- = « • 

iP« - 1 + 2aa; 

i« f ^-^* __^__ ^ • 1 / ^^ \ 

J ««-l va + ic*) V2 ""^ U^^2 + V(l + a;*)/• 
17. [ -^V(a^+2r^cos2a+l) 

I . . ,/2a!8ina\ 1 , 2a; cosoH- V(a;*+ 2a;2cos2a+ 1) 
= - sin « Bin-^ ^ j—^ ^-^^cosa log -— . 

18 f LZ±' ^ _1_ 8in-i /?iJ?!lf|\ 

J !+«» V(a:* + 2a;2co8 2a + l) 2sma V 1 + ^W * 

xdx r ^z 



19. f = r ^, where 1 + ir* = aj'z'. 

i (1 + a^)* Jl-*' 



rfa: 1 , 1 + 2 1 

20 



• f (^-riji = 4^^^nri-2*^'''' ^^'"^ ^ = -(^*-i)*. 



Ioa; r mz 
T = 2^ , where «2» (i + 2«") = ic^». 

(1 + «») (1 + 2«»0^ "^ ■'■'''* 
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CHAPTER IV. 

INTEGRATION BY SUCCESSIVE REDUCTION. 

44. The method employed in this Chapter is one of the most 
important in the Integral Calculus, and is not only appli- 
cable to algebraic differentials, but also to many expressions 
involving transcendents. Its principal use is, however, to 
reduce the integral J /(a?, X^) dx to certain standard forms, 
where X is a rational integral expression in rr, and p is some 
number, whole or fractional, positive or negative. Under 
this form are included such integrals as 

imf^X^ dx, (1) 

where w is a positive [orj negative integer such as p. The 
object, then, of this method is by means of a formula of 
reduction to make the integral (1) depend upon another or 
others of the same form, in which one, or other, or both, of 
the numbers w^, p are diminished or increased ; so that by a 
repetition of the formula we can ultimately express (1) in 
terms of the simplest integrals of the series. 

The easiest procedure in practice is frequently to assume 
some function of a?, such that its differential can be expressed 
in terms of those of two or more integrals of the same form. 
By integration, then, we have these integrals connected 
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with an algebraic quantity, and this constitutes a formula 
of reduction. For example, differentiating 

af^XPy where X = a + J^r", 
we have 

J- {af^XP) = x'^'^X^'^ (mX+ npbaf) 

(IX 

= (m + np) x"^'^ XP - np aaf^^ X^^ ; (2) 
whence, by integration, we find the integrals 

jaf^-^XPdx and j af^'^ X^-' dx 
connected. Again, we have 

— {x'^X^) = maaf^-'XP-' + {m + np) buf'^-' XP'\ 
(tx 

from which we find the integrals 

I (xf^-^ X^-^ dx and i x"^^""^ X^' dx 

connected. We see thus at once that we can connect the 
integral J stf^'^X^ dx with any one of the four following inte- 
grals: 

lixf^^X^^dx, jaf^-'XP^'dx, jx^^-^'X^dx, fx'^^'^X^dx; 

and we can select then whichever of these is the most appro- 
priate, according to the values of m, p, n, "When this is 
done, we take the one of lower dimensions of the two expres- 
sions whose integrals are to be connected, increase the in- 
dices of both X and X by unity, and assume the result equal 
to P. Then dP can be resolved, as has been shown above, 
into the sum of the two expressions whose integrals are to be 
oonnected, whence by integration the formula of reduction is 



mTEG£ATION BT SUCCESSIVE REDUCTION. 81 

obtained^ which, by suooessiye applioationsy serves to reduce 
the given integral to a known f orm, or the simplest integral 
of the series. 

45. In many cases the integrals of rational expressions 
of the variable are most easily treated by the method of 
this chapter. We commence with the integral 



f 



dx 



where X = a-¥ 2bx + ax^y and n is a positive integer. Taking 

b + cx 

we have 

dP c .. {b + cxY 

= 2(n-.l)— ^^ 



•w-i 



Hence, integrating, we get 

[ dx ^ b + cx (2n - 3) c ^ dx 

J X^ " 2(n-l)(ac-6»)JC»-» "*" 2(n-l)(ac-6») J X^* ^^ 

By the aid of this formula of reduction, the integral 
J dxjX^ is made to depend upon j dxj Xy which is found 
from (12) or (13) of Chap. I. 

By the substitution oi y + h for a*, we can remove the 
coefficient of ^, and we may then more readily separate the 
cases in which the factors of X are real and imaginary. 
If -X - a* - «*, we have 

C dx X 2n-S C dx 

J X^ " "(2n-2)fl»J'^^ ■*■ (2n - 2) a* J Z^* ^^^ 



L 
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Henoe, changing n suooeBsively into n - 1, n - 2, &o.| we 
get 

J X^ ° (2n-4)a*X»-« "^ (2n-4)a» J Z^ ' 



till at last we oome to 



1 



dx 1 - fa + x^ 
so that we have 



1 



dx X i I (2n-3) 



X" J"-M(2n-2)a» (2n-2)(2n-4) a* 

(2n-3)(2«-5) X^ 

■*'(2n-2)(2n-4)(2«-6) o* 

(2n-3)(2n-5) ...3.1 X"* 
"^(2n-2)(2»-4) ...4.2 a**"' 

(2»-3)(2»-5) ...3.1 



+ ... 



+ 



(2n-2)(2n-4) ...4.2 2a»»-' 



u^m <») 



Again, if X » a* + a;', we get a f onmila of reduction of 
exactly the same form as (4) for the integral J rfa? / JC**. We 
find then an expression of the same form as (5) for this 
integral, with the exception that the last term is replaced by 

(2n-8)(2n-5)...8.1 J_ ^^..f ,g. 

(2«-2)(2»-4),..4.2 a*"-' a ^' 

46. We now consider the more general integral 

af^dx 



1 



(« + 2bx + ra!')«* 



(7) 



INTEGRATION BY SUCCESSIVE REDUCTION. 88 

If i + 2bx + ftr* = X, we have 

{m - 1) af-' 2 (n - 1) af'^ (6 + ftg) 






•i»-i 



(w - 1) ax"^* 26(m-n)a^' (2n - m - 1) gaf* 



Henoe^ by integration, we obtain 
J ^X^ " c(2»-w-l) J»-^ ■*■ (j(2n-w-l) J J** 



c(2n-m - 1) 



f^. w 



wbioh gives a formula of reduction, by successiye applications 
of which we can make (7) depend upon the integrals 

J xdxlX\ j dx/X\ 
Now we have 

xdx 1 C {b ■¥ cx)dx b [ dx 



r xdx 1 f (J-f cx)dx ^ b f 
J X" "c J X^ c J 



-1 



2c{n-l)X 



n-i 



b f dx_ 
c J X-- 



We see thus that (7) is ultimately made to depend upon 
the integral considered in the preceding Article. 



47. The integral j ^-£|^ 



evidently comes under the preceding case, but may be more 
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easily evaluated by means of a different formula of reduction. 
Considering the integral 



J (a + ax^Y' 



(9) 



which includes both signs, we have 



J (a + cix?Y " J {a + cx'Y 



'Zein-l) J '*^'^i(a + caj*)~-»r 



Hence, integrating by parts, we find 



1 



(a + cix^Y 2c (n - 1) (a + at')*^^ 

"*■ 2c (n - 1) J (a + car')«-^* ^ ^ 



The successive applications of this formula of reduction 
evidently simpUfy the given integral more rapidly than 
those of (8). 



1 



ExiiMPLES. 
dx X — cos $ 



(«2_2a:co8«i^ 1)» 2 8iii«e(a;»-2a? C08e + 1) 

1 , /a; - cos ^\ 

2 8in'e \ sine / 

f dx a; - cos g 

' J (a;2 - 2x COS a + 1)3 ~ 4 sin'-* {x^ - 2a: cos + 1)'^ 

__3_ (^-cose) 3 /^-_co6e\ 

Ssin*^ (a;2-2a;co8e+l) Ssin^e \ sinfi / 
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J («« - ir»)8 " 8a* (a« - «»)« "** 16«* ^^ \a - «/ 
J (a» + a;»)»"8a*(«2 + a«)»^8«» ' U/ 

j (« + 2te + cx^f " 2<? («? - *») (a + 2*aj + «f») 

a r ifo 

"^ 2(flk?-*») J ar+'2iii~r«^* 

(1 .+ ««)* ^ ' 6 (1 + r»)8 ■*" 24 (1 + a;2)« "•■ 16 TTl^ "*" 16 " "^V 

f x^dx _ 1 •* iP» _1_ flp 1 X Z X 

^' J (1 +r»)»""" 8 (l+r')*""i6(l+a;2)»"*'64(l+«»)8"*'"l28 1+«» 

3 ^ , 
+ — tan"* a;. 
^ 128 



^ f ar»<fcp 11 1 1 , ,, .v 

^- j (Tr^3 = 4(rr?)«--r:T'-2^^«(^~*)- 

J (1 + ««)• " 4 (1 + «•-«)* 6 (1 + ;p2)s 10 (1 + xY 

48. We now oome to the consideration of the integral of 
the form J /(a?, p) dx, where y* = a + 2bx + ca^. We have 
already seen in Art. 38 that such an integral depends upon 
another of the form 

Qdx 






y/ {a + 2bx + cx^y 

where Q is a rational fraction. 

Now, if the numerator of Q is of a higher degree than 
the denominator, we may put 

where Ris & rational integral expression, and 5 is of a lower 
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degree than (x), the denominator of Q. Henoe (II) be- 
comes 

f Bdx f _S dx 

« 

Now the general term in the first of these integrals is of 

the form 

sf^dx ,*^v 

(13) 



1 



v/(a + 2te + cx^y 



and for this expression we propose to investigate a formula of 
redaction. Taking 

P^gf^^ y (a + 2bx + ftc*), 
we have 



c& ^ ' ^ y/ {a ■\- 2bx -{■ ca^) 

(m - 1) oa?^' -f (2m - 1) Sa:^^ + mcaf^ 
v/(a + 2Jir + {?«*) 

Hence, by integration, we find 

f sf^dx af^'^ 

Jy/{a-¥2bX'¥cx^) mc ^ ^ ' 

^ {2m -l)b r af^'dx ^ (m-l)g C af^^dx 

mc ] y/{a-{-2bx^^c(x?) mc ]*/{a + 2bx + aii?)' 

(14) 

By means of this formula of reduction we ultimately 
make (13) depend upon the integrals 

r xdx r dx 

J v^(« + 2te+cir*)' J v^(a + 26a? + Cir*)* 
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Now we have 
r xdx If (J + ca? — 6)(fo 1 

ir dx 

" J -/(a + 2te + ar»)* 

and the latter integral is given in Art. 15. 

49. Proceeding now to the second part of (12), namely, 



1 



8 dx 

(15) 



^{x) ^(a\2hx^c^y 



we can decompose 8/<p{x) into partial fractions by the 
method of Chapter II. Hence, to every real factor a? - a of 
^ {x)y which occurs once only, there is a term of the form 



1 



dx 



(a? - a) v^(a + 2bx + cjr*)' 



which has been already evaluated in Art. 16. 

Again, to a multiple factor {x- ay there correspond terms 
of the form 

dx 



1 



{x - aY^{a + 2bx + or*)* 

But putting X ^ a + s~^, this becomes 

z*"' dz 



1 



v/(a' + 26'« + oV)' 

where a' = (?, V =b -k- caj c' ^ a-\- 2ba + ca\ 

so that the integral thus assumes same form as (13), and is, 
therefore, reduced in the same way. 
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50. To a pair of conjugate imaginary roots of ^ (;r) will 
correspond an integral of the form 



I 



{Ix + m)dx 



{ (a? - a)* + /3'} v/(a + 2te + ca^)' 



which has been already evaluated in Art. 16. 

Again, if ^ (a?) has a multiple factor { {x - a)" + /3*} *, we 
see, from Art. 32, that there will be terms in the integral of 
the form 



I 



(Lx + M) dx s^ 



{{x-af + /S')'" v/(a + 2hz + ca?) ' 



f {lz + m)dz 

if we put a? «= a + z. 

We proceed now to investigate a formula of reduction 
for this integral. Dropping the accents for convenience, 
and putting Z^ = a ■¥ 2bz + cs', we take 

P = — A_. 

and then we have 

dP^ b + cz 2(r-l)g^ 

dz " {z^ + li^y-'Z" {z' + (i'y^ 

_ (6 + C2)(2' + /3')-2(r-l)g(g+2fe + cg») 

2 (r - 1) ( (cj3' - «) g + 2t)3M - { (2r - 3) eg + (4r- 5)6) («* + 13') 

(g» + /3')'-Z 
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Henoe, by integratibii, we gfet 



\ 



{z* + ^YZ 2 (r - 1) (»» + /y)'-' 

1 f ((2r-3)c«-t-(4r-5)ft)<fe 



Again, taMng Q-.^-j-i_j, 

we have 

dQ ^ a + 'dh% + 2ez* _ 2(r-l)s*Z 
dz ~ {i^ + ^y-'Z (2' + /3')'- 

° (s^+P^yZ {(« + 3^« + 2(»»)(»'+p')-2(r-l)«'(a+2fe+«')l 

+ (2r-3)(a-2<!/3')}-2(r-2) c(a'+/3')'] 
2(r-l)P'(g-cffl + 2fe) (4r-7)fa+(2r-3)(a-2c/3') 

2(r-2)c 



(z" + /3')'-'Z' 
Integrating then, and restoring the yalue of Q, we get 

(a - <;/3' + 2bz) dz _. zZ 



f (a - <;/3' + 2 



Z 2(r-l)/j'(s»+/3T-' 



1 [• {(4r-7)fa-f(2r-3)(a-2<!P'))(fa . 



(r-2)c f dz 



(r-l)/3 

M 
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Sinoe & + m can be expressed in the f onn 

X {(c/3»- «)« + 26/3»} + /u(fl-c/3' +26«), 

we see, from (17) and (18), that the integral (f 6) can be made 
to depend upon an algebraic expression and two integrals of 
the same form in which r is replaced by r - 1 and r - 2, re- 
spectively. By successiye applications then of the formulae of 
reduction, the integral (16) is made to depend upon two 
integrab of the form 



J(««+/3TZ' J (»» + /3')Z• 



But putting r a 2 in (17) and (18), we see that the first 
of these integrals can be made to depend upon the second ; 
and the latter integral, as has been remarked already, is 
evaluated in Art. 16. 

If Z « s' + /3% the integral (16) becomes 

(& + w) (fe 



1 



which is equal to 

-/ f <fe 

(2r- 1) («' + fi*)'^ "^ *" J («' + /3*)"»' 

For the latter integral we may investigate a formula of 
reduction as follows : — ^Let 



(2r-l)/3' (2r-2) 
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Henoe we get 

dz « 2r-2 f efa 

(8>+0')'^4' (2r-l)^' (»»+i3*)'-4"^ {2r-l)^«J (s'+jS')*^' ^ ' 

by suooessive applications of which the given integral is ulti- 
mately made to depend upon 

d% z 



\ 



[ 



This integral is, however, more easily obtained by patting 



when we get 



j(«'+/3'r*"/3" J^^"^^ 



llf^^.nr-.^ 



y-' 



which may be integrated at once by expanding (y" - 1)**"^ by 
the Binomial Theorem. 

51. In the preceding Articles there are included several 
integr^ which seem to deserve special consideration. 

For instance, under the form (13) is included the integral 

the formula of reduction for which is, from (14), 

Changing then m into w - 2, w - 4, &c., successively, w© 
come at last either to 



f ^^ 1 r/ . ^\ «' r ^ 



<^) 



a^ , , X 



- ia?^/(a«-;r') + 2- sin-*-, 
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BO that, making use of these results, we flnd, when m is even, 



J v/(a' - 



a?*) ^ ^ ^ I w fw (m - 2) 

Jm^^lKm-3)_ (m-l)(m-3)...l 

m(m-.2)(m-4) ' w(m-2)(m-4) . . .2 ^ ' 

w (w - 2) ... 2 a 

and if m is odd. 



1 



v^(a*-aj*) ^ ^ ^ ( m fn(»»-2) 



(m-l)(»i-3) .^^^ (w-l)(m-3)...2 ^.) ,^^. 

m(m-2)(w-4) m(w-2)(w-4) . ..o ) 

The latter integrial may, however, be more easily evaluated 
by putting «* -a" -y*, when it becomes 






m—1 



which may be obtained by expanding (a* - y*) * in a finite 
number of terms by the Binomial Theorem. 
52. Again, let us consider the integral 



i 



y{2ax - a^y 
The formula of reduction in this case is from (13), 

sf^dx - x^'^^ {2ax - a^) 



(24) 



1 



y/{2ax - a?*) m 



{2m - 1) « f o^'^dx .25^ 

^ m J ^^ax-^)' ^ ^ 
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by means of whidi the value of the integral oan be Trritten 
down in the same way as in the preceding Article. 
53. To. find a formula of reduction for the integral 



1 



da 



af^^/{a + bx^y 



wetake p^y^^l^^. 

We have then 



rfj> ,(m.l )^(a-t,feg«) J 



- (w - l)(a + ba^) + JiU* 
a^ -/(a + bsi") 

-(w-l)a (m-2)ft 



Hence, integrating, we get 

dx - v^ (a + te') 



1 



(w-2) ft f flb 



(m 



-2) ft r ^ /ngX 

-1) aj af^^{a-\'bx'y ^ ^ 



54. It often happens that an integral may be more easily 
treated at once by a special formula of reduction, instead of 
being reduced by the method adopted in Art. 48. For in- 
stance, the integral 

J(a'-a!=)'»*irfa?, (27) 
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where » is a positiTe integer, may be most easily treated as 
follows. Integrating by parts, we Have 

J (a»-a!»)»+»«te=ir(o»-a!')»H+ (2» + l) J«»(a»-«»)-»(& 

= «(«•- «»)»H - (2« + 1) / (o» -«»- o') (o» - «»)"-icte 

-x{a*- a^)**i - (2n + 1) J (a* - a^)»*id<c + (2rt + 1) a» 

xf(a*-a^)'-id<B, (28) 

from which we get 

by which fonnula of reduction the given integral is ulti- 
mately made to depend upon 



1 



« Bin"\ -. 



v/(a^-ar») a 

55. More generally, let us consider the integral 

/ af* (a + tKx^)'^hdx. (29) 

Taking P » a^^ {a + Ja^)'***, we have 

dP » 

— = (w - l)af^'* {a + &i?»)~*t + (2n + 3) baf' {a + 6aj»)"*4 

= (a + ia^)«*4 {(m - 1) flof -» + (m + 2n + 2) &c~) . 
Hence, by integration, we obtain 



I 



af^{a + bn^Y^^dx = 



(w + 2n + 2)6 



(w 



?t«tVJ'""'^'"*"'^"^*''" ^''^ 
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By this formula, when m is even, the given integral is 
ultimately made to depend upon / (a + ha^f^^dx^ which may 
be treated in the same manner as the integral in the pre- 
ceding Article. When m is odd, the last integral of the 
series is J a; (a + boff^^dxy which is equal to 

56. In the case of the integral 



f 



(fl + &,?)-*»|, (31) 



we can find a formula of reduction in which the connected 
integral has both the indices diminished. We have 



by integration by parts. 



Examples. 



(9a^g-16y) f dx 

f dx I tan-'( ^^<^'""^M 

J («»-«») V(l-«*) «V(a>-l) (aV(l -«»))' 

1 . | aV(l-fl;^) + a;V(l-a«) | 

®^ 2«V(l-«') ^^ («V(l-«2)-a;V(l-«»))* 
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) (*+ a)W(l + *»)"' (1 + «»)* ^U-«?+ V{(1+ ««)(!+ «2)}1 



1 1 1 tfV(l-f a^--dPV(H- , 

V(l + <r») » + a''"(l + a») 1 -«p+ V{(l + a2)(l +*»)}* 



f gg 1 V(i - ae* ) 

J (* + a)«V(l-«»)"'a«-.l « + a 

(«»-!)* W(«+l)(l+«)) 

where ae - 3*2 = 2c^0^. 

* 

6. f - ^. ■ - J5±L t«n-> /_ii<i±il\ 

J (*» + o)» V(l - «») 2(o» + o)» \V{o(l -«»)}/ 

(n' + a) »»+o 

J («> + «»)' 3«» (*» + »»)S" 

J V(a'-*>) 8 a 8^ -r«-;vv» «-/• 

{x^dx / lx\ 1 

7(25^::^) " ^*^ '^"' Wai) - 1 (a** + S"* + iS"') ^(z^^ - «')• 

J «sV(«»-a»)~2<i» *( * i 2a»«»' " 
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U. J(a»-^)«<^*=Jl(8^-26-.*. + 33aV(.'-^) + ^rin-.f. 

15. t «*(« + b»^)^dx = -^^ (8*»a;* + lUhi^ + 9a») V{« + hx*) 

0* f dx 

■*■ 16i J V(a + hx^y 

16. I (a + bx^ —- = — T-r — ' ^(a + *a;*) + — - — t-7^. 

57. As has been remarked in Art. 44, the method of 
treating integrals by formulae of reduction is not only ap- 
plicable to those already considered, but is also of use in 
reducing expressions involving radicals of higher powers of 
the variable to certain fundamental standard forms. For 
instance, let us consider the integral 

/ ««-' {a + bx' + cx^)^'dxy (33) 

where m is an integer and p is some fraction positive or 
negative. Putting a + 6a:* + ca;* = X, we have 

= ra ixf-' X^-' + (r + 2p) bx^'"^ X^-' + (r + 4p) caf^^ X^'' . 



dx 



By integration, then, we have an integral of the form (33) 
connected with two others in which the indices of x are 
increased or diminished by two and four, respectively. 
Thus, for example, taking r = 1, jo = i, we get 



Jx^dx Xy/X 2b C x^dx a C dx 



(34) 



and the latter two integrals, as will be seen in the chapter on 
Elliptic Integrals, do not admit of any further reduction. 

N 
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58. We now proceed to consider the investigation of 
formulae of reduction for integrals involving circular func- 
tions. Most of these can be transformed into the integrals of 
algebraic expressions already considered, but they seem to 
deserve separate treatment, on account of the simplicity of 
their forms and the frequency of their occurrence in the ap- 
plications of the Integral Calculus. 

Considering the integral / (sin OydOy 

we have / (sin 0)" rfO = - / (sin 0)"-^ e/ (cos fl) 

- - (sin d)"^^ cos fl + (w - 1) / (sin ©)«"* oo^OdO, 

by the formula for integration by parts. 

Hence / (sin O^dO = - (sin fl)-^ cos + (w - 1) / (sin 0)'^^de 

-(n-l)/(sinfl)»(/d; 
therefore 



1 



(sin OydO = - ^ ^ + ^^ ^ J (sm 0)'*-^dO. 



- , . (35) 



By successive applications of this formula we get, when 
n is even. 



(sin e)^d9 = - ^ !(sin 6)^-' + ^^?— J (sine)""* 

n (^ (n - 2) ^ 



1 

(«-l)(«-3 )...l 
^ „(„-2)(«-4)...2 ^ ' (3^) 

and when n is odd, 

[ (sin fl)" rffl - - ^ (sin fl)-^ + ^^1 (sin fl)-» 
J n ( (n-2) ^ ^ 

(»-l)(n-8) («-!)(«- 3). ..2 1 

^ (n-.2)(n-4) ^"° "^ + " " ' ^ («-2)(«-4) . . . ij' ^^^^^ 
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In the latter ease, however, fl^ mipgrijfm^g/]^ obtained 
by writing it in the form 



-/(1-00B»»)* 




i»-i 



as (1 - oos'0) ' ca,n be expanded in a finite number of terms. 
In the same way as that made use of above, we get 



1 



cos OydO ^ — -f- -^^^ ' j (oos 0)^^(10 ; (38) 



n n 



and by means of this result we oan write down expressions 
similar to (36) and (37). 

59. Altering n into /i + 2, and then changing its sign in 
the formulsa of the preceding Article, we obtain, after trans- 
position, 

f d» 0080 (w-2) r dO 

J (sin B)' ' (« - 1) (sin fl)— (n - 1) J (ein 9)"-*' ^ ' 

f <^^ sme (n-2) f dd .... 

J (cob e)» ° (n - 1) (ooB »)"-• "^ (« - 1) J (oos d)"^* ^ ^ 



By BuooeBsiTe applications of (39) we find, when n is odd, 



I 



ae 0080 



(, («-2) . .c (n-2)(n-4) . .. 



(8in0)» (n-l)(Bine)»-' ( («-3) («-3)(n-5) 

(n- 2)(n-4)...l , 

(n-2)(n-4). ..l fl 

'^(M-l)(n-3)...2^°^**''2' ^*^^ 

reoolleoting that 

J^^logtan^. 



100 INTEGRATION BY SUCCESSIVE REDUCTION. 

When n is eyen, the integral may be obtained by writing 
it in the form 

n-2 

-/(l+oot«fl)*rf(ootfl), 
and expanding 

(l + cot*0)» 

in a finite number of terms. 

In the same way, from (40), we can write down the value 
of jdO/{ooB 0)**, when n is odd; and when n is even this in- 
tegral can be obtained by writing it in the form 

/(l + tan'O)' rf(tanfl). 

60. It may be observed that the integrals of Art. 58 can 
be obtained very readily by expressing the powers of sin d 
and cos in terms of the simple dimensions of the sines or 
cosines of multiple angles. Thus, from trigonometrical con- 
siderations, we have 

fi fi — X 
2**"* (cos 0)** = oosnfl + n cos (n - 2) + — j — jr— cos (n - 4) + &c. 

Hence we get 

f/ /iv« 7/1 1 (sinnO wsin(n-2)0 w.n-1 sin(n-4)0 

(cos 0)*'dO = ^r— { + ^ ^ ^ + — =— ^r — Ij — L. 

I ^ ^ 2^^ ( n n-2 1.2w-4 

+ &0.), (42) 

in which the last term is, if n = 2r, 

J. 1 . 3 . 5 . . . 2r - 1 
2'- ~1.2.3...r ' 
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and if n - 2r - 1, 

1 (2r~l)(2r-2)...(2.1) . 
2»--» 1.2.3...r-l ^^• 

In the same way we can evaluate the integral / (sin 0]'^dO 
by expanding (sin 0)*» in a series of sines or cosines of multiple 
angles, according as n is odd or even. 

Examples. 

tl 3 

^^0de r= - - sill COS0 (3 + 2 sin^ff) + - 0. 
8 8 

(1 It 

co8«e rf9 «= — Bind cos«(8 cob*« + 10 coe'd + 16) + — 6. 
48 16 

^ C de cose 1 , 9 

(d0 BinO , Z . 

— ST = z Tr. (2 + 3 cos* e) + - log (sec 6 + tan d) . 
C08*d 8 C08*d ^ ' ^ 8 ** ^ ' 

C de 1 

5- -T"r;: = -77cote(3cot*d + 10cot2« + 16). 
J evaPd 16 ' 

fl 1 3 

C08*drfd = — sin 46 + - sin 2d +-0. 

11 fi fi 

cos*e ^'d = rr sin 6d + — sin 36 + - sin 0, 
80 48 8 

61. We now proceed to consider the integral 

J (sin fl)~ (cos «)"• rffl. (43) 

Before, however, investigating a formula of reduction, we 
notice some cases in which the integral may be obtained more 
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simply otherwise. First, if either of the numbers m or n is 
an odd positive integer, say, w = 2r + 1, we have 

J (sin e)« (cos fl)~rfe - / (sin 0)'' (1 - sin' Oy d (sin 0), 

which may be integrated at onoe by expending (1 - sin' Oy. 
Similarly, if n = 2r + 1, we have 

J (sin ey (cos »)"• rffl = - J (1 - COS* Oy (oos fl)"rf(oos 0). 

Again, if the sum of m and n is a negative even integer, 
say, m + n = - 2r, we have 

J (sin ey (oos 0)'^d0 = J (tan 0y (see Oy^dO 

= / (tan e)«(l + tan»fl)''-'(/(tan e), 
or J (sin Oy (oos e)~ rffl = J (ooseo 0)^ (oot 9)^ rffl 

= -J(l + oot»e)'-»(cotfl)~(/(oote). 

62. If the integral considered in the preceding Article 
does not come under the special cases mentioned there, we 
must mak^ use of a formula of reduction which may be ob- 
tained as follows : — We have 

f (sin ey (cos e)~rfe = - ^^ f (sin e)«-^rf(cos~« 0) 
(sin ey-' (cos 0)~*' {n - 1) 



"Y [ (oos 0)'»+» (sin e)«-» d0, (44) 



m + 1 m 

by the formula for integration by parts. 

(sin 0y-' (cos 0) 



Hence, [ (sin 0y (oos 0)'^d0 = - 



m-fi 



m+ 1 
n-1 



+ - 



=^ [ (cos e)~-' (cos ©)«» (/© - ^^ [ (oos fl)*" (sin 0yd0; 
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therefore, bringing aorosB the last term to the left-hand side 
and diyiding by (m + n) (m + 1), we get 



(sin Or (oos fl)~OT «= - ^^ — ^ 

J ^ ' ^ ' m + n 



flH-l 






— ^ [ (sin e)"-' (oos fl)~ d0. (45) 



In the same way we obtain 



(sm9)"(oos9)~d9 = ^^ — ^ — - — 



and 



^-^ [ (sin e)»« (cos e)"^« dfl, (46) 



f/- mn/ mm^ii (sin fl)«« (cos ©)"-» 

(sinfl)'*(oosO)*"rffl = -^^ — ^ ^ — 

J ^ ' ^ ' w + n 






^ ( (sin ey (ooB e)"-»de, (47) 

By sucoessive applications, then, of the latter formula we 
get, if m is supposed to be an eyen positive integer, 

f (sin e)« (cos 0)^de = (?iBi)!!!! j(oos 0)^-' + /"^"-^ir x (cosfl)-» 

(m-l)(>n-3) ^^^^..^^^ 

(w + n-2)(w + n-4) ^ ^ 

(m-l)(m-9) . . , S A {.. ^.^^^ ..^v 

+ / — \/ ^v; 7 o\ {^inOydO; (48) 

(m + n)(»t + M-2) ... (m+2) J ^ ' > \ / 

and the latter integral is known from (36) or (37), according 
as n is positive or negative. 
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In the same way, if n is an even positive integer, we 
find, from (47), 



1 



(sin ey (008 e)" d9 = ^°°° ^^'*" I (sin d)""' 



(w+n-2) (»»+ »-2)(w + w-4) ^ ^ ) 

(n - l)(n - 3) ... 3. 1 ^, «v.- ./» ,a^k 

+ 7 — ^ ,, ^^ ^7 z ^ / (oo86l)~rffl. (49) 

(w + w) (w + n - 2) . . . (w + 2) "^ ^ ^ ^ ^ 

.63. If one of the indices in (43) is positive and the other 
negative, we can obtain a formula of reduction in which 
both of these quantities in the connected integral are dimi- 
nished. Altering the sign of m in (44), we have 



I 



{smOydd ^ (sin OY'^ _ (n-1) T (sine);^ 
(cos OY " (»* - 1) (oos e^'' m-l] (cos fl)^» * ^ ^ 



Since we may suppose n to be even, by this formula of re- 
duction the given integral is ultimately made to depend 
upon J (sine)'*"^fl?0, or 

[ {Ane)'^''dB r (sin 0)'»^^^rf sine .^ 

^ = = :— r^ , It m <n, 

J cos tr J 1 - sm'0 

and -; „^_ , if m> n. 



r M . 
J (cose)"-"' ^ 



Again, altering the sign of » in (46), we have 
f (cos e)" dd - (cos e)"-* (»» - 1) f (cos 6)"-' rffl 



(sin 6)" (n-1) (sin 



fl)"-' _ (ot-1) f (cos fl)-"-' rffl 
inO)-' «-l J (sintf)"-' ' ^ ^ 
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64. If both the indices in the integral which we have 
been oonsiderii^g are negative, we may find a formula of re- 
duction as follows. Writing the integral in the form 

J (sin 0)»(cos 0)-' ^^^^ 

where m + n is supposed to be odd, and taking 

P = 1 

(8ine)«-»(cos6l)'»-*' 

we have 

dP _ - (n - 1) (m-l)(l-oos'il) 

dH " (sin e)»(cos O)'""* "^ (sin %Y (cos %Y 

m-\ (m + n - 2) 

" (sin %Y (cos ^ " (sin 0)» (cos O)*"-*' 

Hence, by integration, we find 

dd 1 

(sin 0)» (cos B)"^ ~ (m - 1) (sin 0)«-^(cos 0)""-' 

{m + n-2) f d9 



1 



+ 

m 



n-2) C rffl ,53. 

-1 J (sin fl)» (cos O)"'-^' ^^ 



In the same way we obtain 

de 



1 



(sin 0)» (cos 0)"" (n - 1) (sin fl)**-^ (cos 0)'^-^ 
{m + n- 2) 



w 



-1 J (8in0)~-Hcos«)'«' ^ ^ 



By successive applications, then, of both these formulae we 
can ultimately make an integral of the form (52) depend 
upon one of the integrals, according as n is even or odd, 



1 



dO 



cos 



7j = log (sec + tan 6), -; — j: = loff tan ^. 
e ^ ^ ^' sin ® 2 



do . . e 
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65. We consider here the integrals J (tan 0)^dOy J (oot OfdO» 
Although these are included in the case treated in Art. 63, 
we give a separate investigation on account of the simplicity 
of the results. We have 

/ (tan e)»rfe = / (tan 0)^^ (sec' - 1) d© 

= J (tan fi)»-'rf(tan 0) - J (tan e)'^»rffl, 

or / (tan 9]^d0 = ^^^^ - J (tan e)^'de. 

Hence, we get at once 

^, ^ ftanfl)*^* (tan©)**-* (tan 9)"-* 
f (tan e y^rffl = ^ ; - ^ ; + ^ I . . . &c. ; (65) 
•' ^ ' w~l n-3 n-b ' ^ ^ 



n fH^l 



the last term being (- 1)' 9, if n is even ; and (- 1) * log cos 9, 
if n is odd. 

In a similar manner we find 

/ (cot e)«rffl = - ^^^TT " ^ ^^* ^^'^^^* (^^^ 



1 



■ I 



Examples. 
eoa^$de _ (l+8in«e) 

8iiiS0ef0 1 



2. ( ?^4^=i8ece(3 + 6co8»e-co8*tf). 

J C08*6 3 

3. [ 8m'eco8'e<W = — C088e (4C0B»tf-6). 

6. [ V(co8tf) 8m»aeffl = 2 (co8d)* j- €Ofl"e- YY cos**-^} 
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7. I -r-i 3-- = 4Une + -taii»«- 6cot«-- cot^#-7COt»tf. 

I sin' cos^ e 3 3 6 

de 1 

8« I -:— T r; = T taJ^* ^ + tan« + log tan 0. 

J sindcos^tf 4 

f eoB*0<f9 1 . •« , . ^ 

10. I — r— -— = - « sm' 9 + log sin tf. 
' Bind 2 

1 <> 

11. I cos*e8in2tf<^ = 7- sin«co8tf(3 + 2cos«tf-8co8*tf) + T^. 
» 48 ^ 16 

3 1 

12. I 8in*tf cos*^rf9 =■— ^e-77;^ sin^costf cOB2tf (3 + 8sm««co8'e). 

128 128 

3 1 

13. I 8in«0coi*0<^ s — - 0- -- 8m0co8 0co8 29 (3 + 8 8in'9coa'0) 

256 26o 



1 . « 
+ •— Bin* 9 COB* d. 



, de l + 3cos«d , ^ 

' Bine COB* ^ 3cos'e 2 



I '^^ 2-3cos»a 3 $ 

* sin' cos> ° 2sm20co80 "^ 2 ^^ "^ 2* 

. de 8-26co8»g + 15coB*g 16 e 

^^' * sin»«coB«tf" 8Bm*«cosd "*■ 8 °^ ^^ 2* 

17. I tan*«rf# = -tan»#-tantf + e. 

3 

18. 1 (cote)*<»= - 7 cot*# + -cot»tf + log8m«. 
J 4 2 

19. I (cot tf)« (W x= - T cot5« + - cot' tf - cot tf - «. 
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66. To find a formula of reduction for the integral 



[ 



{a + boos dY' 
where n is a positive integer, we take 

sin 



(57) 



P = 







n-i» 



where 



a + ft cos = 9. 



i(j. We have then, by differentiation, 

^ dP _ cos (n- 1) ft sin^e 



dB 0"-* 



0~ 



cose (n-l)ft {n-VjbaoQ^e 







n-i 



0« 



0« 



Hence, putting {O '-a)/b for cos 0, we get 

dP e-a (n-l)ft (w-l)(0'-2a0+a») 



dO ft0~-i 



0" 



ft0» 



(/i-2) (2w--3)a (n-l)(a«-ft^) 



ft0 



n-2 



ft0~-^ 



ft0« 



Therefore, integrating and transposing, we get 

-ft sin ^ {2n-S)a ^ dO^ 

0n-i 



fdO _ -ft sin 



(2/^ - 3) g r 
-l)(a'-ft^)J 



ft^) G"^' {n 

(n-2) fdO 
(n-l)(a^-ft^)j0"-^* ^^ 



By successive applications of this formula the given in- 
tegral is ultimately made to depend upon the integrals 



dO 



{a + b cos ey 



dd 



a + ft cos 0- 
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But, taking w = 2 in (68), we have the first of these ex- 
pressed in terms of the second; and the latter integral is 
evaluated in Art. 19. 

67. The integral 



1 



(59) 



evidently comes under the form considered in the preceding 
Article by putting 2^ = ; but we consider it worth while 
mentioning here a substitution by which (59) assumes a form 
admitting of a more immediate integration. Taking 

tan = 7 tan 0, 





cos'fl 



/a A abdO 

we have dtp = dtair^l - tan ] = , . ^^ — zr 

^ \b J a*sm*e + 6* 

also a* cos*0 + 6* sin*0 = , . ^^ — tt — -^ ; 

^ ^ a^sm'O + i*cos0 

so that we have 

f /2 2^'^^2 ' 2 ^n = /i, f («' sin'fl + b'oos'e)^'de; (60) 
J (a^eos'^^ + J^sm*^)'* (aft)*""* J / » \ y 

but the latter integral can be evaluated at once by expanding 

(a* sin' e + b^ooB" e)'^\ OT{a^+ {V - a^) cos' d] '^^ 

in a finite number of terms, and integrating each term sepa- 
rately by Art. 58. 

68. We proceed now to consider the integral 

juf^ oosaxdx. 

Integrating by parts, we have 

f « J a?" sin flWJ n f ^ , . . 

a;** cos axdx = a?**"^ sm axdx, 

J a a ] ' 
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I »ij'*~' oos ox (ti ~~ X ) r 

and a^* sin axdx = + ^ af^'^ cos axdx; 

J a a i 

so that, eliminating Ja^' sin axdx^ we get 

ar cos arete = —5- (woos ax -^ ax Bin ax) ^—5 — ^ aj^'cos axdx. 

(61) 

By means of this formula of reduction the proposed in- 
tegral is ultimately made to depend upon 

cosa^(£r= - sinoo;, or Lccosardi =- sinaa? +-z oostsw?, 
J a J a c? 

according as n is even or odd. 
In the same way we find 

\7^miaxdx=^—T (wsinaay-OiTCOSflj;) — ^—r — - Xx^^Wiaaodx. 

(62) 

69. Altering n into n + 2 in (61) and (62), and then 
changing the sign of n, we obtain, after transposing and 
dividing by (n - 1) (n - 2) /a', 



I 



cosaa?da?_ arsinew?- (n-2)cosaa; 
^~ " (n-l)(n-2)a^-^ 



a' fcosoayefe 

(/i-l)(n-2)J a^» ' ^ "^^ 



1 



sin aajcte _ [aX' cos ax + {n- 2) sin oa?) 

^^» " (n - 1) (w - 2) a^-^ 

a' fsina^zrflfe 

■" (n-l)(n-2) J af^' ' 



(64) 
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By means of these formulae of reduction the integrals 

Coos ax dx csiaaxdx 
J ^* ' J ^ 

are ultimately made to depend upon 

sino^e^r 



Coosaxdx fi 



X ' 



-which are irreducible, and can only be obtained in infinite 
series by expanding cos ax and sin ax. 

70. We can find a formula of reduction for the integral 

je^[8mxy'dx 

as follows : — ^Integrating by parts, we have 



but 



f ^ n{ 

^^(sin xYdx^ — (sin xf — e'''*'(sina?)'*^* QO^xdx; 

I ^* (sin xY"^ cos a?cfe = — (sin xY'^ cos x 

- - f e^ { (n - 1) (sin xY'^ - n (sin xf} dx 

= ^ (sin xY"^ Qosx e^(sin xY"^dx + - \ef^' (sin xydx. 

Hence, eliminating 

J e^ (sin xY"^ cos xdx^ 
and solving for 

l€f^[BmxYdx^ 
we get 

f -«*./• w-7 ^/ • x« , (^sinar-ncosa?) 
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In the same way we obtain 

«*/ w -7 n^Ti \«-i (^0080?+ nsin x) 
6*^(008 x)''dx = ^(eos xy-^ ^ i 



1 



w*+ c^ 



n(n-l) 



»(n-l) r 

■^r^y-^^o^xr^d^. (66) 



By the8e formulae the proposed integrals are made to 
depend upon 



1 



when n is even ; and upon 

J c*^ sin ire/a?, \ef^ cos a? cfe, 

respectively, when n is odd. The latter integrals have been 

already given in Art. 17, but maybe found at once from (65) 

and (66) by putting » - 1. 

71. We can investigate directly a formula of reduction 

for the integral 

Jcosflip(sin x^dx^ 

and thus connect it with another of the same form in which 
the index of sin x is diminished by two. This formula may 
be, however, obtained at once from the preceding Article by 
the use of the imaginary. 

Putting ia for a in (65), and equating the real parts on 
both sides of the resulting equation, we get 



1 



f sin id**"^ 
cos ax (sin ix^dx = —i — —r- (n cos x cos ax ■}■ asmx sin ax) 



_ n[n 1) r ^^^ ^ xf-^dx. (67) 
a^- rr ] ^ 
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Also, equating the imaginary parts, we obtain 

r . ,. v^, ,. .^, (a sin X COS ax- n 008 X sin ax) 
sin ax i&inxrdx = (sin a?)**"* ;; ^ 

^^^-^ [sinajo{sinx)^^dx. (68) 






Again, from (66), in the same way we obtain the formulae 
of reduction 

. .^y / . , (nsina? cosaa?-acosa?8inaa?) 
oosaa?(oos:p)"aa? = (oosa?)**"^ ^^ 1 — „ 



n^-a" 



^n(n-l) 



1 

i(n-l) f 

-\ ^ COS ax {ooB x)**^^ dxy (69) 

f . f ,^ , , ,^ , (w sin 0? sin flw? + a cos a; cos ax) 

sin ax (cos xrax = (cos x)^'^ ^ 

J rr-a^ 

+ — \ ^ sinax(oosx)^^dx. (70) 



72. It may be observed, that if in any one of the pre- 
ceding integrals a is an integer, we can obtain a formula of 
reduction connecting the given integral with another of a 
similar form, in which both n and a are diminished by unity. 
Thus, for example, integrating by parts, we have 

h cos oa; (sin x)*^dx= - sin ax (sin a;)" 

— I sin ax cos x (sin x)^~^ dx 
a ] 

= - sinax (sin a?)** — (sin (a - 1) a? + sin a; cos ax) (sin a?)*^* dx 
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= - sin oa; (sin a?)** - - sin (a - 1) a? (sin xY'^dx 

— QO%ax {AuxYdx\ 

hence, solving for I gob ax (sin xydxy we get 

sin (W? (sin a?)** 



1 



cos ew? (sin «?)**(& = 



n-^a 



— sin(a-l).a?(sinar)'^*tfo. (71) 



By means of this formula of reduction, and a similar one 
for / sin ^a?(8ina;)''(£r, we can determine the value of the 
proposed integral. In exactly the same way we can obtain 
similar formulae of reduction for the three other integrals 
considered in the preceding Article. 

73. More generally, substituting a + ib for a in (65), and 
equating the real parts on both sides of the resulting equa- 
tion, we obtain 



1 



e^ cos &c (sin xYdx^ — (sin x)^^ { (asinay-ncosa?) cos {bx - X) 



- 6 sin a? sin (6a? - A) } 
+ ^ ^^* "" "^^ [ ^ cos {bx - A) (sin a?)«-»(fe, (72) 

where n* + a' - 6' = c cos A, 2ab = c sin A. 

In the same way we can obtain formulae of reduction 
for the integrals J e^ sin Ja; (sin a?)** cte, / ef^ cos bx (cos xYdx^ 
J e*^ sin 6a? (cos xYdx, 

74. We may here investigate a formula of reduction for 
j af^e^dxy where n is a positive integer, although we have in 
effect already determined the value of this integral in Art. 18. 
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Integrating by parts, we have 

a^^ dx = "l-i- - - af^'^dx. (73) 

By suooessive applications of this formula, we ultimately 
come to j e^dx=' ^/«, and thus arrive at the result (28) 
of Chap. I. 

If n is of the form {2m + 1) /2, the proposed integral can 
be made to depend upon 



J y/x 

3 

The latter integral can only be obtained by expanding ^^ in 
an infinite series, as follows : 

j e^y'di/ = I (1 + flry» + ^* + &o.)dy 
To find a formula of reduction for 



af ' 
we have 



I 






{n - 1) of"-' "^ n^ J 1^' ^ ^ 
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By means of this formula the proposed integral is ulti' 
mately made to depend upon 



1 



e^dx 



X 



which can only be obtained by expanding e^ in an infinite 
series. We find thus 

J__=log^+a^-,_+^-^, + &e. (76) 

75. Putting a + ih for a in (73), and equating the real 
and imaginary parts, respectively, on both sides of the re- 
sulting equation, we obtain 

, , (a cos bx ■{- b sin bx) 

af*e^ Q08bxdx = af*€f^ r — 

a* + b^ 

— - — rr af*^^e^ (a cos Ja? + J sin bx) dx (76) 
a* + 6* J 

« ^^ • r J ^ ^ (a sin Ja? - * cos bx) 

x^ef"' sm bxdx = (xf^ef^ z — rr - 

c? + b^ 

- J^ ,^ af^^ef^ {a?mbx-bQO%bx)dXy (77) 
a* + 6* J 



1 



I 



which constitute formulae of reduction for the integrals 

I x^ef^ cos bx dxy j af^e^ sin 6a? dx. 

In exactly the same way we can obtain from (74) formulae 
of reduction for 



f «* , ^a? { n^ ' . dx 
c"' cos bx — , e^' sm bx —- . 
J x"" J x"" 
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76. The f ormxila of reduction for J aj~ (log a?)* dx may be 
found from (73) by putting x = ^. We obtain thus 

f af^ (log^)» dx = '^'(^^ej')'' _ ^J_ [ ^ (log ic)^idx. (78) 

J ^o' W+1 W+IJ ^®' 



Similarly, from (74), we get 



1 



(log ir)~ " " (n-l)(loga?)*^^ "^ »n J (loglrp' 



(79) 



Examples. 



- f de ^ . ^ (4a2 - ft2 + 3a* cos «) 

J (a + icos«)3 2tf*(a + dcos«) 



^^^^tan-^j^^tanjej. 



where a^-h^^ c«. 

rfd (a» + ft2)0 (a* - }p) sin ^ cos ^ 



•~\ 



(a« cos* d + A« sin* «)« 2a9 J3 4«3 js 



where tan A = - tan $. 

a 



« f ^ . ^ cos «a? , . „ „ ^ ,. sin <w?.-. ,«,oo «^\ 

3. I x^coa axdx = — (ia^x^ - 24) + — g- (a*ic* - \2a^x^ + 24). 

4. I :r3 sin xdx = (3a;2 _ gj gjn /^ _ (a;S _ g^j cos a;. 

f cosxdx _ a: sin a: — cos a? 1 f cos xdx 
' J ar^ " 2^ 2 J "^ • 

f sin a;efa; _ (a;* - 2) sin a: - a; cos a? 1 f cos ar^far 
J X* 6^3 6 J X ' 

^ f .,,«*" sin'ar (a sin a: — 3 cos x) 6e^ (a sin a; - cos x) 

7. I e^*3in^xdx=s ^ -+ ^ : — -. 

J a2+9 ^ (a2 + 9)(a» + l) 
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8. 



9. 



10. 



11. 



12. 



where 



13. 



14. 



16. 



16. 



17. 



^ QQt?xdx s — — — - (a» cos** + a sm 2a; + 2). 



1 2 

cos 3d; ^^xdx = - 8iiid;(2 oos x cos3j? + 3 sinj? sin 3d;)— ■-= sin 3d;, 

15 



1 2 

sin 3j: coa'^xdx « — r cos a; (2 sin a; sin 3d; + 3 cos d; cos 3d;) + -- cos 3d;. 

5 15 



CO. 4, sin»**r - i ain 4* .in'* - 1 (2 rin 2« - co.4*). 



gtt* 

e^coabx einxdx » — {(a8ind;-cosd;)cos(dd;-\)-6nnd;8in(6d?-\)}, 

c 



1 +a*-^ = «co8A, 2a^ = «8inA. 



X e^dx o X 



/ ., 6 16\ 16 f dx 



dx ^ ,^ ^ I ^C dx 

a;* 2x^^ ' 2 J x 



xe^ 



Xe«* cos bxdx = ry- rrr (« COS ^d? + * sindd?) 



2 («« + *») 



^M 



2(a»+ft2)« 



{(a* - i*) cos id; + 2a3 sin bx). 



x^ (log d:)*<to = ^ ((logd;)* - 3 log^ + g) • 



d;'rfd; 



_ a{2ae-Zil^)-¥l6ae-6b^)bx-\-e{ae-'b*)x* 
(a + 2*ar -f ex^)^ " ««(«?- A*) V(a + 2bx + <?a:») 



3A r dx 

" "^ J V(a + 2Aa:+ ex^)' 

] x^Vin^ibx-^ex^) \2a^x 2axV ^^ ' 

f dx 

J \'ia-\-2bx + cx^) 



(3i^ ~ gg) 
2a2 
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19. Show that 

m + 4fi m + 4fi J m + 4n J 

where X = a + to' + «c*. 

11 1 

sin ix coB^sdx^— - cos x (sin a; sin 4d; -f 2 co8« cos 4x) + -- cos ix. 

21. ( — — M!^-— -b1(3«* + 3M+ 2a*d»)4»-7(«*-**)sin2A 
J (a2cos»tf + ^8m»tf)» 8^ '"4^ ' "^ 

+ ^ («»-*')» sin 44», 

where tan ^ = - tan (^. 

a 

«? ^ COS to<te « ^ { <?* «• cos (to - A) - 2«a? cos (to - 2\) 

+ 2cos(to-3x)}, 
where « = « cos X, 6 = f sin X. 



( lao ) 



CHAPTER V. 

ELLIPTIC INTEGRALS. 

77. In this chapter we propose to give a slight account of 
those integrals which have been called elliptic. This subject 
is very extensive, and would in fact require a whole treatise 
for itself. Here, however, we merely investigate sopie of 
those properties which are of more immediate use in the 
geomei^cal applications of the Integral Calculus. 

78. As has been remarked already in Art. 24, the elliptic 
integrals are the irreducible expressions on which we can 
make all the integrals of the form J ^ (a?, y) dx depend, where 
y is the square root of a rational integral expression in x 
containing powers of the variable as far as the fourth degree, 
namely, 

y = y/{^ -^ bx ■¥ C(x^ + dx* + ex^) = \/j, say. 

For the purpose of proving this, we commence by trans- 
forming X to a simpler form. Now it is shown in trea- 
tises on algebra, that X can always be made proportional 
to a + j3s* + 7S* by a real homographio transformation ; that 
is, by the substitution of (m + nz) /{p + qz) for x. We have, 
then, Z = (o + i3z* + 72*) / (jt? + qzy = Z/ (p + qz)\ say, and 
dx = {np - mq)dz/{p + qzy. Now, in the same way as in 
Art. 38, we see that J [x, y) dx can be written 
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where P and Q are rational functions of x. The first part 
of this integral is already known; and the second part, 
namely, 

Qdx 



I 



by the homographic transformation just made use of, be- 



comes 



f Rdz 
J a/Z 



where i2 is a rational function of z. But R can be always 
expressed in the form \f^ (2') + 2 1/^1(2') ; so that we have 

J yz"] v^ 

"j yz ^^i ,/z ' 

the latter of which expressions becomes, by putting g' = w. 



2 J ^{a+(iu-\-yU^y 



and is integrable by the methods of Art. 38. 
79. We have thus to consider 



1 



yz ' 



which, by the method of Chapter II., can be made to depend 
upon integrals of the form 

z^**dz 



1 



^z ("■ 



s*"-* 
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J (2' -a,)-/ J J {z^-a,yyz '' 

[ (fe' + m)dz _ ^ f (/V + OTQrfg _ 

J {(g^-aO' + jS^iyZ ^'^' J [{s^-ay + ^Y^Z' ^ '' 

But putting Z for X, 2n - 3 for r, and taking p = § in 
Art. 57, we find, by integration, 

'/-^ = (2« - 3) a ] :;7^ + (2« - 2) ^ J -7=- 

from whioh we get 

f »»"<fe g'»-*v/Z (2w-2) /3 f g'^'rfg 
J yz°(2»-l)7"(2«-l)7 J yz 

_ (2n-3) a f g"-«(fe 
(2»-l);J yz ^^* 

By this formula of reduotion the integral (1) is ultimately 
made to depend upon 

Again, differentiating 

«/Z/ («'-«.)-•, 
we get 

di %yz \ ^ (g'-ai)(Q+2/3g'+37g^)-2(r-l)g'(fl+/3gV7S^) 

rfg((g'-a,r^j (g»-aOV^ 

But the numerator of the fraction on the right-hand side 
of this equation can evidently be written in the form 

ao + ai (g' - oi) + at(g' - ai)' + as(g' - oi)'; 
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SO that by integration we may then write down the relation 

[ dz { dz { d% 
(h\ 7= + «! 7= + (h 7= 



as 



(«»-aO'-»x/^ («'-«0 



r-i 



By this formula of reduction (3) is ultimately made to 
depend upon the integrals 



r dz ^ dz r 

J («» - ai) yZ ' J ^' J 



yz 



but the two last are (8) and (7), which occur in the reduc- 
tion of (1). 

In the same way, by means of formulae of reduction, it 
can be shown that (5), namely, 



1 



(rs' + m") dz 



depends upon the forms (7) and (8), besides 

(&' + m) d% 



\ 



At this stage of our knowledge we cannot demonstrate 
the possibility of the reduction of the latter integral to the 
fundamental forms (2), (7), and (8). It suffices, how- 
ever, to remark here that the integral (4) can be made to 
depend upon (8), and two integrals of the form (2), in 
which the quantities corresponding to ai are different. The 
proof of this has to be deferred, as it involves a knowledge 
of the more advanced parts of the subject. 
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80. We thus arrive at the result that any integral of 
the form 

J (^> y)^y where ^' = a + fia? + ca?* + tte" + ap*, 

can be made to depend upon the elementary forms and three 
irreducible integrals, such as (2), (7), and (8). These 
three integrals we propose to transform to the simplest forms 
which they are capable of assuming, namely, 

^*W°f ^(lJ^Lin'g) (^)' ^*W = |^(l-**8in'»)<?9 (10), 

These three are usually called elliptic integrals of the first, 
second, and third kinds, respectively. Each of them is sup- 
posed to be taken so as to vanish with 0, which is called the 
amplitude of the integral. The quantity A, which is sup- 
posed to be always < 1, is called the modulus ; and ^/(l - *'), 
which is denoted by k\ is called the complement of the 
modulus. The constant n which occurs in the third integral 
is called its parameter, and may have any real value what- 
ever, positive or negative. 

In the notation made use of above the suffixes are omitted, 
when integrals having the same modulus are imder consi- 
deration, as is usually the case. When 6 = ^tt, the integrals 
are called complete, and the values of (9) and (10) are then 
denoted by K and j&, respectively ; that is, 

and the corresponding quantities for the integrals with the 
modulus k' are denoted by K\ E\ The quantity v/ ( 1 - A* sin' %) 
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is usually denoted by A%(0), or A(0), in investigations in 
which only one modulus enters. 

Tables of the numerical values of Fk{0) and JEk{0) were 
calculated by Legendre, who gave the integrals we are con- 
sidering the name elliptic, from the fact that Ek (0) is exactly 
represented by a portion of the arc of an ellipse. 

81. We now consider the actual reduction of (2), (7), 
and (8) to the forms (9), (10) and (11). 

It is easy to see that a + fiz^ + 72* = Z must be capable 
of being written in one or other of the forms — 

{A) m« (a» - a») (2» - b% {B) nf [c? - ««) {V - ««), 

(0) m^ («• - «») («» - h\ (D) m» (2* - oT) («» + h% 

[E] m^ (a' - «') (2» + y), [F) m' («» + a') {2' + b% 

((?) w»(s* + 2c*»»cos2a + c*). 

In case {A) we have 

r dz 1 f dz J^ r dO 

]yZ^ ^ J v/ {(«'-«')(»' -4')} "^ ^ J v/(l -^*sin»«)' 
where 2 = a/sin 0, A; = 4/a, b being supposed < a. 

In case [B) — 

where 2 = 6 sin 6, A; = 6/a. 

In case (C) — 

dz 



^_ 1 r d9 

Z~ ^ J a/(«'co8'0-6*)' 



yz 

where s = cr cos 0. 
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We have, then, 

r dO r dO 1 r aT^ 

J v/(a'co8»e-*') " J v/(«'-6«-a'8in'e) ° a J v/(l -A'sin*^)' 

where 

fl sinfl = v^(a*- J') sin^, and k = y/{a^''b^)/a. 

In ease (D) — 

r dz 1 r ^0 

where 2 = a sec 6, A = a/y/ (a* + 6'). 

In ease (-B) — 

f efg 1 f c?6l 

Jyz" mv/(a' + 6^)Jv/(l-A:«8in»er 

where « = a cos 6, A: = a/y/{a^ + 6*). 

In case (-P) — 

f dz ]_ f____ffO__ 
Jy^"wajv^(l-A»sin*0)' 

where a = 4 tan 6, A = -^Z (a' - 6') /a, 

J being supposed < a. 
In case (G) — 

r^-JL f ^^ 

J yf " 2^ J v/(l -sin'a sin'O)' 

where « = c tan J 0. 

This case is really included in (-P), for it is shown in 
treatises on Algebra that the form (F) is convertible into 
(O) by a real homographic transformation. 
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82. For the integral (7) we have, in case {A)j 

I v\w\TW%w4-j rvn a I r/\ 1 



J 



z'dz ^ -^ f rffl 

-y= proportional to -r-TZTTm • 



Now, differentiating cot 0A (0), we have 



^ +^.-Me). 



8in'A(e) A(fl) 
Henoe, by integration, ve get 

ls^ = l^-^^W^0-oot9A(fl) 

= F{e) - E{9) - cot flA (6), 
In case [B), (7) is proportional to 

|^-iW)-*(«)|. 

In case (C) — 

—p= varies as J v/(l - A* sin'^) d^ = JE(0). 

Ib case (Z)) — 

fa'rfs . f d9 

— 7= vanes as — .. . ,.: ■. 
]yz Joos'^ACe) 

But we have 

;T2(tanflA(6l)) = 



dO' '" cos'e A{B) oos'eA(0) 

(1-*') 



A(fl) 



+ A(fl); 
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therefore, by integration, 



iOTj-i^4f^<»)^»4''-»^<" 



= ^(e)-^{i5(fl)-taneA(fl)). 



In case {E) — 



J— vanesas ^-^^ ^ -HiS) --^F{0). 



In case (F) — 



J-^ vanes as J-^^ = J(^33^^-1)^^. 

and therefore is reducible to case (D). 
In case {O) — 

[%^dz . {tan^edO rfl-cosO)' dO 

J_ vanes as J-^^=J-_^^ 

f/ 2 2cos0 \ ^0 r e^O 2A(e) 

"JVsin'fl sin*0 yA(fl) J sin»0A(e) sin 6 ^'^^' 

and thus is made to depend upon case (A). 

83. In all the transformations made use of in the different 
cases, it will be observed that the integral is always trans- 
formed by a substitution of the form 

m + n sin* 



s' = 



p ^ q sin'fl' 
so that in each case 

dz^ 



1( 
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by this substitution may be written 

p + q sin* dO 



1; 



w'+n'sin*e A(e)' 

which evidently can at once be made to depend upon (9) and 
(11), namely, F(0) and n(n, 0). 

84. We enter here on a more particular consideration of 
the integral 



1 



dx 



and effect the reduction to the form (9) in a different man- 
ner. Suppose, first, that X has two real linear factors 
X - a^ X - fif say, so that we may write 

X=(iP-a)(iP-/3)Q, or (a-a?)(a?-/3)Q, 

where Q « A + /la? + i/a?* ; 

then putting x = - — ^, 

1 — * 

we have, from equation (10) in Art. 38, 

dx 2dz 



y{{x-a){x-li)} l-«^' 
also we get, evidently, 

^ (1 - «»)» ' 

so that we have 

dx dx 2dz 



v/X v^{(^-«)(^-/3)Q} v/(A' + iuV+ v'zy 
which effects the reduction to the form (8). 

R 
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In the same way, if X = (a - «)(a? - /3) Q, we take 

"^ " 1 + «« • 
We have then 

dx 2d% 



^\(a-x){<c-fi)] 1 + 8" 

/ 

and Q = " ^ 

80 that we get 



(1 + 2')' ' 



dx dx 2dz 



^/X v/{(a-ar)(>r-^)Qj ^(X'-/«V + vV)' 

It may be observed that in both of these cases the variable 

X is connected with the amplitude by an equation of the 

form 

x={m + n sin'fl) /(jo + q sin'6). 

Secondly, if we suppose that X has a quadratic factor 
with imaginary roots, we may put 

We have then 

f ^ - f ^^ 

if we put x = a + y. Taking now 

y - /3 tan (fl + 7), 

. f dy_ 

^^^ jA/{(y' + /3')(/ + my+«y') 

"J v/ { / 008' (e + y) + m/3 tin (0 + 7) COS (fl + y)+ «/3' sin* (tf + y) ) , 
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But the expression under the radical in the latter integral 
can be written 

i(/ + nj3') + i(/- n^») cos (20 + 27) + imfi sin (2© + 2^), 
or i(/ + wj3')+i{(/-nj3')cos2y + f»/3sin27)co8 2e 

+ i [mfi cos 2y-{l- »j3') sin 27) sin 20, 

which takes the form A ^ B cos 20, if we determine 7 so 
that the coefficient of sin 20 vanishes, that is, if we take 

We get thus 

C dx C dd 1 r dO 

J -/J " J v/(^+ -Bcos20) " v^(^ + 5) J v/(l-A;»sin»0)' 

where V^2BI{A + 5), if A>B, 

d<^ 



and 



(25) J 



y(2£) jy(l-A'Bm'0) 



where A' = (^ + £)/2i?, onQ = ksaif, ii A< B. 

By the methods of this Article, the integral 

dx 



e ax 

J 7^ 



is reduced in a very simple way to the form -Fa(0), with- 
out making any use of the algebraic theory of the binary 
quartic. 

85. The following investigation may perhaps not prove 
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unworthy of the attention of the student. Let ns consider 
the reduction of the general integral 

4^{x,y){xdy-ydx) 



1 



(12) 



where 0(a?, y) is the ratio of two homogeneous binary 
quantics in x, y of the same degree, and 

U = aa^ ■\- ba^y + ca^y^ + dxy* + ey^. 

We observe that U is always capable of being expressed as 
the product of two real quadratic factors, which we shall call 
Uy V. Now we have seen already, in Art. 21, that 

udv - vdu = ^J{xdy - ydx)^ 
where J is the Jacobian of t/, v. We have thus 

xdy-ydx 2 {udv- vdu) 

Again, it is easily shown that ^ (xy y) can be expressed in 

the form 

i>i{uj v) + J'02(w, V)y 

where 0i is of the degree and 02 of the degree - 2 ; for if 
we write down the values of the three quadratics w, v, eT, in 
terms of a?, y, we can solve for a^ and xy^ say ; and, taking 
the ratio of these values, we get x/y. Now we have noticed 
already, in Art. 39, that J is connected with w, v by an 
identical relation of the form 

J^ = aU^ + ^UV + yt^, 

by means of which we can express x/y^ and then ^ {x^ y) in 
the form given above. 
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The integral (12) is thus transformed into 

(udv-vdu) 



1 



2{0i(t*, f?) + t702(w, f>)} 



Jy/ (UV) 

J J\/Wi ""J 7m ' 

Now, if we put v/u = z\ the latter integral becomes 

4/02(l,»»)(fa, 

and is thus reducible to the integration of a rational function 
of the variable. By the same substitution, the first integral 
takes the form 






after we have put for J its value in terms of «, v. The 
reduction of the latter expression to the fundamental forms 
of elliptic integrals is effected by the method used in 
Arts. 79 and 80. 

Examples. 

f ^^ — f <^g 

• J V(i - x^) " " y 5 J ^{i-k^m^ef 

where a; = 1 - Vs tan«}«, i; = (1 + V3)/2 V2. 

f dx 1_ f de 

' J V(a;3 _ 1) - yg J V(l^Ar^8m2tf)' 

where « = l + V3tan«Ja, * = (V3 - l)/2\/2. 

J V(l + ic*) " 2 ) V(l-}sin2e)' 
where a; = tan J fl. 
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f ^^ _ J. f ^ 

' J V(l-j?*) ~"V2 J V(l-j8m»«)' 

where x^co^B, 

J 3 ^ ' 3 J V(a + 4a?« + 



ex^) 

2a c dx_ 

(a + bx* + ex*y 



3 J V(a+te» + <rx*)* 



6. 3^f «in*tf^ -g(l|P)f ^'^^ f ^^ 

J V(l-*»8m«tf) ^^ M V(l-Ar»8m2tf) J v(l - *»«m»tf) 

+ 8mtf costf A(9). 
8. To find the value of 

! 



de 



we differentiate sin cos 9 A (0) / (1 + » sin'd). We thus obtain 



2(«+l)(fl + *»)[—- — :^— 

J (I + nsm*^)* 



n' sin tf cos 9 A (0) 



A(0) l+fi8in)0 

+ {n« + 2n (1 + A:«) + 3A:'}n («, tf) 

f _i?? ^ [ ^ 

J Vsind J V(l-i8in24>)* 

where sin B = cos'^. 

86. We now proceed to consider the fundamental pro- 
perty of the elliptic integrals of the first kind, namely, that 
of their addition. This may be stated in the simplest man- 
ner as follows. If a, j3, y are three quantities, such that 

F{a) + F03) = F(y), (13) 
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then they are also oonneoted by the algebraic relation 

cos a 008 )3 - sin a sin j3 A (7) = cos 7. (14) 

To prove this, we consider a, /3 as functions of another 
variable ty and 7 as a constant. Differentiating, then (13), 
vre have 

' ^-Ar'4-O. (15) 



A (a) dt A(/3) dt 

As we can assume a to be any function of t we please, we 
take tj so that 

we have, then, from (15), 

Squaring both sides of these equations, and differentiating, 
we obtain 

(Pa *• . . fiP/S A' . ._ 

By the addition and subtraction of these equations, we get 

d^p ,, . (Pq 

-—• - - A:' sm^ cos q^ ^ " "" " sm q cosp, 

where we have put 



We have also 



dp dq (da\ (dfi\ ,, . 
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from which, by integration, we get 

— « f» sin g, and similarly, -r, -^ sinj», (16) 

where m and n are constants; therefore, 

dq . dp ^ 

w sin a -;7- - n sin p ~- = 0, 
at at 

whence w cos g - n cos^ = c, 

or (w - n) cos a cos /3 + (m + ») sin o sin j3 = c. (17) 

But putting /3 = in (13), we have = 7, so that 

c = (m - n) 60s 7. 

Now putting for i?, g, their values in terms of a, 3> in (16), 
and A (a), - A(j3), respectively, for da/dt, dfijdty we obtain 

A(a)-A(i3)=f»sin(a-i3), A(a) + A(i3) -nsin (a + jS); (18) 
whence, putting jS = 0, .0 = 7, we have 

m sin 7 = A (y) - 1, « sin 7 « A (7) + 1. 

We thus get 
(m-n) sin 7 = - 2, (w + n) sin7 « 2A(7), (19) 
so that (17) becomes, finally, 

oosa cosj3 - sina sin j3a(7) «=» 00S7, 

which is the equation (14) that we proposed to demonstrate. 
If we change the sign of 7 in (14), we get a symmetrical 
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relation connectiiig o, /3, 7, so that if we clear (14) of radicals, 
we ought to get a symmetrioal result ; and this is found to 
be the case, namely, (14) gives 

1 - cos'a -*cos*/3-cos'7 +2 cos a cos j3 cos y = A'sin^a sin*/3 sin*^. 

From this we can deduce the two further relations 

cos a cos 7 + sin a sin 7 A ()3) = cos j3, 

cos/3cos7+sin/3 sin 7A(a) = cos o, 
corresponding to the transcendental equation 

87. If we sought an integral of the differential equation 

^^_ ^ A. . 0, (21) 



(20) 



where X- a-\-hx-^cix^ + dar^ ■{■ ex^^ 

we might proceed in a similar manner. Thus, taking 

— = v/X, we have -rr = - v/5^> 
dt dt 

- ^, d^x 1 dX d^y 1 dY 

and then ^ = 2^' It^^^^W 

Putting, now, aj = i(i? + ^), y^^{p-q), 

d^p 
we have -z^ = i [b -^ 2cx + 3dx^ + 4:ex^ ■{- b '{■2ey -hddy^ -^ 4tey^} 

Cvt 
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= bq + cpq ■{■ ^d{q^ + Sp*q) '^ie{p^q '\-p^q). 
Henoe we obtain 

d^p dp dq . . ^ 

an equation wluch admits of immediate integration by mul- 
tiplying both sides by 2dpl^dt. We thus get 



1 fdpV 



+ dp ■{■ ep^^ 



where a is an arbitrary constant. Bestoring the yalues of 
Pj q in terms of x, y^ and observing that 

we have, finally, 

^/X - yY^ ix-y) ^ [a^ d{x + y) ^ e{x^yy], (22) 

which, as we perceive, constitutes a perfectly general alge- 
braic integral of the differential equation (21). 

88. We may notice here the original method by which 
Euler inferred that there was a general algebraic integral of 
(21). 

Let us consider the equation 

^=A^B(x^yy-^Cx'y''^-2H{x-\-y)-\-2Qxy 

+ 22^0^2^ {x + y)^ 0, (23) 

connecting the two variables ^, ^, that is, the general homo- 
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geneoos relation of the second degree connecting the three 
quantities 1, aJ + y, xy* Now we may evidently write 

^ = t// + 2fjy + t(? = t*V + 2t?'ii?+ viy (24) 

where ti, v^ w are quadratic expressions in Xy and u\ tfy w 
similar functions in y. 

Differentiating then, we get 

but from (24), 

$ = 2(u'x + fO = 2^(c'»- i/uf), 
dx 

and ^ = 2 (wy + f?) » 2y/{f? - uw)y 

the latter values being obtained by solving for a?, y, respec- 
tively, in (24). Thus (25) becomes 

dx dy 



which is of the form (21). But comparing «?'- uwy namely, 

[Fix? -^ {B -^ C)x^ HY - {Cx''-^2Ec^ B){Bx'-\-2Ex-\-A), 

with X, we have five equations only to determine the six 
constants Ay By &c., that is, any one of these quantities may 
be considered as indeterminate. We see thus that involves 
an arbitrary constant, and, therefore, that = is a general 
integral of (21). 

89. We now proceed to investigate a relation involving 
the comparison of the elliptic integrals of the second kind. 
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Given 

F{a) + F{fi) = F{y), 
to show that 

^(a) + E(fi) = ^(7) + F sina sin j3 sin 7. (26) 

Writing P - I!{a) + £(i3) - ^(7), 
if we consider 7 as constant, we have 

(cos a - COS j3 cos 7) da (cos /3 - COS a COS 7) d^ 

sin J3 sin 7 dt sin a sin 7 dt 

from (20). Hence 

o • ' ct ' ^^ i /a .fl?(cosa) 

2 sin a sin p sm 7 — = - (cos a - cos p cos 7) 

Ciit ut 

d (cos /3) 



-(cosj3-cosacos7) 



fl?^ 



1 // 

= ^ ~ (2 cos a cos j3 cos 7 - cos'a - cos^jS) ; 

but we have already shown in Art. 86, that 

1 - cos'o - cos'^jS - cos*7 + 2cos a cos /3 cos 7 

= k^ sin^a sin'^jS sin'7 ; 

therefore sin a sin ^ sin 7 -^ = ^ — (A* sin* a sin^j3 sin* 7), 

dt 4t dt 

or 'hT'^ dt ^^^ ®^^" ®^^^ ®^^ 'y^* 

whence P = k^ sin a sin sin 7, 

no constant being added as P vanishes with a. 



ELLIPTIC INTEGRALS. 141 

We see thus that if we have 

cosa cos /3 - sin a sin j3 A (7) = cos 7, 
then E{a) + J?(j3) - -£(7) = A' sin a sin j3 sin 7, 
or 0{a) +G{fi) -0{y) = Fsina sinj3 sin 7, 

where (?(») = ^(0) + AJF'(fl), 

A being any constant quantity. 

90. The form of the equation (14) would lead us to infer 
that the amplitudes o, /3, 7 can be represented by the sides 
of a spherical triangle. 

Let the sides ABy BC, -4(7 of a spherical triangle ABC 
be denoted by 7, a, /3, respectively ; then the opposite angles 
(7, Ay B are such that 

^ cos 7 - cos a cos j3 , . J , V T> WON 

cos (7= '-. r-TT"^ = - ^ (7)> ^s-4 = A (a), COS -B = Afp) ; 

sma siQp 

- , sin C sin .4 sin £ 

whence k = -; = — = -; rr, 

sm 7 sm a sm p 

which equations agree with the known properties of spherical 
triangles. We see thus that if a spherical triangle be con- 
structed with one obtuse and two acute angles, such that the 
ratio of the sine of each angle to the sine of the opposite side 
is equal to the modulus k ; then the three sides a, /3, 7 are 
connected by the relation 

where 7 is the side opposite the obtuse angle. 

By means of this representation we can verify the results 
of the preceding Articles. 
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Let the sides AC^ BC be fixed in position, and AB be of 
constant length ; let A^B^ be the consecutive position of ABy 
and with the point of intersection as pole, let arcs of small 




Fig. 1. 

circles A'oy Bfi be described; then 

A'O ^O^^aO^ OB, 

or A'P = a5 ; also ^S = A'B" ; 

therefore Aa - J5/3, 

and in the limit 

- cos -4rfS = cos -Brfa, or 7 + — ^ = 0, 

cos^ COS-D 

therefore, by integration, 

F{a) + F{fi) = Fiy), 

since jS = 7, when a = 0. 

91. We now explain the notation of the inverse elliptic 
functions. By an inverse elliptic function we mean the ex- 
pression for a; or in terms of u derived from the equations 



u 



= -f*W=| 



y{{i-x'){i-i^^)y 
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"where ;r = sin 0. The notation used is = the amplitude of 
u = amUf so that 

^= sin ^ = sin amu, cos ^ « cos amuy and A(0) =Aamu, 

These three expressions have been respectively simplified 

into 

snt*, cnw, dnw, or sn(w, A), cn(w, k), dn(w, A), 

if the modulus k is specially involved. 

The latter f orms, which are due to Gudermann, seem to 
fulfil all the requisites of a good notation, namely, brevity 
and intelligibility. 

Putting F{a) = Uj F{(i) = t?, in (13), we have 

7 = aw (m + t?), 

and the formula (14) becomes 

cnw cnr - snt* snt? dji{u + v) = en (w + t?). 

Again, from (18) we get 
{m - n) (sin*a - sin'j3) = 2 sin j3 cos a A(a) - 2 sin a cos)3 A()3) ; 

but (19) gives (m - n) sin 7 = - 2 ; 

. sin*o - sin*/3 
therefore sin y = -: ^ . //jv — : — s 77^* 

' smacosp A (p) - sm p cos aA (a) 

Now the product of the two expressions 

sin a cos j3 A O) ± sin /3 cos a A (a), 
is (sin*a - sin'/3)(l - k^ sin*a sin'/3). 
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SO that we have 

__ sin a cos /3 A (jS) + sin 3 cos aA (a) 
^^^^ l-;k«sin»asin^i3 ' 

which may be written 

, . snw cn«? dnv + &nv onu dnu ,^^. 

sn (t« + 1?) = = — - — 5 . (27) 

Changing then the sign of t? in the latter equation, and 
multiplying together the values of sn (u + 1?) and sn (w - «?), we 
obtain 

/ \ / \ sn'^t^-sn't? 
sn(« + V) sn(« - .) = j_^,^^.^3^v (28) 

From (18) we get 
26ina cosj3A(a) -2 sin/3cosoA(a) = (w+ n)(sin*a - sin'^jS) 

= (sin* o - sin*j3) 2A(7)/sin7, from (19) ; 

hence we find 

. . _ sina cos/3 A(a) - sinjS cos a A(i3) ^ 
sin a cos )3 A ()3) - sin /3 cos a A(a) ' 

and if we multiply both the terms of the latter fraction by 

sin a cos /3 A ()3) + sin /3 cos a A(a), 

and then divide by sin* a - sin'jS, we get 

, V _ A (g) A(/3) - k^ sin a sin j3 cos a cos /3 
^'^^" l-A;*sin*asin*/3 ' 

which may be written 

, , V dnt^dnt?-A;*snwsnt?cnt^cny ,^^, 

dn (w + t;) = — T^—^ -^ . (29) 

1 - A:*sn*wsn*t7 ^ ' 
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Substituting this value of dn {u + v) hi the equation 

en (w + f?) = ontionr - snt^snrdn {u + r), 

we have 

, . ent^onr-snt^snt^dnt^dnr .^^^ 

on (U + V) '=' = rr — - — r . (30) 

From (27) and (30), restoring the a, (3, y notation, we get 

, ^ tanaA(/3)+tanffA(a) 
^ l-tanatan/3A(a)A(i3)' 

which may be written 

y =tan~MtanaAO)} + tan"* {tan)3A(a)}. 

The latter result, it may be observed, can be readily obtained 
from fig. 1. Let CD be the are of a great circle drawn 
through C perpendicular to AB; 

then tan AD - tan /3 cos ^ = tan j3 A (a), 

and tan J?2) » tanaA(/3) ; 

hence, 

y==AD-^BD = tan-» {tan j3 A (a)) + tan-^ {tan a A (j3)}. 

Examples. 
1. Show that 

a^» VF- y2 Vz= (a; - y) V {az^p^ + bxy (a; + y) + « (a; + y)«}, 

where a is an arbitrary constant, is a general integral of the differential 

equation 

dx dy 
--=^ + ^ = 0. 

This may be obtained from (22) by putting ar^, y-* for x^ y, and reversing the 
order of the coefficients a^ bf &c. 

T 
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2. Given 

show that 
where 



dx dy 



a is a constant, and p = z-\-y. 



3. In the same case, show that 



! 



■I 



pdp 



a^dx y'^dy 



4. Also show that 



!dx { ^ _ [ ^"^ 



where 



ic + y = Way. 



6. Given 

a^ (ay3 + 2iy + c) + 2 a: (ay + 2d'y + (?') + a"a?« + 2 i'V + <?" = ; 

show that 

where 



dx dy ^ 



X = (a«» + 2a'a; + a") {en? + Ic'x + c") - (3a? + 2 J'a:+ *")«, 
r= (ay« + 2^ + tf)(aV + 23"y + tf") - (ay + 2JV + «')». 

6. Given the hase c^ and the vertical angle C^ of a spherical triangle, show 
that the sides a, h are connected hy the relation 



da 



db 



where 

7. Show that 



V(l-A;2sin2a) \/{l^k^^n) 
A; = sin C j Bine, 

fsnw cnu dnw — snv cnv dnv ) * 

1 

sn-^ 



= 0, 



r (m + v) ' ^ ' 

This may be obtained from (22), by taking 

X = x{l-x){l~k^x). 
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8. Show that 

.^ . 2snMcnf<diiM 
8n(2«) = -- ■ . 

1 — irSD*U 

9. Show that 

dn (2«) = — . 

10. Show that 

en (2m) = r-— J . 

11. If 2?'(7) = 2if(o), thentan j7 = taiioA(o). 

12. If F{a) + F($) = JT; then cot a cotjS = *', and A(a)A(i8) = k', 

13. Show that sn (IT- «) = ^, 

an 

and en (K-u) = — — . 

dnw 

14. Show that 

.... 2snt/cm7dna 
sn(w + a) + 8n(« - a) = -— — . 

, «, , o «< I — cnw 

15. Show that so* i:= z ^ — * 

2 1 +dnM 

16. Show that 

1 + cn(M + f) snvdnM — snudnt; cnu + cnt; 



8n(M + v) cnu + cnt^ snudnv + sn<;dntf * 

17. Show that 

1 - en (fi + 1?) __ snwdnv + snvdnti 

sn.{u + v) cnu + cnv 

18. Show that 

dn(w + v) + cn(M + v) __ cnudnt^ + cnv dn« — k'^ (snw — snt;) 
sn {u + v) Bnu + snt; cntf dnv — cnt; duu 

19. Show that 

cn(M + f;)— dn(« + v) __ cnudav - cnvdnw 
Bn{u + v) snw — snv 

20. Show that 

dnwdni;dn(t* + v) =k'^ + A;'cn«cnvcn(« + v), 
dnudnv = dn(w + ») + A;^snMsnvcn(w + v), 
cnwcnt;dn(«* + v) = dnwdnt;cn(M + r) + k'^BnuBnv. 
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92. The elliptic integral of the first kind may be considered 
as a function more general than the oironlar and logarithmic 
integrals, and combining the properties of both ; for, cor- 
responding to the extreme values zero and unity of the 
modulus k^ it coincides with each of these functions respec- 
tively. Now we know that the inverse circular functions 
have real periods, and the inverse logarithmic function, 
namely c", imaginary ones. We should be thus led to 
expect that the inverse elliptic functions have two sets of 
periods — one real, and the other imaginary; and this is 
found to be the case, as we now proceed to show. Writing 
iTand -K successively for v in (27), and adding, we get 

sn (t* + jBT) + sn («« - iT) = 0, 

as cnJr= cosf ^j = 0; 

hence, putting u + K ior w, 

sn {u + 2K) = - snw; 
and, therefore, 

sn {u + 4tK) = - sn (w + 2K) = snw, 
and sn (w + 2mJr) = (- 1)*" snw, (31) 

where m is any positive or negative integer. 
In the same way, from (30) we get 

cn{u + K) + Qn{u - K) = 0, 
and en {u + 2mK) = (- 1)"» cnw. (32) 

Again, from (29) we have 

dn (w + ^) - dn (w - JT) = ; 
whence dn (m + 2mK) = dnu. (33) 
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We thns perceiye the existence of the real periods of the 
funotions snti, onuj dnti. To find the imaginary periods, put 
sin " « tan d in the equation 

e/0 



-[ 



v/(l-A'8in»' 
and we get u = iv, where 

de 



H 



Fj, {0). 



-v/(l-A;'»sin^0) 

Now let = Jtt, then v = K\ and 

sn.{iK') = i tan i^ = oo . 

But putting iJST and - iJT' successively for v in (27), and 
subtracting, we get 

r 'T^\ f 'Tr'\ 28n («^') cnt^ dnw 

which vanishes when we put sn (tJD = oo . We thus find 

sn (w + 2tJ5r) = snw, 
and sn(w + 2niK') = snw. (34) 

In the same way, from (30) we get 

en (w + iK') + cn(w - iW) = ; 

whence cn(?^ + 2niK') = (- 1)'* cnw. (35) 

Again, from (29), there is 

dn(w + iK') + dn(w - iK') = ; 
whence dn [u + 2/^^^') = (- I)'* dnw. (36) 

93. From these results we can show that the division of a 
given function F[^) into/> equal parts requires, in general^ 
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the solution of an algebraic equation of the degree ^'. For 
instance, suppose we want to find the value of a? = sn {u/p)y 
being given the value of sin ^ = snw ; then, because we may 
change u into u + 4mK + 2niK' without altering the value 
of snw, the equation which determines x must equally deter- 
mine all values included in the equation 

iu + 4mK + 2niK') 

3?= sn { >, 

( P ) 

from which we obviously get different values of x for all the 
values of m and n from zero to ^ - 1. Hence there are 
altogether jo' values of x, of which only^ are real. 

In the case of division of the complete integral, the degree 
of the algebraic equation is diminished ; for instance, if we 

wish to find the value of sn f -^ J, we have K- u = 2u, whence 

sn(ir- u) = sn2t^ ; 

therefore, from Examples 8 and 13, Art. 91, 

2sn«(cn«^dnw cnw 
l-k^&n^u dnu 

whence, omitting the factor cnw, we get 

k^x'-2k^x' + 2x-l = 0, 

putting snw = x. This equation, it is easy to see, determines 
the values of the four quantities 

'K±2iK'' 



sn(f), .sn(^4.x) 



sn 



94. A most important part of the theory of elliptic inte- 
grals is that which treats of the transformation of the integral 
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of the first kind into another with a different modulus. The 
general theorem by which this transformation is effected in 
the most complete manner was first obtained by Jacobi. Two 
particular cases had, however, been arrived at before, and are 
generally known as Lagrange's and Legendre's transforma- 
tions, although the former seems to have been first given by 
Landen. 

The transformation of Landen, which is the only one we 
propose to notice here, has been, in fact, already given in the 
different modes adopted for the reduction of the integral (8) 
to its fundamental form. To show this, let us consider the 
integral 



-1 



dx 



^[[i-^){i-iex^))- 



Taking then [a - x){x - fi) =^ 1 - a? in the method of 
Art. 84, we have a « 1, /3 = - 1, and therefore assume 



1-s^ 

X 



We get then 



u 



-1, 



dz 



^[{X+k-¥[i-'k)z^)][[i-'k+[i+k)z^)y 

which, by case [F) of Art. 81, becomes 

d^ 



- — f 
i + * J 



v/(l - A' sm'0)' 

4k 



where « = J([^)tan^, X= = 



(1 + kf 
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But if we put sin for a?, u is reduced at once to tlie form 
Fk {0)y so that we have thus connected two integrals of the 
first kind with different moduK. It may be observed, how- 
ever, that and ^ do not vanish together. In order that 
the two integrals should both vanish with their amplitudes, 
we must take 

X s= sn(Jr- u) = oos6/A (6), where© = amu. 



From 




we have, then, 


COS A + cos 2 
A {6) ' 1 + AOO820' 


whence 1 - 


cos*0 Psin*e A'»sin*20 


or 


sin sin 20 
A{e) °1 + Acos20* 


We thus have 





(37) 



tan d = sin 20/(* + cos 2^), or sin (2^ - 6) = A sin ff ; (38) 

and then, when this relation exists between ^ and 0, from 
what we have shown, we have also the transcendental equa- 
tion 

F,{e) = j^^FUi>h (39) 

where X' = 4:kl{l +k)\ 

95. We may give a simple geometrical illustration of 
the preceding result. Let ABO be a triangle, of which 
the base AB is fixed in position, and the side AC is given 



ELLIPTIC INTEGRALS. 153 

in length ; then, with the usual notation of plane triangles, 

we have 

i sin (7 » c sin -B, 




and therefore, by differentiation, 

b cos CdO = c cos BdB ; 
but, since ^ + jB + C = tt, 

there is dA + dB + dC -0; 

hence b cos C {dA + dB) + c cos BdB = 0, 

or 6 cos CdA + adB = 0, 

since boosC + ccosB = a. 

Putting now v^(6* - c*sin*J5) for ft cos (7, 
and \/(^* + c* - 2fttJ cos-4) for a, 

dB dA ^ 

^® ^ -/(ft* - c» sin'^^) "*■ v^(ft» + c* - 2ft(; cos^) " ' 

which becomes 

dO 2d<p 



v/(l - A;'sin*0) y/{l +k'+2k cos20)* 

if we put 5 = (9, (7 = fl--20, c = B. 

Hence, by integration, we get (39) ; and c sin -B =* ft sin C 
gives the equation (38) connecting and 0. 

96. Let there be two elliptic integrals of the second 
kind, ^^^(fl) andJE'ft(^), whose moduli and amplitudes are 

u 



\ 
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oonneoted by the same equations as in the two preceding 
Articles; then, from (37), we have 

k'' sin' 61 _ lj_^_+2Aco82^ ^ 
A*(e) "" (1 + Acos20)» ' 



therefore 
also 



1 v/(l -I- F -f 2A; cos 2^) 
A(e) "" 1+ A; cos 20 ' 

cos A + COS 20 



A (9) 1 + A; COS 20* 

We thus get 

, ,^v , ^ 1 + A cos 20 + A; (4 + cos 20) 

A(e) + A cos (9 = — — ^^ — n^T O.N 

^ v^(l + A;* + 2A cos 20) 

= v'(l + ^' + 2Acos20); 
and therefore, from (39), 

//I 72^7 cs \j (1 + A* + 2A; cos 20)c?0 

_ {A(g) +A;co8e}'rfe 
2A(fl) 

¥ cos' 



= |JA(e) + 2*cose + 



<;0 



A(fl) 

= iJ2A(0)+2*cose--^jrf0. 

Hence, by iptegration, observing that 

v/(l + A:* + 2A; cos 20) = (1 + A;) A^(0), 
we have 

(1 + k) JEj,(<p) = Ej, (d) + A; sin - i Pi^i (0). (40) 

It may be noticed that by this formula an integral of the 
first kind can be expressed in terms of two integrals of the 
second kind with different moduli. 
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97. In the same way as for the integrals of the second 
kind, we can find a formula for the comparison of those of 
the third kind. 

Qiven the equation 

cos 7 = cos a cos /3 ~ sin a sin i3A(7), 
we have abeady shown that 

E{a) + -B(i3) - F{y) = A;^sina sin]3 sin 7. 

Writing now 

n(w,a) + n(n,i3)-n(n,7)=P, 
we have 

1 1 da 1 1 dp dP 



1 + nsm^a A(a) dt 1 + n sin'^jS A(j3) di dt ' 

1 I dP 



or 



1 -^ n sin^a 1 + /J sin'^/3 dt ' 
if we consider 7 as constant, and take, as in Art. 86, 

Hence, 

dP n (sin^ j3 - sin^a) ^ 



2/;i » 



dt 1 + n (sin^a + sin'/3) + n^ sin'a sin*/3 

but differentiating the second of the two equations given 
above, substituting for da / dt and dfi / dt^ and dividing by k\ 
we get 

sin'j3 - sin' a = — (sin a sin j3 sin 7). 

Cl/t 

We thus have 

dP dz n sin 7 



«/j\> 



dt dt l^-n^t" + n (sin^a + sin*/j) 
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where sin a sin /3 = «. Now from the equation 

00S7 = 008a cos/3 - 2 A (7), 
we have 

{cos7 + 2A(7)}* = l- sin'a - sin*/3 + sin*a sin^jS ; 

therefore 

sin^a + sin^jS = 1 +js'- {cos 7 + zA(7))' 

= sin*7(l + A^s^) - 2coS7A(7)z. 
dP n sin 7 



Hence 



dz 1 + ri^z^ + n sin*7 (1 + k^z^) - 2n cos 7^(7) z ' 
therefore, by integration, 

V ju ' sin7y^ ' 

1 /cot7A(7)\ 

where ft = (w + 1) (w + A^) / n, and the constant is determined 
so that P should vanish with z. Restoring then the value of 
2, and simplifying by means of the equation of condition, we 
find 

•n 1 . , / w v^M sin a sin fl sin 
F = — — tan""^ 



cosy J 



/" \1 + /J - /J COS a COS /3 COS 7 

so that we have finally 

n {n, a)+U {n, i3) - n (w, 7) 

= -L ^^^.^ / ny^sm a sin /3 sin7 . 
v//x \l + /J-ncosa cosj3 COS7/ 

when a, ]3, 7 are connected by the algebraic relation (14), or 
the transcendental equation (13). 
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98. If the quantity fx is negative, the circular expression 
must be replaced by a logarithm. We see thus that the in- 
tegrals of the third kind belong to one or other of two species, 
which are as distinct from each other as logarithms and cir- 
cular functions. 

The parameters in each of these cases are called circular 
and logarithmic respectively ; and in the first case it is usual 
to put - 1 + A'' sin'X, and in the second case, - F sin'X for 
n, the corresponding values of /x being then 

A'*sin^Acos'^X/Ajfc.«(X) and -cot'XA;fc^(X). 

99. We investigate here a method of finding the alge- 
braic relation corresponding to the transcendental equation 
2w = 0, or some constant quantity, where t* is an integral of 
the first kind, and the summation is taken with regard to an 
even number of the integrals Wi, ^2, &o. This is, in fact, the 
particular application of Abel's Theorem to the Elliptic Inte- 
grals of the first kind. 

Let X be a given expression having its usual meaning in 
this Chapter, and let 

= flo + ciix + azX^ + . . . + a^of^y 
\p = bo+ biX + b2X^ + . . . + 6^2«""*; 

that is, let ^ and xf/ be polynomials in a? of the degrees n and 
w - 2, respectively. Now let a?i, iTg, . . . Xzn be the 2n roots of 
the equation 

^» - rP'X =f{x), say, = ; . (42) 

SO that we may then write 

f{x) =<ji^-\l/^X=\{x-'Xi){x-CC2) ... (X-Xin)* 

Equating then the coefficients in this identity, and elimi- 
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nating X, we have 2n equations oonneoting ^i, o^a, • • • ^2^ with 
flfo, «i, &0.J and Jo) Ji> &o. ; but of the latter quantities, which 
are 2n in number, only the ratios are involved, so that they 
may be all eliminated from the equations just mentioned. 
We see thus that there is a single relation connecting the 2n 
quantities cci, Xzj . . . a?2n ; and this, we proceed to show, is the 
algebraic equivalent of a certain transcendental equation of 
the form mentioned above. Let us assume all the quantities 
Uoy aiy &c., (09 bi, &o., and, therefore, also ^1, Xz^ &c., to be 
functions of a variable t ; then the equation (42) connects 
any one of the quantities, Xr, say, with ^, and by differentia- 
tion gives 

dxr at ^ at at 

But from f{xr) = 0, ^ = a^/^y^Xr, where a » ± 1, 

and df{xr) /dxr = X{xr- Xi) {xr - X2) {xr - Xzn) ^f{^r)y say, 
so that we have 



or 



yx^ 



1 dXr 2e f diji d\p\ 



Giving r then all the values from 1 to 2n inclusive, and 
summing, we get 

2** ^^ dXr 2 2» dt ^ dt ^ Q 

' VXr dt ^ ^' f(Xr) 
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Now ^ -^ - -^ is of the form 
dt at 

Co + Cia? + C2ar*+ .. . + c^n-JiX^'^''^ = xipc)^ say, 

and we know that 

Hence 2r-^5^ = 0; 

therefore integrating, and putting 



r dxr 



dXr 
^=. = U 



we obtain 

€i««i + 62^2 + . . . + 63nW2« = a constant, (43) 

where 6i, €2, &o., have either of the values ± 1, according to 
the terms to which they are annexed. 

The corresponding algebraic relation can be readily ob- 
tained in the form of a determinant ; for, substituting a?i, a^z, 

. . . i»2n successively in - i\p\/X = 0, we get 2n equations 
which are linear and homogeneous in ao, ^i, &c., bo, 61, &c., so 
that these quantities can be eliminated at once, the result 
being thus expressed in a determinant form involving the 

radicals \/Xi, &c. 

100. As an example, let us take /j = 2 ; then giving X the 
form x{l-x){l- k^x)y we have 

f(x) = (flo + «ia? + (h<x!^y - Wx{l -;r) (1 - ¥x) 

« X (iC - iTi) {x - x^ {x - Xz) {x - Xi) . 
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The relation connecting the inverse functions may be 
most simply obtained in this case as follows: — Comparing 
the coefficients of ic* and the absolute terms, after extracting 
square roots, we get 

where we have put Sr for snwr = \/iX!r» Again, putting 1 and 
l/k^ successively for a?, we obtain, in the same way, 



tto 



+ ai-\r a%- C1C2C3C4 V A, floA* ^- (tih^ + 02^ did2dzdi v A, 



where we have put Cr and dr for cnwr and dnwr> respectively. 
Hence, eliminating aoj «i, <hy from these four equations, we 
have 

k^k"^8i828z8i - k^CiC^CzCi + didid^di - A'* = 0, (44) 

which relation, we have thus proved, holds when 

Ml + tfs + tt3 + W4 = 0, 

the constant being zero, because (44) is satisfied by taking 

The formula (44) seems to have been first given by 
Legendre (Traite des Fonctions ElliptiqueSy t. iii., p. 193). 

Examples. 
1. Show that 

This series is obtained by expanding V(l - Jc^bvo^B) by the binomial theorem, 
integrating each term by Art. 58, and thep cutting B = \ir. 



ELLIPTIC INTEGRALS. 161 

2. Show that 



-5{-(r?-(H)'?-{l-*i)'f-!- 

2 f ^_ ^ 2 f <» 

J V{(a-«)(aj-i8)(aj + 7)} "V(a + 7) J V(l - A?»8m*«)' 

where « = o cos^a + iS sin'a, (a - iS)/ (0 + 7) = Ar«. 



f __^ 1 f d0 



where (2 = (« - o)* + fi\ 

« = V(o« + i82)tan«Ja, tany = i8/a. 

6. Show that Bam (2u) = 2Eamu ; — - — , 

1— A:*8n*« 

6. Show that JEamu + :Eam (K-u) = :E+ — 7—^. 

dnM 

7. Show that dn (^) = en (y ) , an 1^) = V^- 

8. Show that JSam 1^) = } -B + J (I - *'). 

9. Eamiu + a) + J?am(t« — a) = 2Eamu ; — — — . 

10. Show that *snw8n(w + iJT') = 1, 

sa{u + K+ iK') = dnM / {kcnu). 

11. Given sin 9 s i tan ^, show that 

Ek {$) = i {tan ^Aa' (^) + Fw {^) - j&a' (^)}, 

12. Show that ^am {iK') = 00 , J^am {2iK') = 2i (-K" - E'). 

^ . — .» ■» cnw dnt* . . __, _,. 

13. Earn (u + iK') = ^amw + + ♦ (JT' - ^'). 

We have Eam[u + iJT') =/ {1 - A^^sn'Ct* + iK')}du 

= {('-8-^J^"' fromEx.10, 

or Eamu + (cnu dnu) / snM + G from Art. 82. 

X 
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To determine C we have — 

Scm (« + 2iJr') = ^«m» + 2<T, «nce ^^^^ + ^<"+'f >'^tt'^'^ = ; 

BDU sn (u + tJT ) 

whence 2C = j&am {2iK') = 2t (-BT' - ^), 

from the preceding example. 

14. Show that JBam {K + iJT') = ^ + t {-BT' - JT). 



/ jr+ijr ^\ ^ V(l+Ar)-tV(l-A:) 
^"^ V 2 ; " V(2*) 

16. Show that £am (*-^\ = } i (1 + ife' + JST' - J?*). 

17. Given tan (tf - ^) = ^'tan ^, 

A = {l-A;')/{l + n 
show that (1 + Ar^^* (^) = iSA(a). 

18. To show that 

n {n, ^) + n (P / «, ^) - J^ (^) = 1 ten-1 j ^~^ j : 

Let P=i-tan-W^^^^)- 



Vm 



then 



rV/ic tanrf>) 
^ r tan ^ \ 



d<l> ~ . fi tan^ ^ 

_ A8(^)co8'^{8ec^^/A(<^)+A;^sin^^/A»(0)} 
" cos2 <^ (1 - A;2 sin^^)) + (i + w)(l + ^2/«) 8in2<^ 

1-A:28in*0 1 






1 + (n + k^ln) sin* ^ + A;^ sin* <^ A (^) 

~ (1 +«8in2^'*' 1 + A;28in«^/« ) A(^)* 
Hence, by integration, the relation given above follows at once. 



ELLIPTIC INTEGRALS. 163 

21. Let sn^tfi, sn^t^, sh'ms, be the values of the roots of the cubic 
equation 

(a + i8«)* - « (I - a?) (1 - A^a;) = ; 

then show that 

«i ± «2 ± ««3 = 2mJr+ (2fi + 1) iK\ 



22. Hence show that, in the same case, the roots of 

x(a + $xf - (1 - a;)(l - k^x) = 
are connected by the relation 



( 164 ) 



CHAPTER VI. 

DEFINITE INTEGRALS. 

101. We commence by considering the process of integration 
regarded as a summation, in connexion with which point of 
view, as has been already remarked, the name integral has 
arisen. If we suppose any quantity, y say, to vary con- 
tinuously by indefinitely small increments, commencing with 
a value y% and increasing to a value ^i, the total change of 
value of y between these limits is obviously yi-yil but this 
is equal to the sum of all the small partial increments. This 
result is represented by the notation 



r 



where yi, ya are called the superior and inferior limits of inte- 
gration, respectively. 

Putting now y =/(ip), then dy =f{x) dx ; and if a, 6 are the 
values of x corresponding to the values yi, y^ of y, we have 



i: 



nx)dx^f(a)-f{b). 



That is, the definite integral oif{x)dXy in which x is taken 
between the limits a and J, is equal to the difference of the 
values of the general or indefinite integral corresponding to 
a; = a, and x^h\ so that we can always find the value of the 
definite integral, when that of the indefinite integral is 
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known. The importance, however, of the theory of definite 
integrals arises from the fact that a very large number of 
these integrals, taken between certain limits, can have their 
values assigned, while the value of the indefinite integral in 
each case remains unknown. 

102. We consider here more particularly the process of 
integration from the point of view of the preceding Article. 
Let fix) denote a function of a?, which remains finite and 
continuous for all values of x between the limits x^, and Xoy 
and let x^, - Xo be divided into n intervals, 

X\ ^ Xqj il/jj ^ Xif ... Xfi "^ Xf^\» 

Now, by the Differential Calculus, we have 

X\ — Xq 

I 

in the limit, when Xi^Xq^ so that we may put 

/(^i) -/W = {xi - a-o) [f{xo) + €o)> 

where €o becomes indefinitely small along with Xx - x^. We 
may thus write down the equations : 

fixx) -f{xo) = {xi - Xo) [f{xoy+ Co), 

/(^) -/(^l) = (^ - Xi) [/{Xi) + €i), 
/K+i) -/{Xr) = (Xr+l - Xr) [/{Xr) + €r), 

where €o, €i . . . f„,i all vanish along with the intervals to 
which they are annexed. 
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Hence, by addition, we obtain 

Now if € is the greatest of the quantities €rj the latter sum 
is evidently less than (x^ - x^ c, and, therefore, vanishes ulti- 
mately when the number of the intervals is increased inde- 
finitely. We thus have 

/ W -/W = the limit of Sr^ (Xr,, - Xr) f{Xr\ (1) 

or, as it is written, 

j{x) dx. 






103. If the intervals are equidistant, we have 
f{x^ -/(a?o) = the limit of h^^fix^^- rh)^ 

when h is indefinitely diminished and n increased, nh being 
taken equal to x^ - Xq, This result may be also stated as 
follows : — If nA = a - 6, then 



f{x)dx=- 



the limit of the infinite series 

^{/W +/(* + ^) +/(6 + 2A) + . . . +/(6 + nh)}, (2) 
when ?* is indefinitely increased. 



6. 



7. 



8. 



9. 



i: 
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Examples. 
1 



1. I «*•<?« = 

Jo m+l 

Jo a^+x^~2 Jo «* + «:» "" 4a' 



«• 



3. (' mn^ede=^. 

Jo 4 



4 f <fa 

J* V{(a-«)(a:-*)} '' 

6. j* V{(«-a;)(*-*)}ifa; = ^(a-i)«. 



Jo a* + A* - 2. 



2aA COS a «2 - A2' 



2 d0 



a^cO&^e + fi^sm^e 2a$' 



2 d0 y (tt^ + iS») 

(a* cos* a + i8» sin^ a)« '^ 4a» i8»~"' 

V(a2 - x^) " 2' 



Jo l + 2a;co8a + a;*~2jol + 



2x cos a -♦- «* 2 sin a* 



1 m 

e'^Binmscdx = 



I 



12. I ir^eoBmxdx = 



m^ + a*' 



13. I cos mn? cos M^ ^:v = 0, 

fain mx Bvanxdx = 0, 


for all integer yalues of m and n^ except when m = », and then each «= ^t. 
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104. We notice here a few properties of definite inte- 
grals. We have 



1 



b 



and [ /»rfa:=/(J)-/W--[V(^)dlJ?; 

that is, the interchange of the limits changes the sign of 
a definite integral. 

If we substitute a - y for a? in the definite integral 

f{x)dx, it becomes - f{a - y)dy = /(a - y)dy. 

This result may evidently be written 

V^f{x)dx^V^f{a-^x)dx. (3) 

As an example, let /(a?) = ^(sina?), and a = 7r/2; 

then we have (sin rp)efo = (cos x) dx. (4) 

More generally we obtain 

ra ra 

f(x)dx « /{a + b- x)dx. (5) 

Again, it is evident that, instead of taking an integral 
between the limits a and b of the variable, we may take 
it between the limits a and c, and between c and b, and add 
the results together, and we shall obtain the same value for 
the definite integral. 

Hence we can show that 

rf{x)dx^ 2{y(x)dx, (6) 

if f{x) is such that /{a - x) ^f(x) ; 
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for we have 

I f(x)d!c « f f(x)dx + I f(x)dx\ 

but the first of the integrals on the right-hand side be- 
comes 

~ /(^ " ^) ^> or f(a - ic) dxy 

J ia Jo 

by putting a- x for a? ; hence, by the property of the 
function /(a?), (6) follows. 

Examples. 

1. If /(a — «) a —/(a?), and /(a:) remains finite between a? = and a? = a 
show that 

r /(a?)rfa: = 0. 

fgir 
log (8in6)rfa. 


log (sin 0)d0 = 1 log (cos a) ^ ; 

2w== [ log(Jsin2a)e/a = jTlog(J)+ [ "^ log (sin 2tf) <fa ; 
but putting 2$ = ^, the latter integral becomes 

J I log(sin^)rf0, 

log (sin <l>) d^, or u ; 



therefore w = I log (sin tf)rfa = ^ ^^fi> (9 ) • 

f» asinarfa _ fT (ir-a)singffa 
Jo m^cos^a^Jo 1 + c« cos^ ' 

^, . fw QsiiiBde T fir sina^fa T^ , 

tnerezore I ^ r- = - I z r— = - tan~v. 

Jo l+^'cos^a 2ja l + c^cos^a e 



therefore 



170 DEFINITE INTEGRALS. 

4. / a sin a log (am 0) <fa = - ir (1 - log 2). 

ede Tt^ 



Jo I+c»- 



2<JC08a 2(1 -c»)' 

!4ir r 4ir /• 2» 

e'^udx = I e'^udx -t- I e-'*udx 
J 2ir Jo 

I2ir r 2ir 

where / (sin a;, cos a?) = « ; 

}4ir r2ir 

e-<^*udx = (1 + «"*•') I e-^udx. 

Proceeding in the same way, we get 

!6ir r2ir 

er^udx = (1 + e-*«T + *-*««") er^iidx, 

and, ultimately, 

!2nir f 2ir 

r»*udx ={ 1 + r-2«ir + r*** + . . + a-2(*»-i>>ir} | er—udx. 

Hence, making n = oo , and summing the infinite series between the brackets, 
we obtain the required result. 

105. We now consider the important definite integral 
[ (sinfl)~t/0, or [ (oo8fl)**rf0, 

for these integrals are evidently equal by (4). 
From (35), Art. 58, we have 

f / • mn j/i <^os 6 (sin O)"-' (n - 1) f , . ^. „ . ,^ 
(sm OydB * ^^ — + ^^ (sm BY'^dd ; 

therefore putting B'^irji and successively, and subtracting, 
we get 

^ (sin Bydd = ^-^^— ^ I*" (sin Oy-^'dO. 

^ Jo 



i; 
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Similarly we have A "^ 

r(8in e)^dB = (^) j (sin e)^de, 

and so on, until, if n be even, we finally oome to 



I 



sm*OdO = ^. ^, 



80 that we thus obtain 



1: 



,^^"^)"^^° 2.4.6... « -2- <^) 



If ff be odd, we oome ultimately to 

ain dde = 1, 



i: 



80 that we then have 



It may be observed that these values of the definite in- 
tegral might have been written down at onoe from (36) and 
(37), Art. 58. 

Several other elementary definite integrals are imme- 
diately reducible to the preceding cases. For instance, 

where a? == a sin 6. 

c'* fir 1 fi* 



1 1.3.5 ...2n-3 TT 



a^' 2.4.6...2n-2 2' 
by putting a; = a tan 0, 



(9) 
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106. To find the value of 



(sinfl)~(oos0)"»rfe, or (8mfl)"»(oose)~t/0, 

Jo Jo 

where m and n are positive integers. From (45), Art. 62, we 
have 

1 



(sin e)" (cos fl)«rf0 ^ /»» - 1 



.w + n. 



(sin 6)*^ (cos e)« rfe 



so that if n be odd, we find 



\^{smey{oose)'^d0 = ^ ^o.V^;;'^ "^ ^ r8ine(cosflrrffl 

Jo (m+3j(w+5)...(w+n)Jo 



3j(w+5) 

2 . 4 . 6 ,. . n-1 

(w + 1) (w + 3) . . . (w + n)' 



(10) 



I 



If both m and n be even, we have 

^'^ (sine)-(coserrfo= , '^^u'^ir'T'^ A 

(w+2)(w+4)...(w+n) 



fi' 



(cos Of dO 



1.3.5...n-'1.1.3.5... m—1 it .--^ 
2.4.6... {m + n) 2 ^ ^ 



The definite integral 



i: 



where »2 and n are positive, is reducible to the preceding ; for, 
putting X = sin' 6, it becomes 



fiir 
(8ine)=-'(ooBe)'»-'rf0, 
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wliich, from (10), is equal to 

(2m) {2m + 2) . . . {2m -\-2n-2) 

= 1.2.3...W-1 



:, (l!i) 



w(w + 2) .. . (w + n-1)' 

after dividing the numerator and denominator by 2*. 

This result evidently holds also when m is not an integer. 
When m is an integer, the expression (12) is symmetrical in 
m and n, for it may be then written 

1.2.3...f} — 1.1.2.3...fra — 1 /iQ\ 

1.2.3...{m + n^l) ' ^ ^ 

as the value of the integral is easily seen to be in all cases by 
substituting 1 - a? for x. 

Examples. 

f\« «. ij - 1 .3.5 . . . (2« + 1)t 

Jo ' 2 . 4 . 6 . . . (2« + 2) 2 

f • .« .V , « 1 2 . 4 . 6 . . . 2» 

2. \ (2aa?-a:»)»dip = a«»*^ 

Jo 



1.3.6 ... (2«+l)* 

f^ „ 2 . 4 . 6 ... 2m 

Jo*"^^^ (« + !)(» +3) ...(n + 2m+l)* 



4. 



r 



d!r ir 1.3.5...2»i — 3 



„(«»-2a;co8o+l)*» (8mo)«'»-» 2.4. 6 .. . 2« - 2' 
5. Show that 

Jo {a + bx)*>**» a^b»* Jo ^ ' 

This result is obtained by putting bxl{a + bx) for x in the integral on the 
right-hand side. 

* a^-^dx 2. 4. 6... 2m- 2 



p g^'igx _ 2.4.6 ... 2m-2 
Jo (1 + «2W»" 1.3.6... 2m- r 



(1 + x^y 
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107. To find the value of oiS^ e^dxy where « is a posi- 
tive integer. Taking a = - 1 in (73), Art. 74, we have 

Hence, since a:" e"^ vanishes both f or rr = oo and a? = 0, we 
get 

\ afe-'dx^n af-^r'dx = n{n'l) \ af-^e*dx -- &o.y (14) 

Jo Jo Jo 

80 that we obtain ultimately 



r 



ir"6^(fo = l. 2.3... n. (15) 

The definite integral I s^^er'^dx has been called the 

second Eulerian Integral, and is usually denoted by the 
symbol F, that is, we write 

af-"e-^dx=r{n), (16) 

Jo 

where n is any positive quantity. Hence, from (14) we 

have 

r(n + l)=nr(n), (17) 

and from (16), if n is an integer, 

r(n) = 1.2.3 ... w-1. (18) 

If we put ax for x in (16) we have, more generally. 



r 



af'e-"dx^ '^^\t^\ (19) 
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Again, the integral 



r^c°^^T'^' 



depends upon the function F, for putting x = e"^ we get 
|V(logi)"^ .{°r(-)vy«.y = g^, (20) 

In this integral we have written log {1/x) instead of 
- log Xy as the former of these quantities is always positive 
between the limits. 

Taking m = 0, and writing « - 1 for n, we have, from 
(20), 



I 



log A dx^ r(w), 



the form in which the fimction P was originally studied by 
Euler. 

108. We have abeady explained in Art. 22 how we can 
derive several integrals from a given one by means of the 
process of difEerentiation or integration under the sign of 
integration. 

This method is especially serviceable in the evaluation 
of definite integrals ; and the formulae of Art. 22 will still 
apply in this case, provided of course that the limits of inte- 
gration are independent of the quantity with respect to 
which we differentiate or integrate. 

As an example of differentiation, let us consider the 
integral 

• 00 



i; 



e'*^dx^ -: 
a 
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differentiating then n times with regard to a, we get 

1.2.3 ... H 



i 



CO 

afe-^dx = , 

a***' 



as we have akeady shown. 
Again, from the equation 



i 



* dx 



IT 



a? + c 2 oi' 

we get, by differentiating n - 1 times with regard to c, 

dx 7rl.3.5...2n-3 1 



[ 



{x'-'tcY 2 2 . 4 . 6 . . . 2n - 2 (?~-i' 

which agrees with (9). 

109. By differentiation we can frequently make a'definite 
integral depend upon a form in which the general integral 
can be obtained at once, so that then by integration we can 
determine the value of the proposed integral. 



mi 1 x f* _^,sinma?e&? 

Thus, let w= e-^- 



X 



du f a 

then T— = ^"^ cos mxdx = 



I 



dm Jo a* + m* ' 



therefore w = a -r 1 = tan"' ( — ), (21) 

]a^+ m^ \aj ^ ' 

no constant being added as u vanishes with m. Or thus : 



du _ [ 
da " J, 



00 

e'^ Buimxdx = - 



a* + w* ' 



therefore u^ - m\ — ; = tan"^ ( — ), as before. 

Ja'+m* \aj 
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Again, let M = I i — ; — - — ; 

Jo log a; 



'3^hgxdx_r', 1 



then ^=f£:^£f^=fVdi= ,, 

dm Jo log X Jo w + 1 ' 

therefore w = log (w + 1), 

no constant being added, as u vanishes with m. 

Examples. 
1. To find tf 8 I log (1 + ft cos e)d$. 



We have 



du Cv coaide T 



du __ fir CO 
Si"" Jo 1~ 



11 cose n f»V(l-i»*)^ 
therefore « = ir log J J , 

the constant being determined so that u may vanish with it. 

„ f* log(l + Q?x')dx . ,, 

2- Jo !+.» ='log(l-Ha). 

Jo loga; "" *\«/' 

t f^ log(l + «a:)rfa: . , 

J-i 1-a?^ 

1* ■». dx ir^ 

log (1 + 2ma; + «'*) — = ^ - J (cos-^m)', (w < 1)> 
a; o 

or -+ inog{m + V(w«-l)}J , (w>l)» 
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7. I logl- ) =ir8Ui-^». 

Jo \l - ncosd/ coaB 

110. We now consider the important definite integral 



■i: 



Putting ax for a?, we have 

00 



/= j e^^^'adx, 



and le^'da = [ (e-«"(i+^') a da) dx. 

Integrating now with regard to a between oo and 0, we 
have 

poo pOOJ^ J^ 

/ e'^^'da = dx. 

Jo Jo 2 l + iC» ' 

since [ e-«'(^^") arfa = ^ ^ 

therefore 2* = 7, 

4 



2 l+ar»' 



poo 

and e-*"cfo = J -v/tt. (22) 

By means of this result several other integrals can be 
obtained. Thus, putting x^a for Xy we have 



f 



00 



^ ya 
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which, being differentiated n times with regard to a?, gives 

-v/^ 1 . 3 . 5 . . . (2« - 1) 



!. 



it^€r^''dx= 



But putting (2n + 1) /2 forn in (16), we have 
r(» + i) = aj^^-^efa? = 2 a?»»«-*'t&, 

Jo Jo 

by the substitution of a? lot x\ therefore 

r (w + i) = v^TT ^ , (23) 

and r(i) = 2 f «-*(& = -v/^. (24) 

111. Let us consider the definite integral 

w = e'^ ^x'Jdx, 

Jo 

We have — - - 2a tf"^' ^"^-r-; 

aa Jo or 

but putting a/a? for a? in w, we get 

tt = a e^x^ 3" » 
Jo * 

therefore -7- = - 2w, 

aa 

from which we get u = Cfe"***. 



i 
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To determine C, let a = ; then 

Hence we have fe"^'''"*"^^^ = ^ e'^\ (25) 

112. Again, to find 



-j 



00 



u = I e"^' cos 2mxdx. 





1 /• 

We have -— = - 2 e'^*Biii2mxxdx: 

dm Jo 

but, integrating by parts, we get 

J e"*" sin 2mx xdx = - | e"^' sin 2mx + m J «"** cos 2md? dx ; 

hence c"** sin 2mx xdx = mw ; 

Jo 

therefore t- = " 2mu. 

dm 

from which we obtain u = Ce^^, 
Putting, then, w = 0, we have 

(7=^/ii^/2, 

and 



e-^' cos 2mir dx ^^ e^\ (26) 



If we put ax for a;, and m/aior m, we have, more generally, 



/»0O 

J. 



!-«'*• COS 2ma; da; = ■^e"i^. (27) 

2a 
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113. We now consider the definite integral 

sin^ 



/•GO * 

f SI 



dx. 



X 



The value of u is, from (2), the limiting value of the infinite 

series 

sin ^ + i sin 2A + ^ sin 3A + &c., 

when h is indefinitely diminished. Now the sum of this 
series between 27r and small values of A is (tt - ^) /2 ; so that 
letting A = 0, we have w = 7r/2. Also, putting ex for a?, 
we get 

tto = 2 . (28) 



I 



X 



This integral might have been obtained at once from (21) by 
putting a = ; but it is to be observed that (21) is deter- 
mined by means of a definite integral, in which a is expressly 
supposed to have a finite value, so that the method of evalua- 
tion just given seems more rigorous. 

114. This integral will assist us to determine some others. 

Thus, writing 

f* X sin cxdx 
. n 1 + 



.0 ^ . ^ 



, TT f* ir sin cxdx f*' si 
we have «* - n = "^ 5 "" 

2 Jo 1+^ Jo 



smear , 
— ax 



X 



-\:^r w 



hence, differentiating both sides twice with regard to o, we 

have 

dhi r* a? sin cxdx _^ 
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Multiplying both sides by du/dcy we have 

cPu du udu 
dc^ do dc^^ 

1 d fdu^\ 1 d{u^) 



or 



2 dc \dc^ J 2 dc 



therefore f — J = t*' + a, 

and --7-r r = dc. 

Hence, by integration, 

log {u + v/(t*' + a)} = c + /3, 

or w + -v/(«*' + a) = e(^+^); 

also v^»(w* + a) - w = ar^^^^^), 

from which we get 

or, as it may be written, 

where (7, (7' are constants. Now u evidently does not in- 
crease indefinitely with c ; therefore C" = 0. Also, let c be 
very small in (29), and we have 



u 



IT _ p cdx _ ^''' _ A 

" 2 ""Jo rr^"- 2""^' 



when c vanishes. We thus get C -irl2^ and 



u 



r xBincxdx tt ^ ,„^, 
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where c is supposed to be essentially positive. We have, 
also, 

'* sin cxdx _ tt tt ,- ^. 

,0 a:(l + ^)~2"'''5^^'"'"^^ 



I 



therefore, diflPerentiating with regard to c, we get 



i: 



cos cajrfa; v 



l+ai' 2 



= o «"• (31) 



115. A considerable number of definite integrals can be 
obtained by expanding the expression to be integrated in a 
convergent series, integrating each term separately, and then 
summing the resulting series. 

For example, to evaluate the integral 



Jo l-« 



we expand 1/(1 - a?) in the form 

1 + X + a^ + &c. 
Observing, then, that 



r "^ '"4) 



dx = 



(^+1)*' 
we find 

1 1 1 ^ 

which, by a known result in Trigonometry, is equal to tt'/S. 
Again, considering the expansion of 

log (1 + w' + 2m cos 0), 



184 DEFINITE INTEGRALS. 

we have log (1 + w* + 2m cos 0) = log (1 + tne*^) + log (1 + me~*^) 

= 2 (m cos 61 - i w' cos 261 + ^m^ cos 361 + &c.), (32) 
if w is less than unity. Hence we have 

log (1 + w* + 2m cos 0) dO = 0, (33) 

when w is < 1 ; but if w is > 1, we have 
log (1 + w' + 2m cos 0) = 2 log w + log (1 + m"* + 2w^ cos 6) 
«= 2 log w + 2 (w^^ cos - i w* cos 2fl + ^m"^ cos 30+ &c.) ; 

therefore log {l + m^-\- 2m cos 0) dO = 27r log m. (34) 
Hence, also, we have 



j: 



j: 



log(a+6cose)rffl=7rlog| '^"^^^''' ^'\ . (35) 



Again, multiplying both sides of (32) by cos rBy we find 

cos rQ log (1 + w* + 2m cos 0) rffl = - - (- w)*", or - - (- m)"^, 

according as m is less than or greater than unity ; for, by 
Ex. 13, Art. 103, every term vanishes at the limits except that 
involving cos'^rO. 

This latter result is evidently a particular case of the 
general theorem, that if it be possible to expand /(0) in an 
infinite converging series of the form 

ao + fli cos + fl2 cos2fl + &c., 
then r cos r0/(fl) dO = ^**, (36) 

Jo 4> 
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for all values of r greater than zero, provided /(fl) retains the 
same form between the limits. 

116. Several definite integrals of the form 

' f (x) dx 



i 



can be doduoed from (31), in oases in which it is possible to 
expand f{x) in a series of cosines of the form cos rcxy pro- 
vided of course that /(a?) is continuous, and retains the same 
form for all values of x between the limits. 
For example, if m is < 1 , we have 

log (1 + 1»* + 2m cos ex) 

« 2 {m cos cx-im* cos 2cx +^m^ cos 3cx + &c.) ; 
therefore 

dx 
log (1 + w* + 2m ooacx) ^ — -^'^7f{me'^-'im^e'^+^m^e'^ + &o.) 

X T S/ 

«7rlog(l + me-^). (37) 
Also, if m is > 1, we find 



1. 



i 



ux 
log (1 + m' + 2m cos ex) - — -5 = tt log (m + e'^). (38) 

X •¥ X^ 



Hence, if we make m = 1 in either of these results, wo 
get 

log (oos'i ca?) Y— -5 = n log ( -4^ ), (39) 






1 + a?' 

in which it is evident that we ought not to write 

2 log cos {ex/ 2) for log cos* {ex/ 2) ; 

for the former quantity assumes imaginary values an infinite 
number of times between the limits. 

2a 
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Examples. 

1. Show that 

J* anax COB bx , it it 

according as a is >, s, or < h, 

dx ita 



2. j^8m«a*- = -. 
logg)^ ^ 

'• Jo' "TT^ — ^12- 



fir 9?mede It. 1 /,^-x », m ., ,. 

This result can be obtained by integrating (33) and (34) by parts. 

fir 8in0 8inr0^0 »,»,., _. ,. 

5. I : 7i — ^ = - «n»~% or - »»-(»■♦*), according as m' is < or > 1. 

J 1 + »»2 — 2m cos d 2 2 

l + m2-2mcose "" r^^ ^"^ ^ ^' 

7. I (cosO)** cosr0(f0 = 0, if r is>ft, andalsoif n~risodd; butif ft-r 

is eyen = 2i, say, 

IV , ^ ,^ IT «(»— 1) ...(» — f + 1) 
(cos eV» cos rede = -- -^ , \, ^ : . 
^ ' 2» 1 . 2 . 3 . . . » 

f * X s in ex dx ir 1 

Jo (l + a:2)(l + m2+2wco8ca:)'"2m + ^ ^*^ "^^ '* 

g f ^f ir(l-fng-^) . g ,v 

Jo (1 + «'^)(1 + w» + 2mcos<?a:)"^2(l-m2)(l+fw#-«) ^'^ '' 

* a: t&nexdx it 



!* a: tan ca? aa: it 
1 + ar» ■ !"+>• 



10. 

Jo 1 

xdx 



!xdx It 

t •in#«(l+«»)"#^^nr*' 
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117. From given definite integrals we can frequently 
deduce several others by the use of imaginaries. For in- 
stance, putting a + «j3 for a in 

r(n) 



i 



af^^e-^dx = 



a 



n 



and equating the real and imaginary parts on both sides of 
the resulting equation, we get 



^jjn-i g-ox^Qg Qxdx = — ^ cos nd. 
Jo 7** 

f * r (n) 

ixf^^er^ sin j3a?flte= -~p sin nO, 

Jo y ; 



(40) 



where on the right-hand side we have put y cos 0, y sin 
for a, /3, respectively. 

If we suppose a to vanish in these results, we have 
= TT / 2, and we get 



1 
i 



af^~^ cos pxdx = —^ cos -^, 

« 1 • o J r (n) . flTT 

a^"* sm pa?aa? = --^ sm -7-. 
'^ iS** 2 



(41) 



The method by which these integrals have been arrived at 
does not seem rigorous ; but they can be obtained otherwise, 
as we shall show further on. It is to be observed that, 
in (41), n must be supposed to lie between the limits unity 
and zero. 

Again, from (27), by changing m into {im) /2, we have 



Q-atx2f^^mx ^ ^-mx\dx 



y 



TT 



a 



e^\ 



(42) 
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Examples. 



Jo ^ Vy ^ 



« o*2 gmj8«»rfj? = - -- sin 5, 
Jo V7 . 



d-«* coi« 008 (n sin a) fl&r = — - r^« «~* oos $, 
2 



whert a = 7 cos 0, i3 = 7 sin 0. 



f • Vir 

I d-««o«*8in(Msiiia)rfa:= _ r-2«c«««sini3, 

Jo 2 

where « = (a?* + a'/a?') cos a, i3 « 2a sin a + a/2 

1 V^ 



f* o / v^ 1 Vir /ir <J» \ 

3. I cos mx^ COB {ex — 0) ax = - — cos I -7 ~ 1 ^ ) • 

Jo 2 ^ \4 4m / 



«*»<'<*<'* cos (a sin cx)dx w ^ 



l+iT* 2 

118. We now proceed to consider the definite integral 



1: 



1 + aj*"' 



where m and » are positive integers, and n> m. We have 



Jo l + r^^^'Jo TT^"^' 



by putting IjxioT x\ also, 



a^*^d^ If* a;'*"cfo 
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80 that we get 

r cf^dx If- (ar^">+g«*0 
Jo 1 +aj*»"4j.« l+a^'* ' 

where m' = n - w - 1. 

Now, resolving a?^l{l + a^) 

into partial fractions, by Art. 27, the general term is 



-_»m a'"*"*"' 



2na''-^ (a? - a) 2n(a?-a)* 

where a is a root of 1 + tr** * j that is, by the theory of 
equations, a is of the form 

e^y where « (2r + l)n/2n. 

Henoe, taking together the two roots corresponding to 
a and a"S we have 



2n(a?-a) 2n(a?-a~*) 2» ( a;' - a?a + a^^ + 1 

_ 1 a?co8(2m+ I)fl-cos2w0^ 
n a^ - 2.r cos fl + 1 ' 

and in the same way, in the resolution of x^"*'/ (1 + a^**), we 

get the term 

1 X cos(2w' + 1) - cos 2m' 9 

n a?* - 2a? cos fl + 1 

Now, 

cos {2m' + 1) e = cos (2n - 2w - 1) = - cos (2w + 1) 9, 

and 

cos 2w'e = cos (2n - 2w - 2) © = - cos {2m + 2) ©. 
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Hence, adding the two expressions together, we have 

26inesin(2m+l)e 
n (a?« - 2x cosfl+ 1)' 

which, being multiplied by dv, afid integrated between the 
limits, positive and negative infinity, becomes 

2sing8m(2m.H)0 ^^2.^^ 
n Bind n ^ 

Hence 



r. 



^ = — jsm + sm 30 + sm 5^ 



1 + a:*** n 

+ . . . + 8in(2n - 1)^), 

where ^ = {2m + 1) tt /2n. 

To find the sum of this series, let 

S = sin + sin 3^ + . . . + sin {2n - 1) ^ ; 
then 2S sin = 1 - cos 2^ + cos 2^ - cos 40 + . . . 

+ cos (2n - 2) - cos 2w0 

TT 

= 1 - COS 2w0 = 2 sin*w0 = 2 sin' {2m + 1) ;r = 2. 

1 1 



Thus, /S = - 



sm . {2m + 1) TT 
^ sin ^ — ^ — - — 3 
2n 



r x*^dx _ 1 r (a;'^ + a:' ^*^-')) dx w 

^""^ Jo rr^'ijo i^x-^- """^ . (2m+i)7r* 



2nsin 

2n 

(43) 
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Putting a?^ = Zf and a for {2m + 1) /2n in the preceding 
result, we get 

* s*"* dz ir 

(44) 



1 



• 1 + « Bin 



air 



Since (43) holds for all integer values of m and n, n being 
> my it follows by the law of continuity that (44) holds for 
all values of a between zero and unity. 

If we put now a?* for Zj and n for 2o - 1 in (44), we have 



i: 



af^dx TT 



1 + iT* ^ nv 



(46) 



2cos-^ 



where n lies between the limits ± 1. 
Agauiy we have 



Jo IT^'Ji r+^'*"Jol+^' 

but putting l/o; for iv in the first integral on the [right-hand 
side, it becomes 

Jo l+iP"" ' 

80 that we get thus 

J, l-^x^ -Jo l + ir*»'"o . (2m + l)7r* ^ ^ 

2n 

119. To find the value of 



1 



1 (af»-» - a;**-"*"!) <& 



l-«" 

where n ia > m. 
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In this case the required result can be most readily ob- 
tained by the method of expansion in an infinite series. 
Substituting 

l + af + a^^ + Ao. for 1/(1 -a:"), 
the proposed integral becomes 






+ - 7:, + &0. 



m n - m n +m 2n-m 
1 2m 2m 



m n' - w* 4n' - w* 



- &o. 



To sum this series, let us consider the known expression 
for sin 7r« in an infinite product, namely, 

sin ir» = 7r2 (1 - 2') (1 - 2V2») (1 - 2'/ 3') &c. ; 

taking then the differential coefficient of the logarithm of 
each side, we get 

1 2« 22 ^ 

TT cot 7r2 = ' . - r ^ - &C., 

2 1-2* 4-2* 

which, by the substitution of m/n for 2, gives 

IT , mir 1 2m 2m - 

- cot — = 5 - — i -&o.; 

n n m tr- m^ 4w* - w* 

so that by the expression found above we have 



1 



— :t— ^— » - cot — . (47) 
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get 



If in this result we take n = 2, and put 1 + a for w, we 



— — —^ — = tan — , 

\ J/ — Jy iC 4/ 



(48) 



where a lies between the limits ± 1. 

120. Several other integrals can be obtained from those 
given in the preceding Articles by means of the methods 
already explained. Thus, for example, differentiating both 
sides of (44) with regard to a, we have 



f. 



QD 



a^"* loff \-\dx , 

° Vipy IT cos 7ra 



1 +a? 



6m*7ra 



(49) 



Also integrating (46) with regard to ;m, 



* (p?^ - x" ^^-^-')) dx . ^ (2m + 1) TT 

= log tan -^^ ^ (50) 



(1 + x''') log X 



4:n 



Again, putting x ior x^\ and o for {2/w + 1 - n)//i in (46), 
we have 



» 



* (xf^ + x-"^) dx n 7ra 

-: r^ — = - sec — -, 

{x - x-^) X 2 2 



(51) 



which, by the substitution of c"*"* for x, and a for tto, gives 



/• 00 



(e«* + e""*) fl^s 1 



a 



^irz ^ g-»r2 



= 2 Bee -, 



(52) 



where a lies between the limits ± jr. 
Similarly, from (47), we get 



2b 



(53) 
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Examples. 

f* (1 '^a^)dx _ir 
Jo l + a^« "3- 

(1 + aa:)(l - «)"• ~ (l+aj'-siiimir' 
This may be obtained from (44) by putting a:/(l + o) (1 - a?) for «. 

3. f ltajie)^^'^dd = — .^^ , where w > and < 1. 
J Q ^ ' 2 sm mir 

fiir It ftic 

{(tan9)»+(cote)»)rfe = r sec—, where «'< 1. 



" ^ « 



/ V (e^ + e '^) cos - 

5. I -^ cos fixdx = ^ ^ 

Jo «*"■' 4- e"'^' ^^+ ^"^ + 2 cos a 



a 



I — Sin fixdx = ^ ^ ^ , where o< IT. 



These integrals are obtained by putting a + ifi for a in (62). 



00 



6- I — rzr cos /Sar^fa; = 



>o 



gjrj: _ g-irx ^/3 + g-fi ^ 2 cos a' 



/. • (^a, ^ ^-ax) 1 eP-e-p 

I ^^r: — ^ir sm fixdx = - 



J.0O /^a, _ e-ax\ sm$xdx ^ ,{eP - I a) 

7. I -^^ = tan-^ < — r tan - J . 

Jo tf'r*- e"^' X (^^3 + 1 2) 



8 



PA 

p (gax_gax ) cos &xdx _ 1 | ^'^ + ^ -^ + 2 Sin - 

Jo «;* + ^'^^ « "" 2 ^ 



«^ + « * — 2 sin 2 
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121. We have abeady explained and exemplified the 
process of differentiation under the sign of integration. It 
is necessary, however, to consider the case in which the limits 
are functions of the quantity with regard to which we diffe- 
rentiate. 

Let the indefinite integral of /(a?, a) dx be denoted by 
^ (a?, a) ; then we have 



Ca 
U = 



/(ar, a)dx = (p (a, a) - (6, a) ; 
b 



therefore ^ = ^-^^ =/{«, a), 

da da 

and ^ = -/(6, a) ; 

also (^A = ^^^^ - ^^^^ = r ^^^^^ ^^, 

\daj da da }b da 

where the differentiation is partial with regard to a. Hence 

du /du\ du da du db 
da \daj da da db da 



=1 



^df(x, a) , ., . da ... . db ,^.. 



which is the required formula in the case under conside- 
ration. 

Hence, it may be observed, if a, J, are values of x which 
make/(ar, a) vanish, we may differentiate as if a, b were in- 
dependent of a. 

122. Among the definite integrals considered in this 
Chapter, there are several in which one or both of the limits 

are infinite, and also some for which /(j:) in f{x)dx becomes 
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infinite at or between the limits a, b. In the first case 
there is no difficulty, for we can make the limits finite by the 
substitution of a new variable. The latter case we propose 
to consider more particularly. 

It is to be observed that we have invariably supposed in 
each integral that all the increments remain indefinitely 
small between the limits. If this were not so, that is, if one 
of the increments had a finite or infinite value, it is evident 
that the value of the integral would be infinite ; in the 
former case, because there would be an infinite number of 
such increments ; for, if an increment had a finite value, the 
consecutive increment also should be finite. It might be con- 
sidered, however, in some cases that a positive and negative 
infinity would neutralize one another, and that thus the 
integral would have a finite value ; but it is to be observed, 
that then, in fact, the value of the integral would be inde- 
terminate, as the difference of two infinities may have any 
assignable value whatever. Writing the increment in the 
form hf{x)y where h is the interval, this could have a finite or 
infinite value only when f{x) = oo. Let a be the value or 
one of the values of x which satisfies this equation, then the 
increment corresponding to the value a + h oi x will be 
/if {a + h), which takes an indeterminate form when h is in- 
definitely diminished. We see thus that if a lie between the 
limits, or coincides with one of them, the integral will contain 
an increment which takes an indeterminate form; and this 
indeterminate expression, as we have seen, must vanish in 
the limit if the integral is to have a finite value. To express 
this condition put/(^) = l/ip{x); then since /(a) = oo, we have 
(p{a) = 0, and the increment, h/(p{a + h),hy the Differential 
Calculus, becomes l/^'(a) in the limit; and as this must 
vanish, we get ^'(a) = ex. 
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For instance, iif{x) is of tlie form 

A{x- a)-" + B log {x - a), 

where w is a positive quantity, and A, B are functions of rr, 
whioli remain finite when a? = a, the increment corresponding 
to a; = a + /* is 

Ah}-^ + Bh log hy 

which vanishes in the limit, provided n <1. 

123. In connection vdth the question of finding the ap- 
proximate values of definite integrals, the expansion of an 
integral in an infinite series becomes of importance. We do 
not propose here to enter into any details on the subject ; but 
merely give the fundamental formula, namely, Bemouilli's 
series, which may be obtained as follows: — Integrating by 
parts, we have — 



therefore 



1 

i: 



f{z)dz = x/{x) - zf{z)dz, 





^/{x) 





2' 



z/(sM2 = -fA^- :r^/'(zKz; 



1.2 



1.2 



Proceeding in this manner, we find 

i: 



'f{,)dz = Tf{x) - ^ fix) + Y^/'i'^) - &0., (55) 



the remainder after n terms being expressed in the form of 
the definite integral 



Jo 1.2.3...^^ 



1 
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124. We may notice here an expansion for the complete 
elliptic integral of the first kind. 

Putting n = {l-k')/{l + k'), we have A' = (1 - «) / (1 + n), 
and A;' = 4h / (1 + »') ; therefore 

A{e) = v^a-A'sin'O) = v/(l + n' + 2M cos2e)/(l +«) 

= y I (1 + ne»«) (1 + tie-'"*) ) / (1 + «) . 



Hence ir=|^^^ =(1 + „) 



v'{(l+«e'«)(l + «e-^*)) 



= (1 + n) 1 - i „e«9 + i^ e'« - &c. 



X U - I ne-»« + 1^ e-«" - &c. Jrf0 



+ 2-4 cos 20 + 2B cos 40 + &c.|rf0. 
Hence we have 

2r= J(l +«) jl + gJ«'+(^^J««+ &o.}. (56) 



Examples. 

1. Given f{x + A) -/(ar) = f /(a; + A - z)dz, 

JO 

deduce Taylor's series by means of the method of integration by parts, and 
hence express the remainder after n terms by a definite integral. 

2. Show that the series (56) can be readily obtained by Landen's tranifor- 
mution (see Art. 94). 
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3. Show that 

where » = (1 - A;') / (1 + A;'). 

J, 2 2a; ( 2 2^ 2^ ) 

This series is always divergent, but will serve to give approximate values of 
the integral for large values of x, 

6. If ic' < 1, show that 

f • dx 1 ar5 1 . 3 a:* 1 . 3 . 5 aj^' ^ 

]oV(l+a;^) 2 5^2.4 9 2.4.6 13 

125. The definite integrals considered in this chapter are 
those which most obviously suggest themselves in analytical 
processes. In geometrical and physical investigations, how- 
ever, there occur a large number of definite integrals, which 
can be evaluated by methods directly suggested by conside- 
rations of these branches of knowledge. This is especially 
the case with integrals which occur in the theory of attrac- 
tions. 

As an example of the use of geometrical methods, let 
us consider the integral 

/= log [{x- aoosOy + {t/ - b amey]d0, 

where ^ + |r-l = ?7<0. 

Let Xy y be the rectangular co-ordinates of a point, then 
a cos ft, h sin 0, are the co-ordinates of a point on the ellipse 
J7= 0, and we may write 

/ = /log(iJ')rf0, 



1 
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where R is the distance of a point P on ?7 from a point 
inside ?7, and the integration is taken through the entire 
perimeter of the curve. Now, differentiating with regard to 
Xy we have 

{x-a Qos6)d0 



1^=2 r 

(^^ Jo 



(a? - a COS ft)* + (y - 6 sin 0) 



2' 



and we propose to show that this integral is equal to zero. 
Putting 

a? - a COS = iJ COS ;/r, y-b&mO^Rsiaxp, 

we get 

Jo R Jo 



dx 



r: 



where 0', K correspond to the point Q, in which the line OP 




Fig. 3. 
meets the curve again. Hence 



dl 
dx 



^'' , (dO dff\ 



But d9/R + dd'/R^ vanishes; for projecting the ellipse 
orthogonally into a circle, dOy dff being the differentials of 
the eccentric angles of points on the ellipse, become propor- 
tional to the elements of the arcs at the corresponding points 
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on the circle, and the ratio RjR remains unaltered. The 
relation then follows by considerations of elementary geo- 
metry. 

We have thus proved that / is independent of a?, and 
therefore of y. Putting then both of these quantities equal 
to zero^ we find, making use of (35), 

/ = r log {a? oos^e -f V sin'0)rffl = 4ir log T^], (57) 



Examples. 



1. ( log{(«-acoae)2 + (y-Jsme)2}(W = 4irlog| 



V(x2+«2)+v(aHA2)) 



V 



where 



a»2 f/2 



and X^ is the greatest root of the equation 



a^ 



+ -^^^o -1 = 0. 



A' + a* ^2+** 



!2ir 




dB 



2irab 



(x-acoa a)"* + (i/-b sintf)- d^b'^-b^x^ - d^y^' 



where 



a;2 H^ 
a^ b^ 



!2ir 
Iog(« cos^a + b sin^d + 2^ sin a cos a + 2^ cos a + 2/ sin e + c)d9 



^2frlos{^ — 



a-\-b + 2\-\-2V{{\ + a){\+b)-h^} 



)• 



where \ is a properly selected root of the cubic equation 



+ A, 


hj SI 


A, 


* + A, / 


ffy 


/, C-\ 




2c 



= 0. 
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126. This chapter would be incomplete without some 
brief account of the properties of the Gramma function. This 
function is of great importance in the theory of definite inte- 
grals, as by its use we are enabled to express a large number 
of them in a known form. For this reason tables of log r{p) 
have been constructed by Legendre for values of p between 
1 and 2. When these values are given, those corresponding 
to any other value oip can be found by means of the rela- 
tion 

r{p + i)^pr{p). 

The most usual definition of the function F is by means 
of the equation (16), namely. 



1 



/•GO 



^(/^) = ^'^e'^dXy 
Jo 

from which we derive (17), 

^(7^ + l) = wr(n), 

which is true for all values of n. It may be observed, how- 
ever, that the definite integral itself does not give an abso- 
lutely correct definition ; for the integral becomes infinite 
for every negative value of n ; but this could not be the case 
for any continuous function of a variable. To exemplify 
this, let /* = - 1/2 ; then from (17) we get 

r(- i) = - 2r(i) = - 2/;^; 

but from (16) 



r(- i) = 



roo - 



e~^dx 

3 ~ ^ 

X^ 



■<» ^-x 



dx 



x' 



by putting x^ for x. Now, by Art. 122, the latter integral 
has an infinite element corresponding to ic = 0, and, there- 
fore, has an infinite value. 
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In fact we can take (16) as the definition of r(n) for all 
positive values of n. The negative values must then be de- 
rived by means of (17). 

It may be observed that r(l) = 1, and therefore r(0) = oo. 
' Hence r{-p) = oo, where p is any integer. 
127. To show that 

f.--(l-.)-^. = lM^. (58) 

Jo r{m + n) 

We have, in effect, in Art. 106, already demonstrated 
this result for the case in which one of the quantities m, n is 
an integer. 

From (16) we have, putting ax for a?. 



r(«) = 



/•oo 




Multiplying both sides by a^~^e~^da, we get 

/•oo 

r(w)«"»-' r« da=\ [ a"*+^' e"'^'*'') da } x'^'dx. 

Hence, integrating with regard to a between oo and 0, we 
obtain 

r{n) 1^ a-^-^e^da = r{n) r{m) =|^ ^^^±^^x-^d^^ 



>00 

since 



i a»»+«-i 6-«(^+^)^a = r(m + n) / (1 + rr)"»+'». 
But, putting 2/(1 - s) for a?, we find 



(1+i^) 



w+n 



s"-^(l-s)''*-Wz. 
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We thus have 

poo (ff^^^x f* 

r(n) rH=r(m+n)J^ ^__ = r(m + «) ^3f-\l-x)'>^'dx, 

which gives the result stated above. 
Let m = l - n, then 

Hence, from (44) we have 

r(w)r(l-w) = -^^. (59) 

Putting w = 1 / 2, we get 

r(i) = v^, 

which agrees with (24). 

128. By means of (58) we can express many definite in- 
tegrals in terms of Gramma functions. 

Thus, putting x = sin* 0, we have 

[af'-'{l-x)"""dx = 2 [ (8infl)*'»-^(cosfl)*»»-Wfl; 

Jo Jo 

c^ r(m) r(n) 

therefore (sin e)*'^^(oosfl)*«»-»rf0= ^^^7^!^ (60) 

If we take w = 1/2, we get 

r(8inr-'rfO=<^F/^- (61) 

Jo ^ ' 2 r(w + i) 
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We can hence derive a property of the Q-amma function ; 
for putting m = nin (60), we have 

but (sineco8 6l)'»-'rf6» = 2^, (8in26l)'"'-'d0 



1^ (8m^r-rf^=^. 



1\> 



229^1 J ^ V r/ r g'*-* 2 r(n+i) 

putting 20 = 0. 

We thus find 

Fin) r{n + i) = ^ r(2n), (62) 

which is a particular case of a more general theorem we shall 
prove further on. 

129. We give here another proof of the results (41) abeady 
arrived at in Art. 117. Multiplying (19) by cos ^ada^ we 
have 

f* r(n) 

[ e"^^ cos j3a da ] af^-^dx = — ^ cos fia da. 

Integrating then, with regard to a between oo and 0, and 
observing that, from Ex. 12, Art. 103, 



|Vcos/3arfa=^, 



we get 

** -«^- r"" cos (ia da 






a" 
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But from (45) we have, putting x/jiioT a?, 



f, 



" "^ 2 0O8 — 

Hence, putting x for «, we have 

cos fix dx 0**'^ TT 



1 



•»** r(w) ^ wtt' 



Similarly we find 



1 



^ r(w) ^ . nir 

^ ' 2sin-^ 

Taking (59) into consideration, we see that these results 
agree with (41). 

130. To show that 

''©'"©•••'■("-^)-<2')"-^""-'. («») 

where n is any integer. 

First, let n be odd; then if we substitute l//^, 2/n, &c., 
as far as (w - V)j2n^ successively in (59), and multiply all the 
results together, we get 



«— I 

2 



\nj \nj \ n J ^^^ _ gn^ _ _ . g^ ^ ^ 

n n 2n 

Now we have 

-:; = 1 - 2a: COS — + ajM X - 2a; cos — + a?M . . • 

l-a;\ ^*/\ ^ J 



1 - 2a; cos ^— 

\ n 



2 



+ X' . 
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Hence, putting x = ly and for (1 -af)l{l -a?), its true 
value w, we get 

A - 2'"' A ' 2"^"^ yl • 2 0^' ~ 1) 'T 

w = 4 sin^ - . 4 sm* — ... 4 sin* — ^ ^ ; 
7i n 2n 

therefore, extracting the square root of both sides, 



''-^ TT 



. 27r . (w-l)7r 



wi = 2 2 sin - . sin — ... sin ^ , 

from which (63) follows immediately. 

When n is even, we substitute 1/n, 2/m, &c., as far as 
{n-2)/2n in (59), and in a similar manner we obtain the 
same result, the equation r(l/2) = ^/ir being multiplied in 
with the {n-2)/2 equations just mentioned. 

131. Several properties of the Gamma function can be 
obtained most easily by means of another function ^(ir), 
wliich is defined by the equation 

0H=^logr(l+*). (64) 

Differentiating the equation 

r(^+2) = (ar+i) r(^+i), 

wo get 

0(a? + l)-0Or)+^-^. (65) 

Hence, ^(^) = ^(..+ 1)--!^ = ^(^+ 2) - ^^ - -^^^ 

= (/> (^ + n) - — r + — ^ + . . . + j . (66) 

' ^ (x+1 ic + 2 X i-n) ^ ^ 
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Taking, then, a? = 0, we have, when n is an integer. 

0(n) = -(7+l+2 + - + ... + i (67) 

where -(7 =0(0). 

To find an expression for C, we have 

~r(l+ir) = 0(ir) r(l+ip)= T- »*e"-Vs= s*logze-Vs; 
dx dx Jq J0 

whence, putting ar = 0, we have 

0» = - (0) =|J ^ log ^i) rf«. (68) 

Now from (67) we obviously have 

0(n) =- (7 + r (1 +s + 2»+ . . . + z^')dz^' C+ p (Iz^!)^^ 

(69) 

which thus, we see, defines 0(n) for integer values of n. But 
this also gives ^(.i?), when x is not an integer ; for we have 

/ IX / X r(i-0^2 rii'-z')dz 



j;^i^=i>= 



which agrees with the functional equation (65). 



♦ The value of Cto ten decimal places is 0-5772156649. 
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Hence we have, in general, expanding 1/(1 -a), 
0(ip) =-(? + [ (l-s')(l+s + 2' + &o.)rfs 

Putting now for 0(ir) its value from (64), and integrating 
from ic = 0, we obtain 

log r(l + ir) = - Ca? + a?- log (1 + a?) + ^x-log (1 + ^x) 

-\-ix- log (1 + ^x) + &c. ; 

whence, raising e to the power of both sides, 

r{l -^ x) = e-^"" p: -, Tz 7^. 7^ 7-&C. (71) 

Changing the sign of x in (71), and multiplying the re- 
sults together, we get 

r(l + ^) rxi - ^) = /r ^^ n io» n-^. &o- = -"'' 



(1 -a;') (1 - a;V2*) (1 - oi'/Sl) sin Tra?' 

as we have already shown. 

132. From (70) we have, by differentiation, 

-^ = j^ log r(l + a.) = ^-— j^, + ^^^ + ^-^^, + &c. 

= \p{x -\- 1), say. 

Then ^(a.) = 1 . ^, + ^-^ + &c., 

2d 
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^^ ' a^ (aj+l/n)* (x + 2/nY [x + {n-l)/nY 

1 1 , 1 „ 

1 1 . 

/^ {x-\-2y'^ {x-^l/n-^2Y^^''' 

+ &o. 

= ;/'(a:) + \fj{x ^- \ j n) + .. . +i/^ {a:+ (n-l)/w), 

by Buminiiig each of the columns. Hence, substituting for 
yij[x) its value in terms of r[x)y integrating twice, and raising 
e to the power of both sides, we get 



Ae^r{:nx)= T{x)T\x + -Arix + -\ . . .T\ 



x + 



n 

where A and a are constants. To determine -4, let a; = ; 
then observing that 

r{x)/r{nx) =nr{x + l)/r{nx + 1) = w, 

when a? = 0, we have 

from (63). Also putting tr = l//^, we find 
therefore c" = «"*. Hence we have, finally, 

(2jr)^' nH« r{nx) = r{x) r(x + ^ r(« + -Y..r(x+ — ^ 

(72) 
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We could give^ a more satisfactory demonstration of this 
result, but its length would be inconsistent with the limits of 
the present treatise. It will be observed that the weak 
point in the proof given above lies in the identification of 
the definite integral in (69) with the function ^(ar). 

133. To find an approximate value of r(l + a?), when x 
is very large. Putting a: = 1 in (71), we have 

_^^ 2ei 3ei 4£ 
^"^ 2 3 4 5 •••' 

from which we get 

log(n +l)=-C'+l + 2+g + - = 0(n), 

when n is infinite ; therefore 0(n) = log (n + 1), approximately, 
when n is very large. Hence, since 

log(n + l)=logn + log^l + -j = logn + ---^, + &c., 

we may suppose i^(n) to be capable of expansion in the form 

logn + — + -^+ &c., 

for large values of n. Bat, from (65), 

6{n + 1) - 0(/^) = r = -2 + &c. 



= loff( 1 + - I + — ^ ^ + &c. 

° \ nj w + 1 n 



— pr-r + &c. + — ^ ^ + &c. ^+&c.; 
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hence, from the coefficient of 1 / n' we get ^i = 1 /2, bo that we 
may write 

0(n) = logn + — + ^+&c., 

or *W=logaf + 2^4-^'+&c., 

if it be allowed to assume that 0(a?) retains the same form 
when X is not an integer. 
Hence, from (64) we have 

— loff r(l + J?) = log ir + — + -^ + &c. ; 

tnerefore, integrating, we get 

1 A 

log r(l + ^) = a constant + x log x-x + -^ log x 4 &c. ; 

or, omitting -Ai/x and the following terms, 

r(l +x) -=Aixfe-^yx, 

when X is very large. To determine A, substitute the ap- 
proximate values in (62), namely, 

r(^)r(^ + i) = ^r(2=r), 



or, as it may be written, 



\/ir 



r(tr + 1) r{x +i) = 1^, {2x + 1) r(2;« + 1), 

and we get 

^ _ y^ (2a; + 1) (2^)'»r'' ^ (2x) , 
2'"> [x^e-'yx) { {x + i)«' «-(**« ) ' 
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which, hy putting for (a? + 1 / 2)^^ its approximate value 
a^^^, gives 

^ = ^/(27^), 

80 that we have, finally, 

r(l +x)^x^e^y/ (27rir), (73) 

approximately, for large values of a?. 

134. To express r(l/4) and r(3/4) in terms of a com- 
plete elliptic integral. 

Taking w = 1/4, and fw = 1/2 in (58), and observing that 

r(l/2) = v^, weget 



r(i)^ 1 n dx 4 p 



dz 



putting X = z^. 

Now, from Ex. 4, Art. 85, we have 



c 



rfs ^ 



lo y (1 - 2*) ^2' 

where the modulus is equal to 1/^/2^ 

ra) _ 2^/2. 



Hence 



— > 



but, from (59), taking «= 1/4, 

ra) r(f) = ;ry2. 
We thus get 



r(-J-) = 27riKK 

ni I ■ (74) 



m) = 



(2^)' 
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Examples. 



4. 



6. 



8. 



10 



12 



13. 



)• xdx _ T 

» dB __ T (2 -f sin'tt) 

(l + 8maco8fl)»"'2 C08«a 

i» ,. 1 



I 



3. I an^$ cofPede = t::. 



I 

I 

I 



» 






»w 





(co00)i sin' 


^ede= 


32 
'231* 


w 
i 


d$ 




12 





V{8iD0CO8< 


^$i 


6* 


CO 


x^dx 


3ir 







(1 + x^)^ 


266* 




- 


x^dx 


1 


• 





(1 + a^)^ 


60* 




>• 


{q- 


-2p^ + epz)dz 



(2«» + g-3i?2)2V(«2 + 2i?«+g) g-Zp^ 



cos COS 20 cos 30i0 = -. 

o 



I 



w 

3 co8'0i0 a— sinacosa 



1 — sin^ a cos^ sin^ a cos a 

11. (* V(tan2a-tan20)rf0 =^(8eca-l). 

Jo ^ 

i» 3»2 



05sin0i0 = ^-6. 
4 



2d;2cos2a+l 4 cos a 



14. j^ log«log(l -«)(&= 2-^. 
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IT sin a 



a 



tanfllogcotfli9 = jg 
cotfllogsecerf9 = — . 

17. ("^ fl sin fl co8(a cos Q)d9 = 

18. I fltanj0log8ec0rfe= — . 

19. I fltanfllogcot}0rf» = -g. 



fir ir^ 

tan » log sin rf9 = — . 

log (1 + ^c»»«) COS flrf0= —.. 
* 



(cos e)»»+l IT 



f2 . ^ (COS »»**,« » 



1. 2.3 .. .n 



23. ( ^''(«i°^)'"fa = ,(,.+ l)(»»+2»)'.'.. («' + n«) ' 



'0 

when n is even ; but 

1.2.3 ...f} 



■" (a2 + l)(a« + 22) ... (a2 + «2)' 

when n is odd. 

air 
IT cos -— / , » 

fir , . X ^ 2 r(n + l) 

r(i+— )r(i + — ) 

. air 
IT sm — - / , * 

fir , . V , 2 r(n+ 1) 

25. sin a^ (sin ^)«^ = — j;- /, n + «\ /, n-a\' 

Tliis and the preceding integral can be found from (67) and (68), Art. 71, 
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26. 



27. 



^ {x^'^ + X'*-^)dx _ r(m) r(»i) 
(1 + «)"•+»» ~ r(m + #»)* 



« (8ine)2"»-i(cO8 0)2»«-i<?e r(m)r(fi) 



iv X fiir 

cos «0(8in e)"*^ = — cos --. 
^ ' 2»« 2 

29. I sm#»tf(8m0)»<ftf = ~ sin — -. 

Jo 2" 2 

(log-) — — =1 .2.3 ...w.^w+i, 
where *«• = ? + 5i+ 51+ *^c* 



» . 1 n w^ 

^TI "*" (f» + 2)2 "*" (w + 3)8 



31. j 3?«-«*rfa?= — ^ + 7 — ^^ + , " »vo -f &c. 



f^ logsecge^g x^ / *\ 

Jo a* sin^tf + *2co82tf " 2ai ^^ \ '^a)' 

Jo «2 8in20+*2co82tf 2aA ^V*/ 



^ — ^tt 



34. \ e^cos0sjjx(e + a8in$)de = 

Jo 

In* IT 

$ ecL cos 0sm{e-\- a Bin 0) d0 =- (1 -c-a). 
a 

^^' Jo a^cos^tf + i28in2e " 2^ ^""^^ "^ FJ ' 

37. Given -'^ = 1 ^'* ^^^ (* log a;) rfic, 

Jo 

/' = I e'' sin {a log a;) rfa;, 
Jo 

sbowtliat /2+/'2 = 





2ira 



This result is obtained by putting ia for a in (59). 
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I — . = log 3 em *iw -log\-] sin 2hir + log ( - J sin 3«ir 

- log f = J sin init + &c. 

# 

♦»* ( 1 1 1 1 I. ) 

= 2n cos -J- 5 - + - — + &c. } . 

J. Ch^ {coa 6)^ cos nSde ^ it a»-* 
Jo a^am^0+ b'^coa^e ~ 2 *(a + *)»* 

*0- f '^ t; — ^T^r^^^ .X - =* f* ("'^ «)'-^«» if <« < 1 ; 

Jo (1 + a^-2acoBey Jo 
but 1= «•«» [''(eintf)2«^tf, if «> 1. 

Jo 

f» A(8in 0)de 1 f» 

Jo 1+^costf 2 Jo ^^ '' 



-Cm-K"--?) 



43. -^-^=irlog2. 
Jo 8in'*d 

44. I (cos $>'^ - .— -r rfe =5 r^. 
Jo smtf 2 

46. If sec « = 1 + AzO^ + Ai0* + &c., 

Jo iire+T-irz ~ 2*«** 

46, If tan « = tf + AzO^ + ^s^* + &c., 

Jo ei^z-e-nz " 22"*^ 

2k 
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f* x*>*dx f ^ (x*<^ + X-"*) dx irsinma 

Jo iP* + 2a; cos o + 1 J q a;'-* + 2a; cos o + 1 sinmir aina* 

This result may be deduced from 

f * x'^-^dx _ x 
Jo 1 + a; sin mir' 

by putting xe^ for x. It may also be obtained by putting a:" for x, and apply- 
ing^e method of decomposition into partial fractions, as in Art. 118. 

f* /8inra;\»»_ ir r«-^ ( . / «x , n.n-l. ,. , „ i 
Jo \ « / 2» \ n-l \ ^ ' 1.2^' ) 

49. Show that 

1 fiw 0<fe 



fj"" f ^ rfiP If 

log cot arfa = I — tan'^a; = - l 



sintf' 



50 



fiir 111 

. I (log cot tf)'»<^tf = ImCtn^i, where C'm = — - g;; + ^j; - &c. 



61 Tf/?-l I ''^ ^ n(n+l)^(/+l) 1 n(ntl)(n+2)/(/+l)(/-h2) 

■^w 1.2 w(w+l) 1.2.3 w(w+l)(m+2) 

+ &c., 

« r(m — / — «) r(m) 
show that S = -) , ^/ ,; . 

r(2n + l) , 2 /«.«-l\2 /«.n-l.«--2^2 



52. 



{r(n+i)}^ 

nir 



, /«.«-l\2 /«.n-l.«~2\2 ^ 



''• {ni^in)v °^-"'n-7:r)-( 1.2.3 )-^^^- 

sin «0 « sin (n + 2) tf » . « + 1 sin (« 4- 4) 8 
64. Let 8 = — ^ : — — ttt — + 



n'i {n + 2)2 1.2 (« + 4)* 

n.«+l . « + 2 sin(n + 6)tf 



then show that 



1.2.3 (w + 6)' 



+ &C. ; 



^ « ^ r(n) 



22«{r(J+Jn)}' 



55 
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1 /n-l .«-2\2 



r(2n) _ , ,1 . 1 / n-l.n-2 \ 



+ 4 ( — r:2Ti — ) + *<=• 



56. Show, by putting n= 1/3, and m= 1/2 in (58), and taking account 
of (59), that 

r(l/3), r(2/3), r(l/6), and r(5/6), 

can be expressed in terms of the definite integral 

dx 



loV(l~a;»)- 

67. Given f{x) = a + ia: + cx^ + &c., 

tp(x) = a' + h'x + c'x^ + &c., 
show that 

V {/(«•'«) W'^) +/(^^) ^ W}<^d = 2ir(a«' + hV\ cc' + &c.). 
Jo 

r 
Jo a?(l + a;*) 2 ( "^ V^j 



• 



.. C^ COB rxdx ir -^ . / ♦* ^\ 

60. -; T- = 77 ^^ * sin ( -7-: - - I . 

Jo l+ic* 2 \V2 4/ 

(^ dx 1-1 1 1 
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CHAPTEE VII. 



AREAS OF PLANE CURVES. 



135. In the investigation of the values of portions of plane 
area bounded by geometrical figures, we commence by the 
use of the formula in rectangular Cartesian co-ordinates. If 
we consider an element PQ of a curve as the diagonal of the 




small rectangle formed by drawing parallels to the axes 
through P, Q, the area PQMN is equal to {y + Ai//2)AXy 
where PM = y, OM = x, QP" = Ay, MN = £ix. Hence, in 
the limit, neglecting Ay Aa?, we have dS = ydx^ and 



S 



= I ' 1/dx, 



(1) 



where S is the area between the curve, the two ordinates, 

a? - a?! = 0, a? - 0*2 = 0, 
and the axis of x. 
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It is to be observed that in this result the whole portion 
of the curve between the limits must lie on the same side of 
the axis of x ; for it is evident that the element of area for 
negative values of y is - ydx ; so that if the curve crossed the 
axis between the limits, the definite integral would give the 
difference of the areas at opposite sides. 

We have thus an immediate geometrical representation of 
any proposed definite integral 



i; 



fix) dx, 

h 

that is, the integral is equal to the portion of the area be- 
tween the curve y =/{x)y the axis of a?, and the ordinates 

X = tty X = b. 

In a similar manner we find that the strip of area be- 
tween an element of the curve, the axis of y, and two con- 
secutive perpendiculars to that axis, is xdy. Hence, adding 
together the strips for both the axes, we have ydx + xdy, 
which is equal to d{xy)y or the differential of the rectangle 
formed by the co-ordinates, as, it is easy to see, it ought to 
be. 

If the co-ordinates of a point on the curve are expressed 
as functions of a parameter 0, the formula (1) becomes 



S = 



>s* p) 



where 0i, 02 are the parameters of the extremities of the 
portion of the curve. 

If the axes of co-ordinates are oblique, (1) must be re- 
placed by 



S = sin 01 



ydx, (3) 



*« 



where en is the angle between the axes. 
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136. If it be required to find the whole area of the space 
bounded by a closed curve, such as that represented in the 
figure, we may proceed as follows : — 

Suppose the ordinate PM to meet the curve again in Q ; 




then if PM -^ y„ QM^y^,' the area PFQQ is equal to 
(^2 - y\) dX' Now let a, J, be the abscissse of the two extreme 
tangents AA\ Bff of the curve drawn parallel to the axis of 
y ; then, if S is the entire area. 



S 



= {y2- y\) dx. 



(4) 



This result, it is easy to see, still holds if the curve inter- 
sects the axis of x. 

If the curve is symmetrical with regard to the axis of a?, 
we evidently get 

8^2^yd^. (5) 

137. As an example of the use of the formulae in the pre- 
ceding Articles, let us consider their application to the circle 

;r* + y* = a'. 



AREAS OP PLANE CURVES. 



223 



We have then 

y = -v/(a' - a?*), and S = J ^Z (a* - x^)dxy 

taken between proper limits. 




Fig. 6. 



If then S is the area cut off by a chord PQ, we have 

5 = 2 \^ y {a" - x^)dx, 

where OM = x\ Hence, putting x = a cos 0, we get 



8 = 20" 



fa 



where 



ain^ Odd = a^{a - sin a cos a), 



a = Z POM. 



Putting, now, a = tt, we find that the whole area of the 
circle is na^. 

Proceeding to the Jcase of the ellipse, whose equation 
may be written 

a \ 



we have 



ydx = - -^ (a' - x^)dx^ 
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which is equal to b/a multiplied by the corresponding ele- 
ment in the case of the circle «?' + y* = a*. Hence the area 
of any portion of the ellipse cut oflE by a perpendicular to the 
transverse axis is equal to b/a times the area cut off from 
the circle just mentioned. In the same way we see that a 
parallel to the transverse axis of the ellipse cuts off from the 
curve a portion of area which i& a/b times the area cut off 
from the circle a;' + y* = 6*. 

We thus find that the entire area of the ellipse is irab. 

We have already seen that the area cut off from the circle 
a^ + y^ = a^hj a chord PQ is a' (a - sin a cos a), where a is 
half the angle subtended by PQ at the centre. Hence we 
can deduce that the area out off from the ellipse by any chord 
PQ is ab{a - sin a cos a), where a is half the difference of 
the eccentric angles of P, Q. 

138. The method of deriving the area of the ellipse from 
that of the circle given in the preceding Article suggests a 
general principle, which is often useful in the determination 
of areas, viz. : the area of any portion of the curve /(a? /a, p/b) 
= is equal to ab multiplied by the corresponding area of the 
curve /(:r, 1/) = 0. This follows from the fact, that the former 
curve is transformed into the latter by the transformation 

X = ax\ y = by. 

From these equations we get ydx = abydxy which gives the 
relation between the areas stated above. 

139. Proceeding now to the case of the hyperbola, whose 
equation referred to its axes is 
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we have 



and 



y = --/(a;'-a«), 



.S=jyrf^:,= ^jv/(^-aV^. 




Fig. 7. 



Hence, from (24), Art. 17, 
bx 






-«')' 



where the area is supposed to be measured from the vertex Ay 
that is, 8 is the area APN, 

Hence, since the area OPN is equal to {ry/2, we have 



ar»i.0^.fl,g(?*f). 



It may be observed that we have thus a simple geome- 
trical representation of a logarithm by ui^«a& ^i HJsi^ ^^t^"^ 

2f 
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boonded by the axo of an hyperbola and two central radii 
vectores. 

If the hyperbola is referred to its asymptotes, as axes of 
co-ordinates, its equation is xy = A*; and from (3) we have 
then 

S = A* sin 01 — « F sin o) log ( — ], 

where oi is the angle between the asymptotes, and x^ X2 are 
the abscissae of the bounding Unes. 

140. In the case of the parabola, if we refer the curve to 
its axis and the tangent at the vertex, we have y^ = px^ and 
the area APN is equal to 

ph ja^dx = 2p^xl/3 = 2xy/3. 



\ 




Hence we see that the area cut off from the curve by the 
line PQ, perpendicular to the axis, is two-thirds of the rect- 
angle PFQ!Q. 

Again, since the equation of the parabola referred to a 
tangent and the corresponding diameter is y"^ = p'x^ we can 
prove in the same way that the area cut off by any chord PQ 



AREAS OF PLANE CURVES. 



227 



is two-thirds of the parallelogram formed by the chord, the 
parallel tangent, and the diameters drawn through P, Q. 

141. As an example of the application of the formula (4), 
let us consider the curve {y - mx^y = a^ - a^. In this case, 

yi-y2 = 2v/(a'- or^), and a'-a^ = 




Fig. 9. 

are the extreme tangents AA\ BB" perpendicular to the axis 
of X. 

If 8 then is the whole area, we have 



8 = 2 



\/{a^ - ci?)dx = ira^. 



-a 



142. Again, as an example of (2), let us consider the 
curve a^ + y^ - Zaxy = 0. 




Fig. 10, 
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Putting y - Ox, we get 

8ae 3a6' 



, ^ 3a(l - 2e>)de 
hence <& ^^^^y), , 

and ^°Jy^°9«*J \i^e,/. °^-2(ITyp^rn^- 

Now for the origin 0, which is a node of the curve, = 0, 
and also » oo. Hence, taking 8 between these limits, we 
get 8 = 3a*/2. But this, it is easy to see, is the difference 
of the areas OBAN, OAN, namely, the area of the loop 
OAB. 

Examples. 

1. H x^y are the co-ordinates of a point on the ellipse 

▼here 8 is the sectorial area measured from the central radius and the transyerse 
axis. 

2. In the same case for the hyperbola 

_ « fL _ 1 - 0, 
a* ^2 * 



show that 

a 8 



3. If a chord of a conic cut off a constant area from the curve, show that it 
touches a concentric, similar and similarly situated conic. 
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4. Show that the arc of the curve a^-^t/ = x*^, where n is positiye, measured 
from the origin to a point P, divides the rectangle formed by the axes and the 
perpendiculars from F on the axes into two parts, whose areas are in a constant 
i-atio. 

5. If the equation 

ax^ + iy2 + 2hxf/ + 2y« + 2/y + « = 
represents an ellipse, show that its area is 

(ab - A«)S 

6. Show that the whole area of the curve 

a;»y2 = (a-ic)(«-3) is T(\/a- V3)«/4. 




Fig. 11. 

7. Show that the whole area of one of the ovals of the curve 

aj8y2 = (a* -x^){3fi - 32) is ir(a - i)«/8. 

8. Show that the whole area of the curve 

y2 = x^{a-x)(x-b) ia ir{a- by {a + *)/8. 

9. Show that the area between either branch of the curve 

(a:y-F)2 = «2ic«(a«-ic2), 

and the axis of y is nra^/2. 

10. Show that the whole area of either of the ovals of the curve 

y* - 2y«(a« + ft* - 2z^) + (a« - ft^)* = 
is wH^, where b<a. 
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11. Show that the area of either of the loops of the curve 

y4 _ 2t-y« + a««2 = is 8cS/3a. 




Fig. 12. 

12. Show that the area hetweenthe curye 

x(x^ + y*) = ay* + bz^ 

and its asymptote a? — a = is T(a — i) (3a + i)/4, where a > ft. 

13. Show that the whole area hetween the curve y(a* + a?*) = ma\ and the 
axis of X is mwa^, 

14. Show that the whole area hetween the curve y*(a* — a^) = ft* and its 
asymptotes ar + a = is 2irft'. 

15. Show that the area of one of the loops of the curve 



y*- 2y2(a2 - ft?) + (a* + ft« - 2ar«)2 = 



18 



-'--'C-^')-*'^"'^! 



V(ag + ft') + V(a'-ft^) 
ftV2 



1- 



16. Show that the whole area of the curve 

(a;y + a + bx^)"^ = a;'(c* - x^) is irc^, 

17. Show that the whole area of the curve 



g)'. (!)'=! is 3^/8. 



This result may he most easily ohtained hy taking 

a? = a sin^^, y = ft cos^ 6, 
and making use of (2). 
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18. Show that the whole area in the positiye compartment between the 
curve 



©'*©'-• 



and the axes of co-ordinates is a^/20. 

19. If /S' is the area between the curve ^ b a + bx^^ the axes of co-ordi- 
nates, and the ordinate at a point xt/f show that 

2xt/ na C* dx 
" «'+ 2 n + 2 J V(a + bx^)' 

20. Show that the area between the catenary 



y 



e 1 1 -*\ 



the axes of co-ordinates and an ordinate is c V(^3 - c^), 

21. Show that the entire area of the cycloid 

a? = a(6 + sine), y = a(l + cose) 

between the curve and its base is equal to 3ira^. 

22. Show that the area between an arc PQ of the logarithmic curve y^e^ 
and the axis of « is proportional to the projection of FQ on the axis of y, 

143. We now proceed to the determination of areas 
by means of polar co-ordinates. 

Let APB be a curve referred to polar co-ordinates, and 




Fig. 13. 

let OPy OQ be two consecutive radii vectores ; then the area 
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OPQ is equal to the sum of the areas OFF", PP'Q, where F 
is a point such that OP^ is equal to OP, Now the latter 
area vanishes in the limit compared with OPP'f which 
is evidently equal to t^dd /2, where r, are the polar co- 
ordinates of P. Hence, if iS is the area between the curve 
and two radii vectores, = a, fl = j3, we have 



8 



= |j%Ve. (6) 



This expression may also be found thus: — Double the 
area OPQ is, by analytic geometry, x{y + dy) - y(x + dx)y 
where a?, y are the co-ordinates of P, and x+ dx, y + dy those 
of Q. Hence 

2d8 - xdy - ydx = r^dO, 

by putting a? = r cos 0, y = r sin 0. 

144. In finding the whole area of a closed curve by (6), 
we must consider separately the two cases in which is out- 
side or inside the curve. If, as in Fig. 13, is outside the 
curve, we produce the radii vectores OPy OQy to meet the 
curve again in iJ, S, respectively. Then the area 

PQR8 = 0118 - OPQ = i (ra' - r,')de, (7) 

where OP = ri, OR = Vz ; 

and by integrating this expression between the limits deter- 
mined by the two extreme tangents OA, OB, which can be 
drawn through to the curve, we find the whole area. 
If the origin lie inside the curve, we have evidently 



2S = 



2Tr 







2ir 



and 
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2/S = f (n^ + r^^)dB. (8) 



The results in these two cases are most easily exemplified 
by applying them to the circle 

r^-2Sroosfl4 S--rt^=0. 
We have then 

n f rg « 28 cos By Vi r-. = 8' - a", 
and ^2 - ri = 2s/(c^ - S- sin- 0) ; 

so that, if the origin is outside the curve, we get 

where a = S sin a. 

Hence, putting S Bind = a sin 0, we find 



8^20" 



cos'0^0 = ira- 



If the origin is inside the curve, 8 is < at, aud 

ri" + r,^ = 2a' + 28' cos 20. 



Hence S = ^ 



''if 



(n' + r2^)de - [" (a' + 8' cos 20)c/0 = 7r«^ 



145. As a further example, let us consider the pedal of a 
hyperbola with regard to its centre, namely, the curve whose 
equation is 

r' = a' cos' fl - 6' sin' 0. 
2g 



] 
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In this case ii Su the area of one of the loops, we evidently 
have 




Fig. 14. 

where a is the angle which either tangent at the node 
makes with OAj that is, tan a = a/b. Hence 

S.la6 + I(a»-J.)taa-'(|). , 



Examples. 

1. Show that the whole area of the cunre 

f««a«cos«a + «»sm«a is T(a3 + *2)/2. 

2. Show that the area hetween the Lemniscate »^ = 2(^ cos 20 and the radii 
rectores 9 «= a, $ = fit \a 

c2 sin (a - fi) cos (a + $). 

3. Show that the whole area hounded hy the curve 

4. If ^ < 0, show that the whole area of the curve 

rtBa + bcoB$ is t (a* + 3'/ 2) ; 
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and if ^ > 0, ahow that the area of the inner loop is 

(a» + b^l2)a - 3a« sin a cos a/2, 
and that the area of the space between the loops is 



(2a> + 4*) f ^ - o j + 3a» sin o cot a, 



where ^ s cos a. 

5. Show that the area cut off in the positive compartment from the cubic 
a? («* + y*) - a^y = by any radius yector y — jptantfsO is 

I a' log sec 0, 

6. Show that the sectorial area of the curre 

a?* + y* + 2«*y2 cos 2a « «*, 
measured from the axis of jp is 

where A: = sin a, tan ^ = 2xi/ / (** - y-). 

7. Show that the whole area of the closed curve 

n 1 " 

8. Show that the area of either of the ovals of the curve 

(a:3+y2)S(a2^2 + ft,y2).A^a;2 = is ^^^-^^cos-i(y, 

where a>b, 

9. Show that the whole area of the curve 

(«« + y2)» = («a:H *y«)» is ir(3aU338 + 2a*)/8, 

where a, h have the same sign. 

10. Show that the area of one of the loops of the curve 

r' = «'cosw^ is «'/«. 



1 
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11. Let P be ft point on ft branch of the cubic r cos 30 s a, of which A is 
the summit ; then, if is the origin, and Q is the point of contact of one of the 
tangents drawn from P to the circle r' - a' = 0, show that the sectorial area 
FOA is equal to a third of the area of the triangle FOQ» 

More generallj for the ourre r coanO^ a, show that the sectorial area is 
equal to the n<* part of the area of the triangle. 

12. Show that the whole area of the curve 

(«» + y«)2 = <M« is 6iraV32. 

13. Show that the area included between the ourre and two radii yectores of 
the logarithmic spiral 

r = fl^ is (r»-r'2)/4<?. 

14. In the hyperbolic spiral r0 = a, show that the area bounded bj the ounre 
and two radii yectores is proportional to the difference of the lengths of these 
lines. 

146. We mention here the formula for the sectorial area 
in terms of the radius vector and the perpendicular on the 
tangent, namely, 



8 



^^Iti^y ^'^ 



This result is easily obtained; ior dS =pd8/2y where ds is 
the element PQ of the arc in Fig. 13, and ds = dr sec 0, 
sin0 ^ pjr^ where is the angle PQP', namely, the angle 
which the radius vector makes with the curve. 
If we put ^ = r sin in the above, we get 

iS= iJrtan0fl?r. (10) 

These formulae are of considerable use in cases in which 
the curve is such that p and r are connected by a simple 
relation. 

For example, let us consider the involute of the circle. 
Let P be a point on the involute, then the tangent PT 
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to the circle is the normal to the curve; so that we have 
jo' = ^-^ - a% where OQ =p, OP = r, OT = a. 




Hence, from (9), we get 

1 



Pig. 16. 



^=2^ 



r y^ (r' - a^) dr = 



6a 



i 



6fl' 



if the area be measured from the line 0-4, where A is the 
point where the involute meets the circle. 



Examples. 

1. Show that the sectorial area of the curve r = «+ J sin ^, measured 
from a tangent drawn from the origin, is 

<ib sin^ \^ ■\- ^l)^ {(p - %m^ cos ^). 

2. Show that the sectorial area of the curye r^ = a^ + ^^ sin ^, measured 
from a tangent dra^vn from the origin, is 

JA^sin'J^. 



3. To find the area of the epicycloid. 
In this case, we have 



r2 = a2 + 



(m + If 
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so that we get 

1 r (m 4-1) V(r»-a»)rrfr ^ 

2 J V{(m + l)«a«-(m-l)2r*}' 



which, if we put 



gives 



(m - 1)» 
(m-l)» J 

= -;^ — 7^ (e - sin e COB e), 

(m — 1)* 

if the area be measured from the fixed circle. Hence, taking 9 = v, we find 
that the area between the curve and tlie radii yectores to two consecutive 
cusps is 

m (m + 1) wa^ 
(m - 1)3 * 

147. We now proceed to consider the area of the general 
cubic, and shall show that in all cases it can be expressed 
by means of no higher transcendents than elliptic integrals. 
Let us take the axis of y parallel to the real asymptote 
which the cubic must always have, then it is shown in trea- 
tises on curves or the Differential Calculus that the cubic can 
be written 

Furthermore, if the axis of y is the asymptote itself, 6 = 0. 
Solving now this equation for y, if ^i, y^ are the roots, 
we have 

- ax 
where we have put 
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Hence, from (4), we get 



1 



yx 



*, ("e 



dx, 



(12) 



for the area between the curve and two parallels to the real 
asymptote ; and this expression by Chapter V. can be ex- 
pressed by elliptic integrals. 




Fig. 16. 

If the curve consist of an oval and an infinite serpentine 
branch, as in Fig. 16, the area of the oval will be found 
by integrating between the limits of the extreme tangents. 
These tangents are evidently determined by two roots a, j3, 
say, of X = ; so that if we put 

X = {a- x){x - fi) (Ix^ + 2mx + w), 



we have 



o Jl 



v^ |(a - ar) (ar - /3) (&' + 2»t;» + n) ) - (13) 
/J * 



for the ares of the oval. 
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148. With respect to the area between the curve and the 
asymptote, that on one side will be obtained by integrating 
between the limits 7, 0, and that on the other by integrating 
between 8, 0, where y, S are the values of x corresponding to 
the points 0^ D on the infinite branch, at which the tangents 
are parallel to the asymptote. Applying now the criterion 
of Art. 122, the integral (12) is found to be infinite in both 
these cases ; so that, in general, the corresponding areas are 
also infinite. 

If, however, the line of infinity is an inflexional tangent 
of the curve, that is, if c' = 0, in which case the points 0, D 
remove themselves to infinity, and the infinite branch lies 
altogether on one side of the asymptote, we may put 

. X = m^x (a - a?) (j3 - x) (y - x)y 

and the whole area between the infinite branch and the 
asymptote is then 

(g -x){fi- x) {y-x)\ 



f u\ 



-, )*•■ <!*' 



which, by Art. 122, has a finite value. 

If the serpentine branch is replaced by three hyperboUc 
branches, we have still an expression such as (13) for the 
area of the oval. And there is no diflSculty in finding the 
integrals which express the areas corresponding to each of 
the various forms which a cubic curve can assume. For 
these forms and their figures, we refer the reader to Salmon's 
Treatise on the Higher Plane Curves, Arts. 199-209. 

149. It may be of some interest to notice here those 
cubic curves whose areas can be expressed by logarithmic or 
circular functions. First of all, this will be the case if the 
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curve have a node ; for then X will have (a? - 8)' as a factor, 
where S is the ahscissa of the node, and therefore the radical 




Fig. 17. 

in the integral (13) will be only of the second degree in x. 
If the curve is as in Fig. 17, we may put 

X ^ ni'ia ' x){x - p;){x - i)\ 



and the area^ of the loop will evidently be 






(^-S) 



X 



^[{a-x){x-ei)]dx; 



(16) 



where a, j3 determine the points -4, -B at which the tangents 
are parallel to the asymptote. 

Again, it is easy to see that (12) will depend upon lower 
integrals if X involve only even powers of the variable. 

2h 
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Putting y + A for y in (11), we can determine h so that b' 
may vanish ; and taking, then, 6" = rf" = 0, the curve may- 
be written 

opy* + y(aV + c') + a;(aV + c") = ; (16) 
and X being then 

(aV + c')*-4a;r*(aV + c"), 
the expression for the area is of the form 

^(as' + /3s + 7) -^ (17) 

where we have put ar* = ». 

The area in this case is, however, most easily obtained 
by using the formula for the elementary sectorial area, 

namely, 

d8 = {xdy - ydx) /2. 

We have then, from (16), 

2 J ^ ^ ^ ^ 2 ] x(ay^ + a^xy + aV) ' ^ ^ 

which gives the area at once as the integral of a rational ex- 
pression. 

It may be observed that (16) is called Chasles' central 
cubic. There are five kinds of these curves, according to the 
nature of the factors of the denominator of the fraction in- 
volved in (18), which have to be considered separately, when 
we seek the evaluation of the integral. (See, he. city Art. 
197.) 
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Examples. 

1. Show that the whole area of the oval of the curve y'=" ip(l -a;) (I -k'^x), 
where A < 1, is 

4(^-t» + l) „ 2(1-A^)(2-F) „ 
16*5 -^^ 16*5 '^'- 

2. If all the cuhics of the system 

a:(y + aaJ + i8)3+2A(y + aaJ-|-i8) + aa:3 + ia;2+tfa; + rf = 0, 

where a, /3 are variahle, have oval figures, show that these ovals have the 
same area. 

3. Show that the whole area of the loop of the cuhic 

is Ja«taii0 (3 + tan^d) - Ja«d sec«0 (3 - tan*0), 

where c^aiAv^d, 

4. If two perpendiculars to the axis of x meet the cuhic xy^ =■ a^, show that 
the area cut off from the curve is proportional to the difference of the recipro- 
cals of the intercepted chords. Also show that the area cut off hy the chord 
joining two points, yi, y2, lying on the same side of the axis of Xy is 

2yi2y2'* • 

5. Show that the area cut off from the cuhic a^t/ = x^ hy the chord joining 
two points, xi, X2t is 

{Xl - X2f (xi + X2) 

6. Show that the sectorial area of the cuhic 

X {x* + 2bxi/ + cy') - F {bx + cy) = 
descrihed ahout the origin, and measured from the axis of x^ is 



^'log (t±lf±^^ 



214 
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150. Proceeding now to curves of the fourth order, we 
remark that, as a particular case of Clebsch's theory of 
curves, the area of the general curve can be expressed by ' 
AbeUan>tegral9, and of the curve with a node by hyper- 
elliptic integrals ; also that the area of the curve with two 
nodes depends upon elliptic integrals. Some cases of the 
latter curve, or binodal quartio, as it is called, are, therefore, 
the most general curves of the fourth order, which we shall 
consider here. 

Of the binodal quartics, the most interesting is the curve 
called the bicircular quartic. This curve may be generated 
in the following manner: — 






Fig. 18. 

Given a conic, as in Fig. 18, and a fixed point 0, let S 
be the foot of the perpendicular from on the tangent at a 
point R of the conic, and let P, Q be two points taken on 
OS, so that OQ = p + y{p'-k'), OP ^ p - ^{p" - K"), 
where OS = p, and A: is a constant; then, as R moves round 
the conic, the locus of P, Q is a bicircular quartic. 

By using the formula, then, of polar co-ordinates, we 
have at once the expressions for the areas swept out by 
OPy OQ about the point 0, namely. 
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where w is the angle which 08 makes with OA. Hence we 
get 

8+8'=^ J(2y-A')(fai, (19) 

S - S' = 2Jj9-/(/-F)rfc. (20) 

Now, if the curve be an ellipse, as in the figure, we may 
write its equation 

^ + ^-1 = 0; 
and the tangent at the point a cos ^, i sin ^ is, then, 

- COS + 7- sin - 1 = 0; 

whence tan w = a tan / &, 

and rfa> = ahdi^ / (c? sin^ + 6'* cos' 0) ; 

, ha cos + aS sin - aft 

^ -v/ (^* sm' + ft' cos' 0) 

where a, j3 are the co-ordinates of 0. 
We thus get 

5+S'=aft[(2T'-A'ft'')^, (21) 

V 

S - )S'= 2aft [ r v^ (T' - F ft") ^, (22) 

where 

fta cos + flj3 sin - aft = T, a'sin'0 + &'cos'0 = ft'*. 

But putting tan i = ft, we have 

cos = -1 — ^2, sin = T J, rt0 = i i ; 
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end substituting these values in (21), we see that the sum of 
the areas is expressed by the integral of a rational function 
of fly and, therefore, depends upon logarithmio and circular 
functions. Again, by making the same substitutions in (22), 
the difference of the areas is expressed by an integral involv- 
ing the square root of a polynomial in /u of the fourth degree. 
This difference, therefore, depends upon elliptic integrals. 

We may observe that the integral which gives the sum of 
the areas is most conveniently expressed in terms of the angle 
cu. We have 

p + CN = a cos ai + j3 sin w, 

or j9 = acosw + j38inai-v^(a'cos'(i* + 6'sin*w), 

since CN - y/ (a* cos* w + &* sin* w) ; 

hence /8 + S' = J {a» + i3*+a*+ ft*-A;*+ (a*-/3* + a*- J') cos2o 

+ 2oj3 sin 2(1) - 4 (a cos (D + /3 sin w) y/ {or cos*^ 

+ 6' sin'w) } dw. (23) 

151. When the quartic has no finite double point, there 
are three fundamentally distinct figures possible, namely, two 
ovals, one of which is wholly inside the other, two ovals ex- 
terior to each other, and thirdly a single oval. In the first of 
these cases we find the sum of the areas of the two ovals by 
effecting the integration in (23) between the limits 27r and 
0, for then the point lies within the ellipse, and within the 
inner oval. We thus get 

S+S'= 2ir(€? + /3* + fl* + &* - le). (24) 

In the second case we proceed to show that the difference 
of the areas of the ovals can be readily obtained. The gene- 
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rating conic is now a hyperbola, and the curve is as repre- 
sented in Fig. 19. Drawing then two parallel tangents to 




Fig. 19. 

the hyperbola, we get the four points -4, 5, (7, 2), where a 
radius vector through meets the curve. Hence, if 

a cos ft) + ]3 sin ft) = 5^, y/^ (a* oos'oi - V^ sin'^oi) = A, 

where the sign of h^ is changed, we get 

0^ + 02) = 20iS'=2(^ + A), andOJ?+0(7=20/Sf = 2(^-A}; 

therefore, since 

OA.OD^k'^OB.OC, 

OD' - OC - {OB" - OA') « 16qA. 



we have 



But 



S'=|J(0£'- OA')dw, 



where the limiting values of vj are those given by A = 0, 

namely, 

tan ft) « ± a/b ■ tan A, say. 
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Hence 
iS- iS' = 8 (a cos w + /3 sin w) v^(a' cos'w - V sin'ai) dw 

= 8a v^(a' oos'w - 6* sin^cu) rf(Bin w) 

- 8/3 v' (a* 008*01 - 6* sin'oi) rf (cos w) ; 

but the latter of these integrals vanishes between the limits, 
and 

y/ (a* oos*w - 6* sin'to) d (sin w) 
= 2v/(a' + b^) [V(8in'^ - sin'oi) rf(sin w) 

by putting sin w = sin X sin 0. We thus get 

' - ''■ V^y M 

152. If in the preceding mode of generation of the 
quartic the constant k vanishes, the locus is evidently a curve 
similar to the pedal of the point with regard to the conic, 
where by the name pedal we denote the locus of the feet of 
the perpendiculars drawn from a point to the tangents of a 
curve. In fact, then, in Fig. 18, P coincides with 0, and 

OQ = 20S. 
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Now, siiioe j7, oi are the polar co-ordinates with regard ta 
of the point 8 on the pedal, we have for the area 2 of that 
curve 

so that the area of the pedal is equal to a fourth part of the 
area of the locus of Q. 

If lies within the ellipse, the inner oval shrinks into the 
point 0, when k vanishes. Hence, by taking the fourth part 
of the area given in (24), we have for the area of the pedal 

Again, if lies without the conic, the pedal has for a 
crunode, and (24), it is easy to see, gives the sum of the 
areas of the two loops of which the pedal then consists. Also 
(2^) gives the difference of the^areas of these loops ; so that 
we get for the area 2 of a loop the expression 

S = ^{a'-6'.a»./3'±-^^j. (26) 

where we have changed the sign of b\ 

153. We proceed now to consider the special case of the 
ellipse of Oassini, a curve which is defined as the locus of a 
point, the product of whose distances from two fixed points 
Fy F is constant. There are two forms of this curve to be 
considered separately, namely, if jF!F'= 2(j, and the constant 
product equals m\ when m > c^ the curve consists of the 
single outer oval in the figure, and when m < Cy it consists 
of the two conjugate inner ovals. Taking the Qri^:^^iC!^ 

2i 
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the middle point of FF'j the polar equation of the curve is 




Fig. 20. 



easily found to be 



from which we get 



(27) 



When m is > c, we must always take the positive sign; 
and then if iS is the whole area of the oval, we have 

iS = i[ '' {c*cos2fi + v/(m* - c' sin»2fi)}rfe = 2 w'jE, 

where the modulus of the elliptic integral is c'/m*. 
When m is < c, if CP'^r, CP = /, 

r'-r"^ = 2v/(m*-c*sin?2e); 

and if S is the whole area of either of the ovals, we have 

S = r -/(m*-c*8in'2e)c^0, 

where sin 2a = w'/c', that is, the angles ± a determine the 
tangents drawn from C to the oval. 
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Hence, putting c* sin 2 fl = m' sin 0, we get 

Jo v/(c*-w*sm*^) ^ '' 

where A, the modulus, is equal to m^l<?, 

154. We now proceed to demonstrate a geometrical 

theorem connecting the area of the oval of Cassini with 

that of the Lemniscate; namely, if a variable concentric 

Ijemuiscate 

r* = fl cos 2 + 6 sin 2 Q 

touch the Cassinian oval 

,^«2cVcos2e-A;*= 0; 

then it cuts off a constant area from the oval 

r*-2c'r'cos2e-*'*=0, 
where k' < k. 

Let S be the area PAB cut off by the Lemniscate from 

p 




Fig. 21. 

the curve r* «= 0(0), then evidently 



5 = if '{acos2e + 6sin2e-0(e))rfe, 

where the limits 9i, 02 correspond to the radii vectores CAy 
CB ; that is, are determined by the equation 

acos2fl + 6sin26l-«f(0]=O, 



< 
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Now if the Lemnisoate ABC touch an envelope, a and h will 
be oonneoted by a certain relation, so that we may consider 
both these quantities as functions of another variable t. If 
then the area remains constant while the Lemniscate varies, 
we must have 



d8 
dt 



^"^[.j^^^'^^^'^'y^ 



by Art. 121, as the quantities outside the sign of integration 
vanish by the equation which determines the limits. Hence, 
performing the integration and dividing by sin (9i - 0i), 
we get 

J cos(Ox + ».)+§ sin {B, + ^^) = 0. 

But if we seek now the point of contact of the Lemniscate 
with its envelope, we have, by differentiating its equation 
with regard to ty 

^co8 2fl + ^8in2fl = 0; 
at dt 

therefore, eliminating da/dt, db/dt from this and the preced- 
ing equation, we obtain 261 = 9i + 6I2, or the radius vector CP 
drawn to the point of contact P of the Lemniscate with its 
envelope must bisect the angle between the radii vectores 
CAt CB, The theorem, then, which we have stated above 
will be demonstrated, if we show that the condition which 
we have just arrived at holds, when the envelope of the 
Lemniscate is a Cassinian oval, and the inner curve is 
another Cassinian, having the same foci, Fy F, 

Now, eliminating r' between the equation of the Lem- 
niscate, 

r' =: a cos 20 + i sin 20 



AREAS OP PLANE CUHVES. 253 

and that of the Cassinian 

r*-2cVoos2e-*'*=0, 

we get a result which may be written 

{V - *'*) tan»2e + 26 (a - (?) tan2e + a« - 2c»a - *'* = 0; 

and this equation gives the values of tan 20i, tan 203, so that 
we have 

tan 2e, + tan 202 = ^ \f^ ^^ 

tan 20i tan 20, = — _ ^,^ — , 

from which we get 

f«,.9^A . nN tan 20X + tan 20. 26(c»-(i) 
tan^^t/, + t^.) - i_ tan 20, tan 202 ~ b^-a^+2c^a' 

We see thus that 0i + 02 is independent of k\ and, therefore, 
equal to 20, where is the angle which determines the radius 
vector to the point where the Lemniscate is touched by a 
Cassinian oval of the system obtained by varying k' ; and 
this is what was to be proved. 

It is to be observed that this theorem will hold equally 
well if each of the Cassinians consists of a pair of ovals. In 
both cases, as we have seen, the area of the Cassinian 
depends upon elliptic integrals, and the area of the Lemnis- 
cate is algebraic, so that the results we have arrived at afford 
a simple geometrical illustration of the comparison theorems 
of these integrals. 

155. If a quartio have two real nodes at infinity, its 
equation may be written in the form 

y»(<Rr' + bx+c) + y (aV + b'x + c') f aV+ 6"« ^ c" -Q^ 
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where the axes of oo-ordinates are taken parallel to the direc*' 
ticn of the nodes. In general the axes will be oblique, but 
there is evidently no loss of generality in supposing them to 
be rectangular in finding the value of the area, as the two 
expressions (1) and (3) are in tlie constant ratio sin m. 

Solving then this equation ior y, if ^i f/^ are the roots, we 
get _ 

axt -k bx ^ c 
where (fl'aj* + 6'2? + c7-4(flraj» + Ja? + c)(aV + 6"ir + «X, 

and we have then the expression 






8 



for the area intercepted between the curve and the lines 

0? - a^i = 0, X - X2 = Q. 

Examples. 

1. If the quartic 

consist of two ovals exterior to each other, show that their areas are equal. 

2. The quartic 

(a;' + y' + A:y = 4(a«a:HiV^), where a>h>k^ 

consists of two concentric ovals ; if /S is the area cut off between the ovals, a 
radius vector y = x tan w and the axis of Xy show that 

i(a'-*')V(«'-^y°»co«»A(») 



V(a2~*2) yr> bMia^-k') 
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where tan ^ s d Unuja^ m s (a^ — d^) /^> 

and X, the modulus, is equal to 

*V(a«-*2)/dV(a«-*»). 

3. Thequartic 

(a^ + y2 + a2-i2)2 = 4(a2a;»+iay«), where 2b^>a^, 
consists of two concentric ovals ; show that their areas are 

respectively, where the modulus is (a- — i*) /&*. 

4. If the Cartesian 

r* - 2r(a + i coad) + **= 

consists of two ovals, one of which is wholly within the other, show that th« 
sum of their areas is equal to 2ir(2a2 + J2 _ ^2), 

5. 11 k*>a^ b'^f show that the whole area between the curve 

(a?-»»)(y» + i«) = Ar* andthelines a2_a;5=0 is 4*22?, 

where the modulus is a&/ A;'. 

If I^<a^l^, show that the area between one branch of the curve and the 
adjacent asymptote is 2k^[jE-(l''\^)K], where the modulus X^k^jab, 

6. Show that the whole area of the loop of the curve 

x^y^-k- a^ x^ -¥ ll^y^ - 2ab coBec2axy = is 2a3(cot 2a+co8eo2alogtana). 

7. Show that the whole area between the curve 

and the lines d? = a, a; = jS, is wk{a + fi). 

8. Show that the whole area between the curve 

y«(a-a;)(a;-i8)-A;* = 0, 
and the lines xsa a, x = 0, is 2irk\ 

156. We now proceed to consider an important class of 
curves, namely, those called unicursal. A curve of this 
nature is such that the co-ordinates of any point on it Q!^si\^ 
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expressed rationally in terms of a parameter. It is evident 
then that the expression for the elementary area will be a 
rational differential, so that the areas of these corves can 
never involve higher transcendents than logarithms and dr- 
cnlar functions. 

In fact, suppose we take 

''-j, y-j, (29) 

where /i, /i,/are three polynomiab in the variable of the 
n*^ degree, or are homogeneous expressions in two vaiiableB 
X, jLc of the same degree, then the locus of the point ^ is a 
curve of the n*^ order ; for if we seek the points where a line 
aJ? + j3y + 7 = meets the curve, we get q/i + /3/i + tf- 0, 
that is, an equation of the n^^ degree, to determine the points 
of intersection ; and this shows that an arbitrary line meets 
the curve in n points. For the area then swept out by the 
radius vector from the origin, we find 

dS= i{(x^dj/-i/dx)=^xt/dlogl-] 
hence we get 

dR^Li'^A^A^ ^A ^\ (^^/i - fid\) 
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80 that, putting 

dX dfi dfji d\ 
we obtain 5^|«Z(^fcif^^ (30) 

where we may take either A or /ti equal to unity, or, in fact, 
assume any relation between X, ju, according to oonvenience* 

In treatises on curves it is shown that a unicursal curve 
of the rf^ degree, has the greatest number of double points 
which a curve of that degree can have, and that in general 
there are two parameters corresponding to each double point. 
If, then, there is a loop of the curve terminated by a real 
double point, as in Fig. 10, we find its area by taking the 
integral (30) between the limits corresponding to the two 
parameters of the double point. 

The unicursal curve of the third degree has one double 
point, and that of the fourth degree has three double points. 
Of these curves we have already considered some special 
forms among the examples, and in each case, as a verification 
of the preceding results, we may notice that the area involves 
no higher transcendents than logarithms or circular functions. 

Examples. 
1. To find the area of the loop of the quartic curve 

In this case the loop has its corresponding node at the origin, the values of 
the parameter for that point being a>, 0. We find then 

^o^(__i_ 1 ) ^dB 

2k 
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whence we get 

^" 2(a»- d») (^ + 0^ "^ •»+ ^) ■*■ 2(«»- 4»)»^ V«M^/ 

M tlie gODeral ezpxesdon for the area. Heooe^ patting 0, oe>, successively for $, 
we have fbr the area of the loop 






2. Show that the whole area of the corre represented hy the equations 

e I . w 

* e«+a^' ^''«3+*2 ^ bla-^bf 

8. Aleopof thecurve 

0(aef^ + 2//^ + r) e(a'«2+ 2yo + c') 

JS as . «/ s= ^ 

1 + fl* ' ^ 1 + d* 

has its node at the origin ; show that its area is 



8V2 * 

157. There are several oases in whioh, when we generate 
a new curve from a given one by some geometrical method, 
we can find the expression for the area of the former curve 
in terms of the area of the latter, and some other simple 
expressions. For instance, suppose we transform a curve by 
substituting y + 0(iP) for y, where 0(a?) is some function of a? ; 
then, by the formula (1), the difference of the corresponding 
areas is 



1: 



<p (x) dx. 



Hence, if we assume^ (a;) so that this integral is known, the 
area of the generated curve can be found, when that of the 
given curve has been obtained. It may be noticed that if 
^(;2;) is a rational function of Xj and the given curve consist 
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of a closed oval, the areas of the two curves will be equal ; 
for if i/i, t/2 are the values of y corresponding to the same 
value of X for the given curve, and y'l, y'2 the similar values 
for the generated curve, we have 

hence J/'i - J/'a = ^i - ya, 

and /(/i - y'a) dS» = !{t/i - ya) dx. 

Hence, from (4), and since the limiting values of x are 
evidently the same for both curves, the result stated above 
follows at once. Several of the examples already given are 
particular cases of the application of this method. 

158. In the case of polar co-ordinates, we may notice 
a few transformations. If we measure out a constant length 
k on the radius vector from the point on a curve, we have 

for the area of the locus of the extremity, the double sign 
corresponding to the two directions in which k can be mea- 
sured. Hence we have, if S, S are the entire areas, 



S - 5 - TT** 



± k pr^e, 



the given curve being supposed to be an oval enclosing the 
origin. In this case, then, if 2, 2' correspond to the positive 
and negative values of k^ we get 

Again, if, leaving unaltered, we put v^(r' - F) for r, we 
have 

for a portion of the sectorial area of the generated curve. 
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Also, if we change into nOj and leave r unaltered, 
VfQ have 



J » n 



that iSi the area of the generated curve is equal to the 
n^ part of the oorresponding area of the given curve. 

EXAXPLBS. 

1. Show that the whole area bounded by the loops of the corye 

(my + oa;« + i8af)«-a^(a2-aj») = is 4a»/3«f. 

2. Show that the sum of the aieas of the two oyals of the curve 

r»-2(*+acos0)r + 2aicos0 + <r» = O is 2ir(2ia + a* - ^). 

8. Show that the area of one of the oyals of the curye 
r«-2«rcos3e + a2-9;fe2-o jg ^^2, 

4. If from a given oval curve we generate two other ovals, by putting 
r + V^'(^) for r, and leaving iinaltered, show that the sum of their sectorial 
areas, minus double the corresponding area of the given curve, is <t>(Oi) — 4> (62), 
where $1, $2 determine the limiting radii vectores. 

159. We consider here the expression for the area swept 
out by a radius vector round an origin, in the case in which 
the curve is given as the envelope of the line 

To find the point of contact of this line, we have, by diffe- 
rentiating in accordance with the theory of envelopes, 

a? sm ai - y cos w + •— = 0, 

dx . dt/ ^ 
cos w 3- + sin 01 -J- = 0. 
ato atat 
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Agaiiij 



dx 



dy 



d^p 



• vmC' \Aftf • ** Z' /V 

SHOO -^ — COS 01-7^ + a;o()S(ii + ysma> + ^j-j « 0, 



tifcil 



^01 



c^cu' 



or 



dy 



dx 



d^p 



oos 013 — smoiT- =|)+ ;^-i. 

aoi aoi aoi 



Now we have, identioally, 

xdy ydx 
dia dw 



( . \f dy . dx\ 

(a?oo8a> + ysmftij(oos w -r^ -sm w ^ 1 

+ fa?Bmiii-yoosaiJ(co8a>— + sinai-T^] 

from the equations given above. But there is 

d fpdp\ pd^p fdpV 
dfo \d(M) J rfoi* \d(M)J ' 
so that we get 

s-i|(^,-y*)-iS4|{p--(|)>., (31) 




or 



Fig. 22. 
8 - OPiSf + i J (05* - OiP)rfai, 



if y as in the figure, iS, 22 are the feet of the ^r!2eudicraLu& 
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from on the tangent, and nonnal, respeotiYely, at the 
point P of the curve. By means of this result, we can find 
the area of a curve, when the perpendioular p is given as a | 
function of oi. And it may be observed that, in general, we ^ 
have for the area S of a closed oval curve, if we write q for 
OB, 

S-i^yp'-f)da^, (32) 

as the area OPS vanishes between the limits. 

160. As an example of the use of the formula (31), let 
us consider the curve parallel to a parabola, where, by the 
curve parallel to a given one, we mean the envelope of a line 
situated at a constant distance from the tangent of the given 
curve. The parallel is thus obtained by substituting p±h 
for j9, and leaving lo unaltered in the relation connecting 
p and w for an assigned curve. Now, for the parabola refer- 
red to its focus as origin, we have p = mfieo cti, and hence for 
the parallel curve, we get 

p = mBeoa) ±k. 

Applying, then, the formula (31), we have, for the area, 



^ m sin (jj f m 
2 cos* u) Vcos (o 



^) 



1 r( m* m*sin^w 2km ,,) . 

2 J ( cos' (jj cos* w cos 01 ) 

= m' (tan w + I tan^ w) ± km (log (sec ai+ tan w) + ^ sin cd sec* w) 

+ iA'ca, (33) 

the constant being de\^i\mii^d) ^<^ th&t fif vanishes with <o. 
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If we write this expression for S in the form 

A±Bk-¥ Ck\ 

it is evident that A is the area bounded by the oorre- 
sponding part of the arc of the parabola, and henoei that 

Bk + CK'-ikq, £k -- CK" - i kq, 

are the values of the strips of area Ijing between the para- 
bola and the two branches, respectively, of the parallel curve 
arising from the double sign of L The difference of these 
strips is, therefore, 2 Cft' or i^cu, which is thus always finite, 
although each strip ultimately becomes infinite, when to is 
made equal to v/2. 

161. Again, as an example, let us consider the central 
negative pedal of an ellipse ; that is, the curve enveloped by 
the perpendiculars erected to the central radii vectores at 
their extremities. 

The ellipse being written in the usual form, 

a^ b^ • 

we have, for the negative pedal, 

ab 



v^(a* sin' w + 6* cos'w) ' 

Hence we get 

dp ^ ab {a^ - J') sin cu cos w 
du) {a^ sin* cu + 6* cos'* w) 8 ' 

and therefore, from (32), if 8 is the whole area, 

8^— n ^ (a^-6')'sin^coco8^ai | 

2 Jo (a'sin*iii+6*cos*ai (a*8in'w+ft'co8'ojV\ 
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This integral is most easily evaluated by the method 
of Art. 67, namely, by means of the substitution, 



ootcii- aoot^/b. 



We thus get 






8ab 



(10a«6«-a*-6*). (34) 



It is to be observed that, in this result, 26' is supposed 
to be greater than a% the curve being then as the inner 
oval in the figure. 




Fig. 23. 

If this were not the case, the curve would have loops, and 
the value (34) would then express the difference of certain 
areas. 



AREAS OP PLANE CURVES. 265 



Examples. 

1. Show from (32) that in general the whole area of the pedal of the evolute 
of a given closed curve, with regard to an internal point Oj is equal to the ai'ea 
enclosed hetween the curve and its pedal with regard to 0. 

2. Show that the whole area of the pedal of the evolute of an ellipse is 

where a, h^ are the semiaxes of the ellipse, and 8 is the distance of the origin 
from the centre. 

8. Show that the whole area of the curve 

{4(a2 + *2-ai)-3(a;»+y'J)}3={9(2i_a)a;'^H-9(2a-J)y« 

-4(a + *)(2flf-i)(2*-a)}8, 

where 2i > a, is ^ (10a* - a' - i'). 

o 

This curve is the envelope of the line 

a;cosw + ^sin» = a cos^o; 4- h sin^». 

4. Show that the whole area of the curve 

(a;? + y2)2 j^%b(x^ - Zxy^) + 18*2 (a;2 + y2) - 27** = is 2ir.2. 
This curve is the envelope of the line 

a; cos » + y sin or = * cos 3». 

5. Show that the difference of the areas lying hetween a closed oval curve 
and the two parts of the parallel curve on either side is 2vk'^ where k is the con- 
stant distance from the parallel curve. 

6. Show that the sum of the areas of the ovals formed hy the curve parallel 
to the ellipse at the distance k is 2ir(A;2 + ab\ where a, * are the semiaxes of the 
ellipse. 

7. If iS^i, Si are the whole areas of the pedals of a curve and its evolute with 
regard to a point 0, show that the whole area of the locus of the feet of the 
perpendiculars from on the lines inclined to the curve at a constant angle a is 

8i cos' a + iSisin^a. 

2l 
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8. If ^ is the area lying between a curre and its negative pedal with regard 
to an internal point, show that, in general, 



»-^r («)■«• 



where r, B are polar co-ordinates. 

To find the values oi Sin the case of the ellipse, if a cos ^, 3 sin ^, are the 
co-ordinates of a point on the curve, and a, $ those of the origin, we have 

!•» = (a - a cos <l>y + (iS - * sin ^)-, 

ftsin^-iS 

tan = . 

a cos4> - a 

Hence r — ss aa sin ^ - ft/3 cos ^ - (a* - d-) sin ^ cos ^, 

d$ 
fSr-so^- bacoB^^a$ sin^. 



We thus obtain 



»-iir(S) t*-ii 



1 fa» {tfasin^-ft/Scos 4>-(a^--y) sin^cOB^)^^ 



ad - 6a cos ^ — a/3 sin ^ 



The evaluation of this definite integral presents no difficulty, but the actual 
labour of doing so would be tedious. If /3 » 0, we have 

" 26 Jo a~ ac08 4> * 

which, by putting 

(^ + m cos ^ + n cos'4> + p cos'^j) (a - o cos <t>)-^Q ^or sin'^ { aa - {or - b^) cos <>}' 
gives 

We then find the values of /, », and q by equating the coefficients in the 
identity just written down ; and we thus get finally 

i5=^j2(a2 + (j»)a*-(c* + 4a»c2)a2 + 2aV-2fl(a«-tf«)«V(«*-a»)}, 
where c» «= a* - b\ 
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9. Shon^ that the whole area between the curve r{t^ cos' 6 + V^ $ar?B) = A;*, 
and its negative pedal with regard to the origin is 

irJt>(a^-y)«(gU g») 

10. Show that the whole area between the curve kr » a'co8'0 -f 3* sin'^ and 
its negative pedal with regard to the origin is 

ir(a«-y)» 
2Ar' • 

162. In connexion with the subject of pedals, we give 
here Steiner's relation connecting the areas of the pedals of 
a closed curve with regard to different internal points, 0, (X. 
Let Pj zj be the values of the perpendiculars for these origins, 
respectively, then we may write 



^■i 



2ir 2 r2ir 

' -^Jo 



but 

w = /} - a? cos oi - y sin 01, 

where Xy y are the co-ordinates of 0' with regarl to rect- 
angular axes drawn through 0. Uence we have 

1 r» 

^° o {^oos'w + y* sin' Of + 2xy sinoi oosoi 

- 2jt?(a?cosiM + y sinoij + yjrfoi 

= |(^+y*)-ctr-^y + 5, (35) 

where we have written a, /3 for the definite integrals 

7? COS wduny p sin oi^oi, respectively. 
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This result shows that when we are given the area for one 
origin, and the values of the corresponding definite integrals 
o, j3, then we can at once obtain the area of the pedal for 
any other origin. Again, from (35), we see that if the 
area S" of the pedal of a closed curve with regard to a point 
(y be given, the locus of (X is a circle, whose centre is the 
same for all values of S\ If the origin be taken at the 
centre of this circle, the constants a, j3 disappear. The area 
of the pedal is then a minimum, and the area of the pedal 
with regard to another origin is equal to the minimum area 
plus double the area of the circle described on the line join- 
ing the two origins as diameter. 

163. If the given curve be not closed, or if we consider 
the area of a portion only of the pedals, the limits of inte- 
gration will be different — say they are wi, 012. If then we 
write 









Wl 



tt>, 



w, 



sin' wdto = b, sin w cos ojdto = h^ 



1 



a>i 



1 

p sin lodu) = j3, 



p cos (jjdu) = a, 

we have 

«'= i [a^^ + 6y» + 2 hxy) - ax - (ip -¥ 8, (36) 

where 8, 8^ are now the areas of portions of the pedals cor- 
responding to the same limiting values of w. 

The locus which was a circle in the preceding case is thus 
replaced by a conic. This conic, it is easily shown, is an 
ellipse ; for, if we take the actual values of a, 6, h, we find 

4 [ab - A') = (oil - W2 + sin (oii - <i;2) cos (wi + 0)2) } 
{wi — W2 - sin (wi - W2) cos (wi + 012)) 
- sin* (toll - W2) sin'* {wi + W2) = {t*)i - (»>2y - sin' (wi - toi2) ; 
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that is, ab - h? is always positive, and this, as is shown in 
treatises on conies, is the condition that (36) should represent 
an ellipse. 

164. There are two interesting theorems of Steiner's con- 
cerning the connexion of the areas and arcs of roulettes with 
those of pedals. The theorem on the area is : If a closed 
curve rolls on a right line and makes a complete revolution, 
the area between the line and the locus of a point rigidly 
connected with the rolling curve is equal to double the area 
of the pedal of with respect to the curve. 

To prove this, we remark first that we get from (31) 



or 



ds 

s 

dt»} 


■.p + 


d^p 
dw^' 


d{8 

7 


-9) 


"P, 



(37) 



by putting pds for 2dSy where ds is the element of the arc 
of the curve. 

Now, if P is the point of contact of the rolling curve in 




Fig. 24. 



any position, and -4, if; -4', If', are the positions of 0^ V^ 
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* 

initially, and after a complete revolution, respeotivelj, we 
must have 

arc rP = MP = MN^NP, or«-y-Jfi\r, 
where 

VP^s, NP = q. 

Therefore, from (37), we have dx =pdwy where 2;, y are the 

co-ordinates of with regard to the areas MA^ MN. Hence, 

since f/ = p^vfe get 

ydx ^ p^d(jj\ 
and if 



ra p2ir 



dtOf 



which is the statement in symbols of the theorem concerning 
the areas enunciated above. This theorem, combined with 
that of the preceding Article, vsrill give several results con- 
cerning the areas of roulettes ; for example, we infer that if 
a curve roll on a right line, there is one point connected with 
the curve for which the entire area of the corresponding 
roulette is a minimum; also that the area of the roulette 
corresponding to any other point exceeds this minimum area 
by the area of a circle whose radius is equal to the distance 
between the points. 

Examples. 

1 . If the sum of the areas of the loops of the pedal of the point with regard 
to the cardioid r* = a^ cos JO is a minimum, show that is given hy the equa- 
tions = 0, r = iaf and that the corresponding sum of the areas is 27 ira^l64, 

2. If the sectorial area hetween the pedal of a closed curve and two radii 
vectores drawn through a point P paraUel to given directions is a miniTmini^ 
show that P is a determinate point, namely, the centre of the ellipse (36). 
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3. Show that the axes of the ellipse (36) are the bisectors of the angles 
between the bounding radii yectores of the areas. 

4. Verify the expression for the area of the cycloid by means of Steiner's 
theorem on the areas of roulettes.. 

5. If an ellipse roll on a right line, show that the area of the roulette 
described by its focus in a complete revolution is double the area of the auxi- 
liary circle. 

'6. If an ellipse roll on a right line, show that the area of the roulette 
described by any point rigidly connected with it is equal to the sum of the 
areas of the director circle, and a circle whose radius is equal to the distance of 
O from the centre of the ellipse. 

7. If a closed curve roll on another the same as itself so that corresponding 
points are always in contact, show that the area of the roulette generated by a 
point is equal to four times the area of the pedal of 0. 

165. We now come to the oonsideration of several theo- 
rems conoeming the areas swept out by Knes which vary 
subject to certain conditions. For this purpose the funda- 
mental theorem is the formula (6) ; the difference in this 




Fig. 25. 

case being that in Fig. 13 instead of being a fixed point is 
the ultimate intersection of the lines OP^ OQ, that is, the 
point of contact of OP with its envelope. Integrating then 
between the limits a, j3, we get, if P, P' are two points on 
the envelope, 

pp'QQ'=^pr'rfe, (38) 



area 
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where the tangents PQ, P'Q' in the figure correspond to the 
angles a, jS, and the points Q, Q' lie on a curve which is de- 
fined by some relation connecting the length r of the tangent 
with the angle 0, which it makes with a fixed line. 

166. For instance, if we measure out a constant length a 
on the tangent to a given curve, we find 

|(a-^) 

as the expression for the area included between two tangents, 
the curve itself, and the generated locus. Hence the whole 
area between a closed curve and either branch of such a locus 
is Tra'. We say either branch, because there are two branches 
arising from the directions in which the length a may be 
measured. These two branches obviously intersect each 
other at certain points, from which the tangents drawn to 
the given curve have the same length. We see thus that 
the algebraic sum of the areas of the loops between the two 
branches is equal to zero. 

167. Again, if we seek the area 8 included between a 
curve, two normals, and the evolute, we have, from (38), 



8^\ 



"a. 



p'dd, (39) 

/3 



where p is the radius of curvature, and the angle turned 
through by the normal. 

As an example, let us consider the ellipse ; then the de- 
finite integral 
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by known properties of the elKpse, where 

will evidently give the sum of the areas of the curve and its 
evolute. Hence, if /S, S are these areas respectively, we 
have 

8+ S = 8^r{«'+ *'- (a-- i'') cos 20)^/0 



4ab 
from which, since 8 = iraJ, we get 

Sir {a^-b'y 



S = 



8ab 



Examples. 

1. If a length be measured out on the tangent to a given closed curve equal 
to the parallel radius vector from an internal point of another closed curve, show 
that the area between the first curve and either branch of the generated locus is 
equal to the area of the second curve. 

2. If a length be measured out on the tangent to a given closed curve pro- 
portional to the square root of the radius of curvature, show that the area be- 
tween the curve and the generated locus is proportional to the perime.er of the 
curve. 

3. If the portion of the tangent of a closed curve intercepte 1 on an outer 
curve is bisected at the point of contact, show that the area cut off from the 
outer curve is constant. 

4. Show that the integral 

3 px (« + ^-)'^» 






V(4a«-&-) 

gives an expression for the area included between the cardioid 

r* = «*cosJ^, 
two tangents, and an involute. 

2^ 
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168. We now give a general theorem conoeming the 
areas intercepted by a pair of lines on two curves of the 
same degree which are connected in a certain manner. This 
may be stated as follows : — Let 0n = 0, 0»-3 = 0, denote two 
general curves of the n** and {n - 3'*) degrees, respectively ; 
then, if a line meet the curves 0n = 0, 0^ + kipn^ = 0, 
in the points a^ i, c, &c. ; fl', i', c\ &c., respectively, and 
another line meet the same curves in the points a, /3, y, &o. ; 
n', j3', y\ &o., respectively, then the algebraic sum of all the 
areas aa'aa\ bb'fiji^ &o., is equal to zero. To prove this, let 
the curves referred to an arbitrary origin be transformed to 
polar co-ordinates. We may write then 

0n^ = jBo^*""' + Bi^^^ + ... + Bn^ ; 

and from these equations we see that if we seek the points 
where any radius vector meets the curves 0n = 0, 0„ + A0„_3 = 0, 
the sum and the sum of the products in pairs of the roots of 
the determining equations are the same ; for the coefficients 
of r**, ^^"S ?^"* are identical in each case. 

Hence the sum of the squares of the roots also will be the 
same ; so that we have Sr' = 2r'', which may be written 

where 7*1, r^y &c., are the roots of one equation, and r/, r/, &c., 
those of the other. Hence, multiplying the latter equation 
by rf0/2, where is the angle through which the line turns, 
and integrating between the limits ^i, ^2, we get, from (38), 
the result stated above. 

We may evidently connect in pairs the roots of one equa- 
tion with those of the other in any order ; but these various 
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modes of arrangement would merely give us diflEerent state- 
ments of the same result. If, however, k be taken sufficiently 
small, the two curves will be separated from each other by a 
smaU interval, and it will be then most convenient to connect 
the points which lie immediately adjacent to each other. 

169. For example, let us consider a cubic, 03 = 0, consist- 
ing, as in Fig. 26, of an oval and an infinite branch. The 
adjacent curve in this case is the cubic 03 + A; = 0, which is 
obviously a similar curve, having the same asymptote. 

Drawing then two lines through the point to meet the 
two curves in the points 

A,B,C, A^B'.CT; D,E,F, D^If.F', 

where the letters with accents refer to points on the outer 
curve, and those without accents to points on the inner, the 




Fig. 26. 

theorem^given above becomes in this case 

area A' ADD' = area BFITE + area CC'F'F. 
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Similarly, if the point lies on the left side of the outei 
oval, or between the same oval and the infinite branch be* 
longing to the inner, the difference of the areas intercepted 
between the ovals vnll be equal to the area intercepted be- 
tween the infinite branches. Again, if is interior to the 
inner oval, the sum of the areas intercepted between the ovals 
will be equal to the area intercepted between the infinite 
branches. 

As a special case, let us consider a line touching the inner 
oval at 0, and meeting the outer oval in A^ By emd the infi- 
n*te branches in C7, CT', respectively. 

We have then 

whence 

[''(0-4' + OB") di^ = r{OC''' OC) rf^, 

the interpretation of which is, it is easy to see — ^The area 
between the two ovals is equal to the area between the 
two infinite branches. 

If the cubic have any other of its various forms, there 
is no difficulty in determining the corresponding relations 
between the areas. 

170. Proceeding now to curves of the fourth order, we 
mention in particular the following result: — 

Let CT = be a curve of the fourth order, consisting of 
two ovals, one within the other, and let 27 + Ai = be a 
similar curve, where i is a line which does not meet U in 
real points; then the areas of the two spaces between the 
ovals of these curves are equal. To prove this, let be a 
point of contact of a tangent to the innermost oval ; then if 
this tangent meet the other ovals in the points A, B, Cy D; 



AREAS OF PLANE CURVES. 



277 



A\ ffj where the accented and unaccented letters refer to 




J'ig. 27. 

points on different curves, respectively, we have 

OA^ + OF^ = OA^ + OB' + OC' + 0D\ 
from which we get 

r^OA'' - OA' + OF^ - OB') di> = [''(00^ + 02)*) rf^ ; 

but each of the integrals 

Jo Jo 

is equal to double the area between the outer ovals, while 



1' 



{OCU OI)')d(i> 



is equal to four times the area between the two inner ones ; 
so that the result we have stated above follows at once. 

171. We now mention Mr. Holditch's theorem on areas. 
This theorem enables us to express the area of the curve 
described by a point P in terms of the areas of oertain closed 
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onrves described by two other points A^ By the point P being 
a fixed point on the Kne A By which is of given length. To 
obtain the required expression, let AP = a, PB = J, and let 




Fig. 28. 

be the point of contact of the line AB with its envelope ; 
then if 8, 8iy Sz, £ are the areas of the curves described by 
the points P, A, By 0, respectively, we have 

Si - S = J rOA'di> = I r(r - aydi^y 



«.-:s-ij 


'"' 1 

^J 


'2w 

(r + i 






OI-d<i> = t 

^^ 


'2n- 




where OP = r. 

Hence we get 

= 7ra6 (a + J) ; 

^ flfSj + i'Si - nab {a + J) 
-/ + 5 



-(a + i)r*}rf0 



or. 



(40) 



In this result the rigid line APB is supposed to return 
to its original position after making a complete revolution ; 
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but if this be not the case, the formula (40) must be modified. 
Thus, if AB return to its original position after making n 
complete revolutions, we must substitute utt for w in (40); 
and if it does not revolve at all, but returns after having 
reached a stationary position, we have n = 0, and we get 

^ a82 + bSi 

o = ; — . 

a + 

From the latter result we see that if the rod AB move with 
its ends on the same curve, or on two curves of equal area, 
and return to its original position without making a revolu- 
tion, then any point P of the rod will describe a curve of 
equal area. 

Again, if in the first case the ends A, B lie on the same 
curve, we have, from (40), 

/Si — /S = nfihy 

which result may be stated thus : — If a chord of given length 
move inside a closed curve, having a tracing point at the dis- 
tances tty b from its ends, the area of the space between the 
two curves is equal to that of an ellipse whose semiaxes are 
a, b. 

Examples. 

1. Each of the cubics <> = 0, 4> + A; = 0, consists of an oval and an infinite 
branch : if it be possible to draw two lines through a point so as to intercept 
equal areas between the. ovals, show that must lie between the infinite 
branches, or within the inner oval. 

2. If the cubic ^ = consists of an oval and an infinite branch, and the 
cubic ^ -I- A; = has a conjugate point within the oval, show that the area 
between the two infinite branches is equal to the area of the oval. 

3. Fis a cubic represented by 17X — A; = 0, where 17 is an ellipse and L a 
line. If ^ is the area of the oval of F, and A' the area between the infinite 
branch and the asymptote L ; show that the difference of A^ A' is equal to the 
area of the ellipse ZT*. 
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4. If the cubic L (x^ + w'^y*) - k = has an oval, where L is a line, show 
that the area of the oval is equal to the area between the infinite branch and 
the asymptote X. 

6. The axis of x meets the oval of the cubic («-a)(a^ + y') — i'sO in -4,-B, 
the infinite branch in C, and the asymptote x - a ^ in. D. If the tangent at 
a point P of the oval meets the infinite branch and asymptote in Q, S, respec- 
tively, show that the area QBCD is double the area BPSO^ where is the 
origin, and S is the foot of the perpendicular from on the tangent at P. 

6. The equations S^O, X = represent a circle and a line, respectively ; 
show that the sum of the areas of the ovals of the Cartesian j8^ — X s= is 
equal to double the area of the circle S. 

7. The equations 17*= 0, ^=0, X = represent two ellipses and a line, 
respectively. If the quartic curve UV — X = consists of two oyals, one 
wholly within the other, show that the sum of the areas of these ovals is equal 
to the sum of the areas of the ellipses. 

8. The extremities A, B of a, line of given length moye on curves of equal 
area Sf AB being supposed to return to its original position after a complete 
revolution. If 2 is the area of the curve described by a point Pof the line ABj 
show that 1$ - 2 is equal to the area of the ellipse whose semiaxes are AP, PB. 

9. If the extremities A^ Bofa, line of given length return to their original 
positions on certain closed curves without completing circuits, while the line 
AB itself makes a complete revolution, show that the area of the curve described 
by a point P of the line AB is equal to the area of the ellipse whose semiaxes 
are AP, PB, 

10. Tangents to a closed oval curve intersect at right angles in a point P; 
show that the whole area between the locus of P and the given curve is equal 
to half the area of the curve formed by drawing through a fixed point a radius 
vector parallel to either of the tangents and equal to the chord of contact. 

11. A line of given length k moves with its ends A, B on & given closed 
curve ; if is its point of contact with its envelope, show that 

(27r 
OAd(ft = irkj 
.0 

where (p is the angle which AB makes with a fixed line. 

12. A chord AB oi the cuiTe 

r' = a2 cos* e + *« sin' $ 

subtends a right angle at the origin ; show that the locus of the middle point of 
Ajff divides the area of the given curve into two equal parts. 
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172. It is usual, in treatises on the Integral Calculus, to 
give some account of the methods of approximating to the 
value of the area enclosed within a given boundary. The 
simplest way is to draw a sufiBicient number of parallel 
ordinates at equal intervals, and then consider the curve as 
coincident with the sides of the polygon formed by joining 
the extremities of the ordinates. Hence, if h is the common 
internal, and y^y yi, . . . t/m a^e the parallel ordinates, the 
area of the polygon is 

* {i(yo + yn) + yi + ^2 + . . . + yn-x) ; 

for it evidently consists of a number of trapeziums of 
breadth h. This, then, is taken as the approximate ex- 
pression for the area of the curve. 

In order to get a more exact approximation, we may 
describe a curve of the form 

« 

through a certain number of points on the given curve, and 
then consider the area required as coincident with that of the 
curve whose equation we have just written down. 

If we took n + 1 points on the given curve, we could 
evidently completely determine a parabolic curve of the 
degree n so as to pass through these points; but as the 
number of the points ought to be large, this process would 
in general be too troublesome. A simpler method is to 
break up the system of points into groups, through each of 
which we can describe a parabola of lower degree. Thus, if 
we take groups of three, the curve to be described through 
these points is the ordinary parabola 

y = fl + J;» + caj\ 
2^ 
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In this case, if we take the intermediate ordinate as the axis 
of tfi we havOi for the area between the extreme ordinates, 

h 

(a+ 6jr + cj^)dx = 2A(a + 1 cA*) ; 






bnt we have yo^a - bh-¥ ch^^ yi » «, 

ya ■ « + t A + cA* ; 

therefore, t/o-^t/i- 2yi + 2cA% 

80 that the expression for the area becomes 

If we suppose now that the number of points, n-\- ly say, on 
the curve is odd, and add together the values of the para- 
bolic areas, we get 

1 A (yo + yw + 4 (^1 + ya + . . . + yn-i) 

+ 2(ya + y4 + . . . + yn-2)}, 

as an approximate expression for the area of the curve. 

In the same way, by making use of parabolae of the 
third or higher degrees, we should obtain closer approxima- 
tions to the value of any given area. 







ExAMPLIi 


:s. 




1. If 5 is the sectorial 


area of the curve 






about the origin, 


we find 


(T^it 




1 






»-?^(<'- 


tn 


n 

~dt, 


<k 




m 




9 

m 


by putting 




x = at"y y = 


b{l. 


-')" 
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Hence, if n b 1, 8 ia algebraio; and if n = 2, it depends upoa the elementary 
integrals. 

2. If iS is the sectorial area of the curve 

show that ^ ~ T ( {«w + (» - w) ^} (1 - t)n-H''^-^ &t, 

where x - at*". 

3. Show that the whole area between two branches of the curve 

and the lines x = a^ x = by is ire-. 

4. Show that the whole area of the curve 

x^f/' - (a« - x^) («" - i'») = 



IS 



^("■^ -*"»)'• 



IS 



6. Show that the whole area between the curve 

y2(a - a:)(a; - iB) - (^ + m^x-)^ = 0, 
and the asymptotes x = a, x == fi^ 

J |m2(3a' + 3)82 + 2a$) ■¥ sA. 

6. Show that the whole area between the curve 

and the lines x = a, x = h, is 2irA:'/». 

7. Show that the whole area between the curve 

n^y^ia - x){x - i) - c* = 

2irc3 



and the lines a? = «, a; = ^, is 



V(«*)' 



8. If a curve be such that the length of the tangent, measured from the 
point of contact to a fixed line, is constant, a say ; show that a portion of its 
area is equal to that of a circle of radius o(, 
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Show also that the entire area between the infinite branohet is equal to the 
entire area of the circle. 

9. If j;, y are the co-ordinates of a point on a closed curve, and di the 

element of the arc, show that the entire area of the curve is equal to the 

integral 

ydx 






i* 



taken throughout the entire perimeter. 

10. Show that the area of a loop of the curve 



r» = fl"» cos m6 is 






11. Show that the sectoiial area of the spiral r^e s a' included between the 
radii yectores corresponding to the angles ma, a is a'logm/2. 

12. Show that the seetorial area of the spiral r = aO included between the 
radii yectores corresponding to the angles a + jB, a- fi, is 



fl« 



- (iB' - 3/3a«). 

13. If a curve be given by the equation 

b 



r = a + 



sin 4>' 



where ^ is the angle which the radius vector makes with the tangent ; show 
that, if iS is the sectorial area, measured from the point for which <l> = ir/2, 

^= -cot<^- y log tan-. 

14. Show that the whole area between the curve 

and the axis of x is ab Vir. 

15, Show that the whole area between the curve 



and the axis of x is a Vire"-*". 



2 ""' 
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16. If iS' is the area included between two rectangular radii vectores and the 
Cassinian 

r*-2c2r2cos2d-A;* = 0, 

and 'S' the area included between the axes and the curve ; show that 

iS'= 5 + cosine cose. 

17. If two radii yectores of the Cassinian 

be drawn, corresponding to two roots of the equation 

V(<^ + **) cos 4d = (?« sin 2e ; 

show that the area included between them and the curve is equal to that be- 
tween the axes and the curve. 

18. If a unicursal curve of the «'* degree be touched by the line'at infinity 
in n consecutive points, show that its area can be always expressed algebrai- 
cally. 

19. Show that the sectorial area bounded by two radii vectores r, r' of the 
parabola H cos Jd = m*, and the curve is equal to 



{i:-^^y-(:-^)'\■ 



where 8 is the chord of the arc. 

20. If S is the area between a closed curve and the envelope of a line 
making a constant angle a with it, and S' is the area between the same curve 
and its evolute, show that S = S' sin^a. 

21. A curve of the n*^ degree has n conchoidal asymptotes (that is, is such 
that all of its intersections with the line of infinity are points of inflexion). 
Show that the algebraic sum of the areas included between two lines, the curve, 
and its asymptotes, is equal to zero. 

22. Show that the area of a loop of the curve r»' = «♦» cos md, and that of the 
pedal with regard to the origin, are in a constant numerical ratio. 

23. To prove Kempe's theorem, namely : If one plane slide upon another 
and return to its original position, the locus of points in the moving plane 
which describe curves of equal area is a circle. 
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To prove this, let t, y ; a, 3, be two points in the moving plane, and let 
x\ y' be the co-ordinates of x^ y with regard to rectangular axes passing through 
a, )3| an'l fixed in the moving plane, then we may write 

jf=o + a:'co8^ + y' sin^, y=:)3 + «'8in^-^C06^, 

where ^ is the angle between the axes x*y* and xy. Hence we have 

xdy-ydx= adfi - fida + {dfi + ad^) [x' cos ^ f y' sin ^) 

- (da - $d<l>){x' sin ^ - y' cos ^) + (x'^ + y^) d^. 

If the body therefore return to its original position after making n revolu- 
tions, we get, by integration, an expression of the form 

a^ = 2-S" + Za;' + My' + 2»t {x'^ + y'»), 

where S, S' are the areas described by a;, y and a, )8, respectively. If we take 
the origin at the centre of the circle we must have Z = if = 0, and we see thiis 
that the circles obtained by varying the constant S are all concentric. 

24. In the same case as in the preceding example, all lines which envelope 
roulettes of the same area are tangents to the same conic. 

To prove this, x' cos w + y' sin « — tj = obviously represents any line 
rigidly connected with the axes x\ y\ if zs and » are given. Putting then for 
x\ y' in terms of a?, y from the preceding example, this line becomes 

(x — a) cos (0 - w) + (y - /3) sin (^ - «) - OT = 0. 

Hence, if ^ is the perpendicular from the origin, 

^ = o cos (0 - «) + i3 sin (<|> — «) + w, 

dp , . da dfi 

and ^ = — = - a sin (4> - w) + /3 cos (0 - w) + — cos (4> - «) + 3- sin {p — «), 

a<f> (i<p dtp 

so that if i^ is the area of the envelope, we get from (32), a result of the form 

f2»ir 
(p^ - q^) dco = CtJT^ + 2:<j (Gf cos « + jP sin «) 


+ A cos' co+B sin' w + 2J7sin » cos », 

which, if jS is a constant, is known to be the condition that the line should touch 
a conic. 

25. Show that all the conies in the preceding example corresponding to dif- 
ferent values of S are confooal, and that their common centre coincides with 
the centre of Kempe's ciTclea, — (^M.b.. "W. ^, WGkx.\ 
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CHAPTEE VIII. 

RECTIFICATION OF PLANB CURVES. 

173. In this chapter we consider the rectification of 
curves, that is, the finding of their lengths, the word recti' 
fication having reference to the determination of a portion 
of a right line equal in length to an arc of a given curve. 

In every case we may consider an element of the curve 
as coinciding in the limit with the right line joining two 
consecutive points when the distance between these points is 
indefinitely diminished. Hence, in rectangular Cartesian co- 
ordinates, since the length of the line joining the point x^ y 
to the consecutive point a? + cfo, y + dy ]a 

^{cb? + df), 
we may write 

ds = ^{dix? + rfy^), 

where « is the length of the curve measured from a fixed 
point on it. 

Integrating, theu, we get 



8 



■UHt)]-- « 



where y is supposed to be expressed in terms of x ; but if a? is 
given as a function of y, the formula to be used is 

•=iJi-(i)i* 
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More generally, if x and y are both given as functions of 
another variable 0, we have 



8 



-UB> (S)l* <^) 



If the axes of co-ordinates were oblique, containing an 
angle a>, instead (1) we should have 



8 



.|Jjl.(|)-..»s„|j^, (3) 



and similar formulee in the other cases. 

In all the preceding integrals the limits of the indepen- 
dent variable must, of course, correspond to the extremities 
of the arc whose length is sought. 

174. The simplest curve to which (1) can be applied is, 
perhaps, the circle. In this case we have 

ix? + tf- ^ a^ whence y = v^(a' - ^'), 

and 

dy - X 

dx " v'l^'-^j* ^^^ 

Hence 

if the arc is supposed to be measured from the axis of y. 
Or thus : putting 

X = a COS Of y == a BinOf 
we get, from (2), 

s = J add = ad, 
as we know already. 
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175. Proceeding now to the case of the parabola, which 
we write in the form ^ = 4 OiP, 

we have -y = 27-, 

and, therefore, « = /1 1 + •71! dy 

if the arc be measured from the vertex of the curve. 

It may be observed that the first part of this expression 
for «, namely, 

i^ ^{f + 4a'), 

is equal to the length of the tangent measured from the point 
of contact to the axis of y, so that the difference of the arc 
and this portion of the tangent is represented by a pure 
logarithmic function. 

176. Proceeding to the case of the ellipse, we may take 

* 

X = ami 0, 
if the curve is supposed to be written in the usual form, 

We have then y = 6 cos 0, 

and [ — ) = rt' cos- ^ + 6* sin' 0. 

2o 
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Hence, if we measure the arc from the extremity of the axis 
minor, we have 

8 = jy {cr 008= ^ + V" sin' ^) d<p = aE (^) , (6) 

where the modulus of the elliptic integral is equal to the 
eccentricity of the ellipse. 

If we integrate between the limits 2^ and 0, we find 
that the whole perimeter of the ellipse is equal to iaE. 

177. In the case of the hyperbola, 

••^ 
we may take x = a cosec ^, i/ = b cot <p. 

We have then 



fd£\\ fdxV (dy\\ a^cos=» b" 
\d^J ~ \d(pj [dtp J ~ sin*^ sin*^' 



therefore 



« = — 






where we take the negative sign for convcDience. Hence, 
integrating by parts, we obtain 



« = cot0 '^ (i* -f a* cos'^) + 



i^ 008^ fpdft) 



v/(^* + a*cos*0) 

= c cot 0A(^) + c (£'(0) - Ic''E{fj,)} 

-c{E- k'-^K), (7) 

where a* + &- = r, a = fe, 
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and the constant is taken so that .v vanishes at the vertex of 
the curve. 

This is, however, not the best method of rectifying the 
hyperbola. We shall obtain a simpler expression further on 
by means of a different formula. 

Since the arcs of the conic sections are thus expressible 
by means of the elliptic integrals of the first and second 
kinds, we see, by the comparison theory of these functions, 
that there ought to be certain relations connecting the arcs 
with the lengths of lines. These relations are most readily 
obtained geometrically; and to their consideration we pro- 
pose to devote a subsequent part of this chapter. 

178. As an example of a curve of the third degree, let us 
consider the cissoid 

{a - x)y^ = 01^, 

/jji 

"We have then y = 



whence 



dy (3a - 2a?)v/a? 



dx 2{a - x)^ 
Therefore, from (1) we get 

{a - ^)i 



s = 






dx 



Putting, then, in - 3x = {a - x)z^y 



we have = s' - 3 ; 



whence 



a - X 
dx 2zdz 



a-x 5' - 3 ' 



292 RECTIFICATION OF PLANE CURVES. 

80 that we get 



a 



U ia-Zx \ dx _ r sVz 
\\ a - X ) a - X Js'-3 



\z + a/3/ ^ 



= .« + ^logfl^^) + C. (8) 



Now, if the are be measured from the origin, sinee a; « 0, 
and therefore s » 2 f or this point, we get 

C = fl ys log (2 + yz) - 2a. 

Suppose we take x nearly equal to a, which obviously corre- 
sponds to a point at a great distance from the origin, we have 

a - {a - x)z^, 

and from the equation of the curve 

{a - x)i/ = a\ 

approximately. Hence az = y\ and from (8), putting a? = a, 
or s = 00 , we get ultimately a - y ^ C, But when x = a^ 
y is evidently the length of the asymptote measured from 
the axis of x^ so that we deduce the following result : — The 
difference between the whole length of the cissoid 

{a - x)y'^ = a^ and its asymptote x = a 

is a finite quantify equal to 

2flr -/3 log (2 + ys) - 4a. 

179. Again, as a further example, let us take the semi- 
cubical parabola, which we write in the form 

9ay*=4.r^. 






RECTIFICATION OF PLANE CURVES. 293 

2 x^ 



We have then y = 



dy Ifx" 



whence , , . 

ax \ \a 

r dx 2 

therefore « = (a + a?)* ~y= - •- { (a + a?)8 - aS) , 

if the arc is measured from the origin. 



Examples. 

1. The axes of co-ordinates being supposed to contain an angle w, show that 
the arc of the curve 9ay' = 4x^, measured from the origin, is equal to 



T 



(20^ + 28 cos w + 2 - 3 cos' a>) - a sin'w cos a> log ! — ! , 

^ ' ® I 1 + cos « ) 



where x = a^^ A = V(l + 0' + 2a cos «). 

2. If the arc » of the cubic Zc^y = x^ be measured from the origin, show 
that 3« = ^ + aFi,{0\ 

where t is the length of the tangent measured to the axis of y, and 

a? = a tan J0, F = \. 



3. If « is the arc of the curve ^c^y = x^ measured from the origin, show that 

* dx 



. „ . f* ax 
4«-^ + 3aM 7,-^— -T. 



where t is the length of the tangent measured to the axis of y. 

4. Show that the arc of the curve ay^ — a:*, where the axes are oblique, can 
be expressed by means of algebraic and logarithmic expressions. 

6. Show that the arc of the curve 

♦ (2ar + af = 27a(a:2 + y') 

y' (4a:+6a) (Sjp + a)^ 

18 equal to ^ — tt — - \ —z — 5 , 

^ _ - 12 ( 3a ) 
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if it be measured from the point 

y = 0, 8a; = — fl. 
6. Show that the arc of the curve 



©'*(!)'-■ 



measured from the point x =i a, y = 0, 

aS - (a« C08« d> + b^ sin* <b)^ 

where x = a cos^^, f/ - h sin'^. 

7. Show that the arc of the curve 

a 1 + yt = af , 
measured from the point 

ar = y = rt/4V2, 

is -^ c08 2eV(l + 3 cos2 2«) + -^ log{\/3 cos2tf + V(l + 3 cos«2e)}, 
^° 16 V3 

where x = a cos^e. 

8. To find the length of the curve 

8aV = ip' (a'* - «*). 
we put a; = a sin B. 

We get then 2y V2 = a sin 8 cos ; 

-^ J = rt2 sin^d + ^ cos« 2d = ^ (2 + cos 2«'), 
aa/ 8 8 

and 8 = (2 + cos 2a) dS = {2$ + sin $ cos 0), 

2V2J 2V2 

the arc being measured from the origin. We thus find that the perimeter 
one of the loops is irfl!/V2. 

9. Let » be the arc of the curve 



then we find 



2(«2 - 1) - = w(.r« + x'») - ar" + ar»» ; 



' = 2(^rrTj {''^•^'" - ^) - ^ - a:-} + c. 
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If «* < 1, we may take C = 0, if « is measured from the origin ; but if 
w' > 1, we have C= 1 [n"^ — 1), if « is measured from the point j? = 1, that b, 
one of the points at which the tangent is parallel to the axis of x, 

« 

10. If the arc « of the cubic Zx^ = y(y - 1)* he measured from the origiD, 

4 
show that «* = «^ + - y*. 

11. Show that the arc of the curve 

1 . , «2 1 I 



5 a; 3 a^ + a 

is expressible as an algebraic function of x. 

12. If a curve be expressed by means of the equations 

y = log (1 + r-), a; = 2 tan-^ B - e^ 

show that B is the arc measured from the origin. 

13. If the ai*c « of the catenary 

f r X 

be measured from the vertex, show that 

O «J o 

8' = y^ — C-. 

180. To find the expression for the arc of a curve in 
polar co-ordinates, we put r cos 6, r sin 0, for iP, y, respec- 
tively, in the equation c?s* = tfoj* + dy^. Since we have then 

dx = cos Odr-r sin OdO^ dy=^B,mddr + r cos Odd, 

we obtain efe* = rfr* + r^dO^. 

This result is also evident at once from Fig. 13 ; for the 
element of the curve is the diagonal of a rectangle whose 
sides are rfr, rdO. 
Hence we get 

according as we take or r as the independent variable. 
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As an example, let us consider a cirole referred to a point 
on itself. Taking the tangent at the origin as the initial line, 
we have r := 2a sin 0. Hence, since 



f'^ + 



:s)'-' 



we get 8 -2ajdO = 2aO, as we know otherwise. 

181. Again, let ns consider the lemniscate f^=a* oos2fl. 
We have then 

-^ = -a'sin2fl; 

hence s = aM ,, ^^, = -2- i^(^), (10) 

J v/ (cos 20) y2 

where cos 20 = cos'^, A-* «= 1/2, and the arc of the loop is 
measured from the vertex. 



Examples. 

1 . Show that the formula for the element of the arc of a curve in polar co- 
ordinates can be obtained from the expression for the distance between two 
points. 

2. Show that the arc of the curve r"» = a»»cos md is given by the equation 









3. If the arc s of the cardioid r^ = a^ cos ^0 is measured from the point for 
which fl = 0, show that 8^= ia{a — r). 

4. Show that the arc s of the curve, 



is given by the equation 





r = aV(«* - 1) + «a cos -, 





i = nad + nay/in^- 1) sin-. 

n 
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'^ 5. Show that an arc'of the cnrve r^awin$ia equal in length to that of an 
ellipse whose semiaxes are a, na. 

6. Show that an arc of the linuu^on r = a + dco8 9i8 equal in length to an 
are of an ellipse whose axes are a + d, a - 6. 

7. T Show that the length of an arc of the logarithmic spiral is propoi-tional to 
the difference of^the radii vectores of its extremities. 

8. If the arc 8 of the curve r9 = a be measured from the point for which 
r = a^ show that 

*=«V2-^(i + a3)+«iog(?^:^^ili?:'l. 

9 \ 1 + V2 ) 

182. "We now mention Legendre's formula for the recti- 
fication of plane curves. In this case the curve is supposed 
to be given as the envelope of the line 

^cosdi + ysina; "P = 0, 

and the formula sought is^ in fact (37), already arrived at in 

Art. 164, namely, 

d(8 - q) 

auf 
whence we get 

8 - q = jpclto. (11) 

This result is obviously of considerable use whenever the 
relation between p and en assumes a simple form. It will 
also serve to give a geometrical representation of any pro* 
posed integral ; for if the integral be brought to the form 
fpdto by some substitution, which can evidently be done in 
all cases, it is at once represented by the difference between 
the arc and a portion of the tangent belonging to a certain 
curve. If then from the proposed integral we have i? = ^(w), 
the curve will be defined by the equations 

a; cos cii + y sm w -p = 0, a; sm w - y cos w + 3- = 0, 

2p 
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or, if we put ^(w) for p and solve for x and y, 

a? = i^itM)) cos (il - ^'(*^) ^ ^9 

y s ^((ii) sin 01 + ^X^) ^^ ^* (1^2) 

For example, let us consider the parabola referred to its 
focus. We have then p qobw= a; hence we get 



8 



-O'* a\ = a loff (sec to + tan cu), 

Jcosw ^^ 



if the arc be measured from the vertex for which oi = 0. This 
result is easily seen to be identical with that already obtained 
in Art. 176. 

183. From (11) we can readily deduce the known result 
concerning the rectification of evolutes, namely, that any 
portion of the arc of the evolute of a given curve is equal to 
the difference of the radii of curvature corresponding to its 
extremities. 

If the given curve be given as the envelope of the line 
a?cos(ii+ ysincu- jt? = 0, the evolute is the envelope of the 
normal, namely, ii; sin w - y cos a> + g^ = 0. Hence for the arc 
of the evolute, we have from (11), 



dq 

dia) 






putting dpjdta} for q. Now, if p is the radius of the given 

curve, 

r/.s' d'p 

hence the result stated above follows at once. 
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184. We have already noticed, in Art. 160, how we may 
generate from a given curve another curve called the parallel. 
It is obtained by substituting p ±k{oT p, and leaving oi un- 
altered in the relation between p and oi for the given curve. 
Hence, for its arc «' we have, from (11), 

«'=—■+/(/? + A)rfa>. 

If then s is the arc of the given curve, the difference s' - « 
of corresponding portions is equal to 

±/Arf!w= ± X:(aii-cu2), 

that is, the difference of the lengths of two corresponding arcs 
varies as the angle between the tangents at the extremities of 
either. 

Examples. 

1. If a closed curve without cusps be given as the envelope of the line 

a? cos « + y sin « - J9 = 0, 
show that its entire perimeter is equal to 

i2ir 
pdm. 


2. Show that the entire perimeter of the tricuspidal hypocycloid, namely, 

the envelope of 

^ cos w + 2/ sin (tf = d cos 3w is 16^. 

3. Show that the entire perimeter of the curve whose equation is given in 
Ex. 3, p. 265, is ir{a + b). 

4. Show that any integral whose differential is algebraic ctin be represented 
by the difference of the arc and a portion of the tangent of an algebraic curve. 

5. Show that the rectification of the curves 

can be at once effected from the fact that they are the evolutea of known curves. 
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6. Show that the entire perimeter of the central negative pedal of an ellipse 
18 ibK, where the modulus of the elliptic integral is equal to the eccentricity of 
the ellipse. 

This readily follows from the fact that the perimeter of the negative pedal 

rd$, where r,0 



are polar co-ordinates with regard to the point. 

7. Show that the entire perimeter of the negative pedal of an ellipse, with 
regard to a focus, is equal to 2wb, 

8. Show that the difference of the perimeters of a closed curve and one 
branch of a parallel curve is equal to 2irAr, where k is the constant interval be- 
tween the curves. 

9. C is a. line midway between two parallel lines A, B ; show that an arc 
of the curve touched by (7 is equal to half the sum of corresponding area of the 
curves touched by A and B, 

185. We oommenoe the inyestigation of the geometrical 
properties of the arcs of conic sections with the theorem 
known as Fagnani's, although it is hut a particular case 
of the more general theorem of Dr. Ghraves. 

Writing the equation of the ellipse referred to its centre 
in the usual manner, we have 

p^ = fl* cos'w + 6' sin'^oi. 

Hence the formula (11) gives us 

arc4P + PiV^- ry(fl'cos'a>+ 6^sin'o)e/o, (13) 

where the arc AP is measured from the vertex -4, and it is 
to be observed that the portion FN of the tangent is taken 
with a negative sign. 

But we have already proved, in Art. 176, that if an arc 
JJP' of the curve be measured from the vertex 5, then we 
have 

arc BF = y/{a' cos- ^ ^ Jr sin' if) d(^. 
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It follows, henoe^ that if P, P' are two points on the curve, 
such that the angle cu, which determines the position of P, is 




equal to the angle ^, which determines that of P', these 

angles belonging to different parametrical systems, then we 

have the relation 

arc BP - arc AP + FN, 

or BP ' AF = PN. (14) 

It may be observed that the relation connecting the points 

P, P' is reciprocal, so that we may put P^N' for PN\ for, 

if \fj determines the position of P in the same way as ^ does 

that of P', we have cot ;// = 6 tan a>/a ; hence, from ^ = a>, 

we get 

cot cot;// = 6/fl, 

which is symmetrical with regard to and yfj. This result 

is consistent with a property of elliptic integrals of the 

second kind ; for we proved, in the chapter on that subject, 

that if 

F{i,) + F{rP) = K; 

then cot cot ;// = k\ 

and E{(f) + J?(;//) = E ^F sin ^ sin i/^. 

The latter relation, being written in the form 

aE{<^) - a[E- E(^^)) = ak^^m^ sin;//, 
is evidently equivalent to (14). The mode of mye«Ai%ii.tAa\i^ 
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howeYer, which we have adopted above has the advantage of 
giving an immediate geometrical signification to the alge- 
braic part involved in the comparison of the integrals. 

If the points P, P^ coincide at Q, we have cot'^ - hja, 
and then 

Pir= 0Q»- OiV''^ o«sin^# + 6»cos«0 - (a«cos'^ + 6* sinV) 



Ja'-^')(l- COM. (,.,), 

1 + C0t*<6 ^ ^ 



Hence PN = a-b^ and the arc ^B is divided at the point 
Qy so that the difference of the parts is equal to the diffe- 
rence of the semiaxes. 

It may be observed that the co-ordinates of the point Q 
are found to be 

= g^ ft* 

186. Applying the formula (11) to the hyperbola, in 
which case we write p^ = a'cosw- S'sin^w, we get 



PN- arc AP 



.fy(a- 



cos* 01-6' sin' a>) dw ; (16) 




for the angle OAN = w is measured on the negative side of 
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the axis OA. To reduce this expression to the standard 
forms of elliptic integrals, we get 

-v/ (a* + 6*) sin w = a sin 0. 
We find, then, 



A(«) 



= FN- c[E{e) - ^2^(9)1, (16) 
where 

-/(«' + 6') = c, a = kc, and PN « c tan 0^{0). 

As we proceed ^along the hyperbola towards infinity ON 
diminishes, and ultimately vanishes when PN coincides 
with the asymptote. Also, when this limit is reached, 
sin 01 = A;, and, therefore, = 7r/2. Hence, the difference 
between the asymptote OR and the infinite hyperbolic arc 
AR is equal to 

*''""''»''?. a(£-rjr). (17) 






A(e) 



Examples. 



1. If p^p' are the perpendiculars ON, 0N\ in Art. 185, show that their 
product is equal to the product of the semiaxes. 

2. Show that the locus of the intersection of the tangents at the points 
P, JP is the confocal hyperhola 

and show that this hyperhola cuts the ellipse in the point Q. 

3. Show that a point Q can he found on an hyperhola, such that 

arc ^Q = i{* + ^(«* + *') - <7}» 

where 6^ is the difference between the asymptote and the infinite hyperbolic arc 
measured from the vertex. 
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187. We now give Dr. Graves's theorem on the arcs of 
an ellipse. This theorem is the geometrical interpretation 
of the most general form of tlie comparison of elliptic inte- 
grals of the second kind. 

If from any point P, on the outer of two confocal ellipses, 
tangents PMy PN be drawn to the inner, the sum of the 




Fig. 31. 

tangents diminished by the arc MN between the points of 
contact is a constant quantity. 

To prove this, we first demonstrate the following result. 
Suppose a line of length r to move between two curves, the 
elements of whose arcs are ds and efcr, then 

dr dr 

dr = -r-ds + -j-d<Ty 
ds d(T 

where dr/d-s, dr/d<T are partial differential coefficients; but 
by the Differential Calculus we know that 

dr dt* 

— = cos 6, -7- = cos 6 : 

ds dfj ^ 

where 0, ^ are the angles which the line makes with the 
tangents to the two curves, respectively. 
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Now^ let the line touch one of the curves ; then 

cos = 1 or - 1, 
and ei?r = ± fife + cos t/cr, (18) 

the sign depending on the direction in which r and 8 are 
measured. Hence, applying this result to the case we are 
considering, and observing that by a property of confooal 
conies the angles which PM^ PN make with the tangent 
at P are equal, we have 

dPM^ dzxQAM + coS(^d(ry 

dPN = - daioAN- coatpda. 
Hence 

d{PM+ PN) = d arc AM- doxaAN^ daxcMN; 
whence, by integration, we obtain 

PM + PN - arc MN = a constant, (19) 

which was to be proved. 

It may be observed that an exactly similar relation holds 
in the case of two confocal hyperbolae. 

188. If one conic is an eUipse and the other an hyper- 
bola, as in Fig. 32, we have 

dPM = rf arc -4-3f + cos rfo*, 

dPIi -"da.rc AN + cos ^ da ; 
therefore 

d{PM''PN) =da,ToAM+daTGAN' 

= rf(arc-4Jr+ KM) +d{BxoAK'- axoNK) 

= dare KM- d aioNKy 
2ci 
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where K is the point where the hyperbolae meets the ellipse. 
Hence, integratingi we get 




Fig. 32. 

PM-'FN^QxcKM-QxoNK, (20) 

as the constant vanishes when P coincides with K. 

The latter result is due to Professor MacOullagh, and 
it may be added, that both theorems appear to have been 
obtained independently by Chasles. 

The relation (20) still holds if the tangents be drawn 
from a point on an ellipse to a confocal hyperbola, provided 
the tangents touch the same branch of the hyperbola, as 
can be proved in an exactly similar manner. 

189. From the theory of elliptic integrals, it follows at 
once from the preceding results, that if we put 



»-i 






where ^ has the same value as in Art. 176 ; then the tangents 
whose parameters are ui, td intersect on a confocal ellipse, if 
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1*1 - «3 is given, and on a confoool hyperbola, it Ui + Uz is 
given. 

We can hence easily express the quantities t^i ± tft in 
terms of the principal semiaxes ft, v of the confooal conies 
which pass through a point. Taking the^ vertex A^ in 
Fig. 31 as a particular position of P, we have th-- Wi, and, 
therefore, 

sn — ^ — = sin 0, 

where ^ belongs to the point of contact of a tangent drawn 
from A\ But, putting y = in the equation of this tangent, 
namely, 

A* 4/ 

- sin + r cos - 1 = 0, 

we get )u sin ^ = a, observing that x is then equal to /ti. 
Again, in Fig. 32, letting P coincide with JT, we get 

sn — jr — = sm;//, 

where y\t is the parameter belonging to JT. But 

« sin ;// = a?, and ex- av\ 
therefore c sin i/> = v, where PP' = 2(?. 

"We thus have, finally, 

sn^- = -, 8n-2-=-. (21) 

190. In connection with this subject, we may notice that 
Chasles has given some interesting results connecting circles 
with arcs whose difference is rectifiable, 
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Let Pj P^ he two points on a oonfooal oonio, as in 
Fig. 31 or Fig. 32 ; then the four tangents drawn to the 
given curve from these points are all touched by the same 
cirde ; for if i2 is the intersection of the tangents to the 
oonfocal at Py P', it is easily shown that the perpendiculars 
from B on the four tangents are all equal ; in fact, two of 
the perpendiculars are each equal to PR sin 0, and the other 
two to PM sin 0'; but the tangents PR, P^R are proportional 
to the parallel diameters, and sin ^, sin ^' (see Salmon's 
ConicSy Art. 189), are inversely proportional to the same 
quantities. Hence we see that the tangents at the extremi- 
ties of two arcs of a conic, whose difference is rectifiable, are 
all touched by the same circle. 




Fig. 33. 

If we suppose two of the tangents to coincide, the circle 
will touch the conic, and we arrive at the following theorem 
of Chasles. If a circle be described to touch a conic and 
two of its tangents PMy PNj the point of contact K divides 
the arc MN into two parts, whose difference is equal to the 
difference of the tangents PM^ PN. 

191. We may notice here the application of^Tjanden's 
transformation in elliptic integrals to the arcs of conies. 
We have proved already, in Art. 96, that if 

X' = 4X:/(1 + k)\ sin (2^ - 6) = ArsinO; 



RECTIFICATION OP PLANE CURVES. 309 

then l^Fic{B) - 2Ek (0) - 2 (1 + A) E^{ip) + 2k sin 0. 
Hence, in the same case, we have 

c tan fl A (9) - cEk (fl) + ck'^Fk {0) 
= cEk (0) - 2c (1 + k) Ej, (0) + c tan A (6) + 2ck sin fl. (22) 

Now, the expression on the left-hand side of this equa- 
tion is, from Art. 186, the value of a hyperbolic arc, and 
Ek{6)j -Ba(0) ^^^ ®^c^ equal to the arcs of certain ellipses; 
so that we see, from (22), that an arc of a hyperbola can be 
expressed by the arcs of two ellipses and a portion of a right 
line. 

Putting = 7r/2, and, therefore, = tt, the left-hand 
side of (22) becomes equal to double the difference between 
the asymptote and the infinite hyperbolic arc, and the right- 
hand side is then 

2cEk-2c{l-hk)E^. 

We thus easily find that the difference we have just men- 
tioned is equal to the difference of the quadrants of two 
ellipses whose semiaxes are c{l + k)^ c(l - Z;), and c, ck\ 
respectively. 

Examples. 

1. Show that the point which divides an elliptic quadrant into parts, whose 
difference is equal to that of the semiaxes, can he found at once from 
MacCullagh's theorem. 

2. If I denote the sum of the arc and tangent of an ellipse, measured to a 
point P, show that 



-je4ei)*ij(fc5)^ 



where /u, v are elliptic co-ordinates — ^namely, the principal semiaxes of the 
confocal conies passing through P, and /u = a is the given curve. Hence 
ohtain the differential equation of the system of involutes of a. conk. 
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3. Show iliat the sides of a polygon of maximum perimeter inscribed in a 
conic all touch the same confocal conic. 

4. If n - 1 vertices of a polygon of n sides circumscribed about an ellipse 
moYC on confocal ellipses, show that the n<* vertex will also move on a oonfocal 
ellipse, and that the perimeter of the polygon is constant. 

5. If dsia the element of the arc of a curve, show that 

where /u, v are elliptic co-ordinates. 

6. If /ti, y are the elliptic co-ordinates of any point on a fixed tangent to 
the ellipse m = ^i ^^^^ ^^^ 

d/A dv 

7. With the notation of the preceding example, show, more generally, that 
if the tangent be variable, 

d» dfi dv 

where a;cos» + ^8in» = V(»* - <^ sin^w) is the equation of the tangent. 

8. If u has the same meaning as in Art. 189, show that if four tangents are 
touched by the same circle, 2J ( ± «r) = 4mir, where m is any integer. 

Also show that this result can be deduced from the particular case of Abel's 
theorem, given in Art. 100, by expressing that a tangent of the conic touches a 
circle, and putting, then, tan | ^ = 2;. 

192. We now proceed to show how we may obtain the 
arc of a curve, which is known to be the inverse of a given 
curve with regard to some point. 

Taking the point as origin, for the inverse curve, we put 
l^jr instead of r, and leave unaltered. Hence, if ds' is 
the element of the arc of the inverse curve, we have 
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Hence efe' = -7tfe, 

IT 

and s'^\ ^. (23) 

If we transform to rectangular co-ordinates, we get 

*' " J ip - «)' + *(y - /3)«' ^^^^ 

where a, j3 are the co-ordinates of the origin of inversion. 

193. As an example, let us consider the inverse of the 
parabola y^ - ^mx = 0, with regard to the point a, j3. 

Now, for any point xy on the parabola, we may put 

X = mfj?y y = 2w)tc, where /ti is a variable parameter. We 

have, then, 

ds'^dix^-^dy^^ 4m' (1 + ii^) dfx\ 

Hence we get, from (24), 

^ f 2/nAV(l-f|u')c/)u 
J (a - V)' + O - 2M'- ^^^ 

We see thus that the arc bf the curve we are considering 
is always expressible by logarithmic or circular functions. 

It may be of interest to effect the actual integration in 
the case in which |3 = 0, namely, when the origin of inver- 
sion lies on the axis of the parabola. We have, then, if we 
put ft = tan cu, 

, _ r 2mk^ GOB (adit) 

J (a cos* cu - m sin'^ w)' + 4m* sin* cu cos* b> 



=1 



2mk^dBm(o 



(a - m) (a + 3m) sin* oi - :^ (a - m) (o + 2m) sin*(u + u^ 
k^dainti) ( p* q^ 






sin*w l-^*sin*a))' 
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where p^ r^^_ T^^^ — 7:7.. a > 



, m - a + 2 ^/(w' - ma) ^ 
{v/(fw-a)+v^m) 

fw - a - 2 ^/(m* - ma) 



^" {^(»»-«)-v/«»}'- 

In order that jo' and ^ should be both podtiye and real, 

it is necessary that 

a + 3i» > 0, m> a. 

If this be the case, we have, integrating and measuring the 
arc from cd » 0, 

, A* ( - /l+^sinwN , /l+gsincoN) 

(26) 

In particular, it may be noticed, that if a = - 3m, then 
^ = 0, and 

A* 



, 1 /3 + 2^/2rin^\ (27) 

2 ''V3-2v^sinw/ 



3mv/2 

If a does not Ke within the limits given above, the arc 
will be expressible in terms of a logarithm and a circular 
function. 

194. Proceeding to the case of the inverse of an ellipse, 
with regard to the centre, we have, with the substitution of 
Art. 176, 

,__ pV(fl^co8^0 + ysin'0) 
"" J a'sin'0 + 6'cos^0 



-11 



A='(a'H-y) „) d^ 



-U 



^(^)n(«,0)-^i^(^), (28) 
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where n={a*-b*)/b\ and tlie modulus is equal to the 
eooentrioity of the ellipse. Similarly, for the inverse of 
the hyperbola, we have, with the notation of Art. 177, 

f A:'y(y + a'cos'») 
J o» + 6'oos»^ ^ 

b* "*'(«' + 6'cos'^)) v/(6' + a'cosV) 



-1 



where n - - JV(a» + J'), k^al^{a^-^b% 

and the arc is measured from the origin. More generally, 
we may observe that the arc of the inverse of a conic section 
with respect to any point a, )3, can be expressed by elliptic 
integrals. Thus, in the case of the ellipse, we have, from 
(24), 



,_^ r A;V(fl»C08'^V 6'sin'»)e^^ 
"J (a-asin0)* + (j3-Jcos0)*' 



But this integral, if we put 

1 - ^* 2t 

cos0 = j^, 8in0 = j-j;^„ 

assumes a form which is shown in Chapter Y. to be re- 
ducible to elliptic integrals. 

195. If a curve be given as the envelope of the line 
ajoosw + ysino> -p = ; then, since for the given curve. 






■' -•*(!)■ 



2x 
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the aro «' of the inyerse curve is given by the equation 

\dioJ 

This expression, therefore, gives the aro of the envelope of 
the oirole 

p(aj* + y') - A'(irooso>+ysinw) =0, 

as we see by inverting the equation of the line. 

As an example of the use of this formula, let us consider 
the curve 

This curve is the envelope of the circle 

sin 2(jj {a? + y^) - 2c {x cos w + y sin oi) = ; 

so that we may take 

k = Cy j[} = c sin 01 cos w. 
We have, then, 

p + -7^ = - 3c sin 01 cos w, i^* +( T" ) = j (8in'*2o> + 4cos'2ai) ; 

,- » , f -12csin wcoswrfoi 
therefore, a = . o,, 1 — stt" 

3<jrf (cos 2o>) 
1 + 3cos*2w 



■1 

= (? a/3 { g - tan'i (v/3 cos 2o)), 



if the arc be measured from the point for which oi = 0, namely, 

x^ Cy y = 0. 
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Examples. 



1. A curve is defined by the equations 



msin^d __ fnsin20 



show that the arc of the curve lying on one side of the axis of a; is bisected 
at the point for which sin = 3/4. 

2. Show that the arc of the inverse of a parabola, with regard to a point on 
itself, can be expressed by the integral 






3. Show that the arc of the central inverse of a conic can be expressed by 
the integral 



I 



a2*U2 da 



a* cos^w + b*' sin'-^w V(«2cos'^» + U^sa^ia)* 
4. If « is the arc of the inverse of the ellipse, 

with regard to the point (a^ + b'^)lc, 0, show that 

2a(a2 + d2)^ 2a(d^A-b'^)sm(i> \ k^d4> 



H 2a (a2 -I- ^2) h 2g(g^+g^)8in(ft \ 



V(«'-<?*sin2^/ 

where a'^-h'^^c^, h = a{a^ + Zb^)l(^. 

5. If 9 is the arc of the envelope of the circle 

cos fi« (a?' + y2) - b{x COB (a ■{■ y Biau) =0, 



show that 



_ b{l-n^) C dz 

*"" n J 1-(1 -W2)g2» 



(1 - n^) 
where e - sin nw. 
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196. The inyerse ourves of a oonio can also be rectified 
by considering them as pedals ; for we know that the inverse 
of a conic with regard to a point is the pedal of the recipro- 
cal conic with regard to that point. Now, if « is the arc of 
the pedal, we have {see fig. 22), 

therefore s =j rdw. (31) 

Applying this result to the case of the ellipse, we get 



8 



f aby/iia-a sin0)'-f (/3 - 6cos^)^)rf^ .^^. 
J a'cosV + 6'BinV '' ^^ 



since r* = (a - a sin^)' + (/3 - J cos0)*, 

abd<l> 



dio = 



a* cos*^ + 6* sin*^' 



197. Of more general curves of the third and fourth 
degree, the only ones whose rectification has been considered 
are the circular cubics and bicircular quartics, namely, the 
curves whose mode of generation has been abeady given in 
Art. 150. An Italian mathematician, Genoochi, first showed 
that the arc of the curve called the Cartesian oval can be ex- 
pressed in terms of arcs of three ellipses; and, since then, 
Dr. Casey has demonstrated, by geometrical considerations, 
that the arc of the general bicircular quartic can be deter- 
mined linearly in terms of four expressions, each of which is 
reducible to elliptic integrals. We propose to give here a 
slight account of the latter result. If r, are polar co- 
ordinates, we have 
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but from the mode of generation given in Art. 150, 

r^pl^ip^-K"), = 01. 
Hence, if efe, ck' refer to the points Q, P, respectively, we 
get d,= {|, + ^(p«_A»))^j-J^+rf<,'j, 

We thus have 

d{8 - «') = 2^[dp^ + (p» - A')cf(u''} ; 
whence we obtain 

The latter formula may be written 

8-8=2jy{r^'k^)du)y (35) 

where OB = r ; and being applied then to the case under 
consideration, gives (see Art. 150), 

/ o f g^\/ { (tt - ^ cos ^) '' +0-6 sin0)'- X;')rf0 .^^. 
J a sm (f) + cos ^ 

which, by putting 

assumes a form reducible to elliptic integrals. 



s + « 
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It is by means of this result^ and a geometrioal property 
of the curve, that Dr. Casey demonstrates his theorem. This 
property is, that the ourve can be generated in the manner 
described in Art. 150 in four distinct ways, the four points 
such as being the centres of four mutually orthogonal 
circles, with regard to each of which the curve is its own 
inverse. Also the following geometrical theorem is required : 
If any figure be inverted successively with regard to four 
mutually orthogonal circles, the fourth inversion wiU coin- 
cide with the original figure. 

Suppose now that P is a point on the curve, Pi its in- 
verse with regard to the first circle, and P2 the inverse of Pi 
with regard to the second circle, &c. ; then, by the second of 
the propositions stated above, the point P4 coincides with P. 
Hence, if efe, efei, &c., correspond to the points P, Pi, &c., 
respectively, we have, from (36), in which we write the in- 
tegral in the form 2 / Nd<^^ 



s -81 = 2JJVirf^i, \ 
Si - S2 = 2 J Nidfjizy 

82-83 = 2\ Nzd^3, 
«3 + « - 2 J Nid^i, , 



(37) 



where it is to be observed that the last arc, S4 or s, is taken 
with a negative sign, as, if this were not the case, we should 
have, by addition, a relation of the form SiVS^ = 0, which, 
it is easily shown, could not exist. 

Hence, adding these results together, we eliminate Si, §2, Ss, 
and find 

8 = J iViC^i + J Nzdi^2 + J iVsrf^a + J Nid<^i, (38) 
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whioh IS Dr. Casey's expression for the arc of a bioiroalar 
qnartio. 

198. If the conic in Fig. 18 becomes a circle, the locus 
of P, Q is a Cartesian oval, and there are then only three 
distinct ways of generating the curve. In this case the third 
inversion of a point P is the reflexion of P with regard to 
the axis of symmetry, so that efea = - da. We find thus that 
the arc is equal to the sum of three expressions of the form 
J Ndf^^ where N now becomes 

i/{a^ + a* - A;* - 2a a cos^) by putting J = e?, /3 = 0. 

But the latter integral is equal to an arc of an ellipse, the 
squares of whose semiaxes are 

We see thus that an arc of the Cartesian oval can be ex- 
pressed linearly in terms of the arcs of three ellipses, as was 
stated above. 

It may be observed that the axes of the ellipses can be 
readily expressed in terms of lines connected with the curves. 

Putting OP = /o, p^a- a cosoi, 

we have (see Art. 150), 

p^-2p{a- a cos w) + A* = ; 

hence, if we put w= tt or 0, we get, to determine the points 
A, By Cf Dy where the axis of symmetry meets the curve, 

p^-2p{a±a) +A^=0, 
from which we find AB and ODy say, equal to 

2-/{(o + fl)*-/c»), 2v/{(a-a)»-AMi 
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respeotively . It thus appears that the semiaxes of one of the 

ellipses are the lengths AB^ CD, Hence, by Bymmetrjy we 

infer that the semiaxes of the three ellipses are the lines 

AB, CD; ACyBD; AD, BC, respectively. 

199. We now consider in particular the bidrcular quartic 

with a centre, that is, the curve generated in the case when 

the point in Fig. 18 coincides with the centre of the oonic. 

Since in this case 

p* - a' cos'w + J* QO&^w, 

the polar equation of the curve is 

r = v^ (a* cos'w + J' sin'^ai) ± -/ (a'* cos'w + 6'' sin'o), (39) 

where we have put a'\ 6'* for a' - Ar', i* - A", respeotively. 
It thus appears that the quartic could be generated in 
exactly the same way from the confocal conic 

-^^ + -^'- 1 = 

the constant F being replaced by - F. In this case (36) 
gives 

J a^ sin'^ + 6* cos*^ 



J (or sm'*^ + 



b^ co8> ) v/ (a'* cos*^ + b"^ sin» 



where the square of the modulus is (a^ - 6^)/(a* - /!;*), 

n = {a'-b')/b\ 

and k is supposed to be less than 6. 
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Again, by means of (33), or directly from (35) and the 
second mode of generation, we find 

, 2 (a» + J' - jfc») v/(J» - A') „ , , -, 

-Hv^{(«»-A')(6'-F)}i?'(e), (41) 

where tlie square of the modulus is (a' - 6') /a% 

n'=(a*-6*)/(J^-A^), 
and is the eocentrio angle of the point on the second conic, 

namely, tan*6 = f -5 — ^ J tan V 

In the case considered, that is, when k <b^ it is easy to see 
that the curve consists of two ovals, one wholly within the 
other; but if A; is intermediate between a and J, the two 
ovals are external to each other, and the conic is a hyper- 
bola. In the latter case, of course, the expression for the 
sum of the arcs is reduced to the standard forms in a diffe- 
rent way. The transformation, in fact, then is 

so that we get 
..,-..^,(.--*.)(*--.)|jj^^°^^ (48, 

which can be readily shown to depend upon elliptic integrals 
whose modulus is 6 /a, and parameter (a'*- A;') /(A;'- 6*). 
If both the generating conies are hyperbolae, we have to 

2s 
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make use of a transformation suoh as (42) in the expression 
for the difference of the arcs also. 

200. An interesting particular case of the curve con- 
sidered in the preceding Article is the Cassinian oval or 
ovals, some properties of which we have already given in 
Arts. 153, 154. 

If we clear (39) of radicals, we get 

r*- 2r»{(2a*- /fcOcos^o>+ (2J»- K')em^w] + A* = 0; 

but in order that this should represent a Cassinian, we must 
have the coefficient of r* proportional to cos 2w ; hence we get 
k^=^ a^+ b\ But when this relation is satisfied, it is easy to 
see that if the curve is real, the generating conic must be a 
hyperbola. In fact the two generating conies are then the 
hyperbolae 

a' b' ^ "' b' a' ^ "' 

where we have changed the sign of b^. 
We find then from (33) and (34) 



8 



r abdw r abdto 

~ J y^(a* 008*0) - b^ dn^u)) ~ ]y/{b^ cos^o - a' sin*w) 

'^ {Fu{i.)±F|,{^p)}, (44) 



^{a' + b') 

where a sin^ = & sin^ = ^{a^ + b^) sinw, 

the modulus is a/y/{a'^+ b^), 

and the arcs of the oval are measured from the points for 
which (0=0. Since the curve may be written 

[x^ + y' + fl^ - b'Y - 4(aV - b'f) = 0, 
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we see that b must be greater than a, if 

aV - &'/ = 

represent the real tangents drawn from the origin. Hence, 
if this be the case, we have for these tangents 

sinoi = ± al*y[of + If) ; 

and, therefore, ^ = ± 7r/2. 

But we have 

so that we find that the entire perimeter of either of the 

ovals is 

\abK 

Also, it may be observed that the points of contact of the 
tangents from the origin divide the oval into two parts, the 
difference of whose lengths is equal to 



201, When the Cassinian is generated in the manner 

considered in the preceding Article, it always consists of 

two ovals exterior to each other ; but we have seen already 

in Art. 153 that the curve may consist of a single oval 

enclosing the origin, in which case its polar equation takes 

the form 

r* - 2cV* cos 20 - Z;* = 0. 

The mode of generation by means of the two hyperbolae 
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becomes then imaginary, and the rectifloation of the curve 

must be effected in a different manner, as follows : — 

We have 

1^ = c«oos2e + v/(A;* + 0*008^^26), 

wHch, by putting 

A*+c*cos*2fl = A:*s^ 
gives 

and, therefore, 

'• = -^{^/(« + l)+-/(s-l)}. 

Now we have 

dr c* sin 20 



~ V ( W^J ) ■/(** + «* cos' 261) ' 



rdO y(A* + c*co8'20)' 
henoe 

but 

O^fl ^f* . 

80 that we get 

ky{(* + >^) ( dz 



<fe = - 



2v/2 lv/|(z-l)(c*+A'-A^s»)) 



'7 






which, by putting c* + A* = A* 8ec'2o, z = seo 2a cos 2^, gives 

d^ C dip 



k 

8 = 



a)'l 



y/ (2 cos 2a) ( J 'v/(cos 2^ - cos 2a) J -v/ (cos 2^ + cos 2a) 
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where sin ^ = sin a sin ^i = cos a sin «/'2, 

and the moduli A, A' are sin a, cos a, respectively. 

If we considered a radius vector at right angles to that 
corresponding to the angle 0, we should have 

/^ = - c^ cos 20 + y{k' + c' cos'20), 

and, proceeding then as above, we should find 

Hence we have 

v/cos2a ^^ ^ 

k 
y^COS Za 

Taking = 7r/4, we have ^ = a, and, therefore, i/'i= 7r/2, 
SO that from the first of these equations we find that the 
whole perimeter of the curve is 

UK 

V^COS 2a 

The preceding results on the rectification of the Oassinian 
were first given by Serret {Journal de Mathimatique&y t. viii., 
1843, p. 145). 

Examples. 

1 . If (a^ - ^2) (^2- F) = i*, where 2i* > a', show that the difference of two arcs 
of the quartic («* + y* + k^Y ~ ^ {^^^ + ^^V^) = ^ ^^^ ^® expressed by an 
elliptic integral of the first kind and a circular function. 

2. Show that the elliptic integrals of the third kind involved in the expres- 
sion for the arc of the quartic 

(ic2 + y2 + F)2 - 4 {a^x^ + h^y'^) = 

have both their parameters circular or logarithmic according as 

a2 + *-i8>or<A:2. 
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3. If (^ is an element of the arc of the qoartio 

r* - 2r»(a coe»« + fi sin««) + ir* « 0, 
show that 

'^'^Vl 2(aco»^« + i3 8m«e + /:-) )^ 



*V( 2(aco8«e+iB8in*g-ifc^) j " 



4. Prom the precediug example show that the expression for the element iv 
of the arc of the quartic 

r* - 2r2(a cos'g + fi sin'e) - A;* = 
may be written 

/J m cos 2^ + ft sin 2^ ^ d^ 

^ "^ \ ( (o sin 2^ - A;2 cos 2^) (A* cos 2^ - iB sin 2^) ) sin^* 

where m = JiH(a + iB), n = JAr2(*< - oi3), acos«a + iB 8in'g = ife* cot2^. 

It may be observed that the arc of the curve in this case cannot be expressed 
by real elliptic integrals. 

5. If a bicircular quartic have an axis of symmetry, show that the arc of 
the curve can be found as the sum of three expressions, each of which can be 
evaluated by means of elliptic integrals. 

6. If the circle x^-Vy^ - 2ax - 2 fit/ — (a* - J^) = have its centre on a conic 
conf ocal with the hyperbola 

where b>a, show that it cuts off from the Cassinian 

(»« + y2)2 ^ 2(a2 + i2)(«? - y2) + {a^ - b^)^ = 
arcs whose sum or difference is constant. 

202. It has been a matter of interest to mathematicians 
to discover algebraic curves whose arcs can be multiplied or 
divided algebraically like those of the circle. This can 
evidently be done, if the arc of the curve is expressible as a 
circular arc, a logarithm, or an elliptic integral of the first 
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kind, as the multiplication and division of these functions 
depend upon algebraic equations. The problem is, therefore, 
to find curves whose arcs can be represented in the manner 
just mentioned. 

In the case in which the arc is represented by a circular 
function, Euler f oimd a series of curves satisfying this con- 
dition. These curves we investigate here as follows : — Since 
the arc of the circle is proportional to the angle through 
which the central radius vector turns, it is hereby suggested 
to find a curve whose arc varies as the angle which the radius 
vector makes with the tangent. Let this angle be ; then 
we take s = J^. Now 

dr = coBipds; 

therefore dr = b costpdfpj 

whence, by integration, 

r = a + 6 sin 0. 
Again, 

,^ dr , b ain 6dd) 

r ^ a + 6 sm 
whence, by integration, we get 

a . J \ b + a sin^ ; 

» = *-^(a»-6»)'^ U + 6sin0: 

(see Ex. 7, p. 28). 

Hence, if we put m^P = {m^ - 1) a', we get 

• f(f> - 0\ _ b + a dn fji _ ^/{m^ - 1) 4- m sin ^ . ^. 
\ m y a+Jsin0 m + y^(m'-l) sin0* ^ ^ 

but as is expressed in terms of r by means of the equation 

r = a + 6 sin 0, 
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it follows that the ourre will be algebraic, provided m is com- 
mensurable. We thus see that, oorresponding to the different 
values of m, we have a series of algebraic curves whose arcs 
are proportional to the angle which the radius vector makes 
with the tangent. 

203. It may be noticed that we can generate from these 
curves a yet more general system whose arcs are expressible 
by a circular function. For we have seen in Art. 184, that 
the arc of the parallel curve exceeds that of the given one by 
±k(o;BO that if « is the arc of the parallel to one of Euler's 
curves, we have 

« = J0 ± Aoi = J (0 ± «w), 

if we take k the constant interval equal to n6, where n is a 
commensurable number. In the parallel curve it is to be 
observed that is not the angle which the radius vector 
makes with the curve. It may be considered as a parameter 
connected with the radius vector r by the equation 

r* = A* ± 2A sin (<? + 6 sin 0) + (a + 6 sin <py. 

204. With respect to curves whose arcs can be repre- 
sented by a pure logarithm, it may be observed that we 
have abeady found, in Art. 193, a curve of the fourth order, 
whose arc is expressible in this manner. We have also seen 
that the arc of a more general curve of the same kind is 
equal to an expression of the form plogu + glogt?, which, 
by taking p/q equal to a commensurable number, m/n, say, 
becomes proportional to log («*"*«?**). We thus have an in- 
finite number of such curves corresponding to the numerical 
values assigned to m and n, 

205. Proceeding to the case of the elliptic integral of the 
Brst kind, we notice that we have seen akeady, in Art. 181, 
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that the aro of the lemnlscate is expressible by such an 
integral, with a modulus equal to l/\/2. The arcs of this 
curve are therefore capable of multiplication and division in 
the same manner as those of the circle. As an example, we 
find that if the equation of the curve is r* = a* cos 20, then the 
semiperimeter of the loop is bisected at a point whose dis- 
tance from the pole is a^yi^ - 1). 

In this connection, we may notice some theorems which 
Chasles deduced from the fact that the lemnisoate is the 
inverse of an equilateral hyperbola with regard to its centre. 
Krst : to two arcs of an equilateral hyperbola, whose diffe- 
rence is rectifiable, correspond two equal arcs of the lemnis- 
oate. Again, if two circles are drawn through the pole to 
touch a lemniscate at the points A^ -B, and another circle 
be drawn to touch these two circles and the curve, the point 
of contact of the latter circle is the middle point of the arc 
AB. Furthermore : the four circles drawn through the pole, 
to touch a lemniscate at the extremities of two equal arcs, 
. are all touched by the same circle. 

The preceding results follow from the properties of arcs 
of conies already proved in Art. 190, combined with the fact 
that the arc of the lemniscate is proportional to the argument 
of the elliptic integral of the second kind, which expresses 
the arc of the inverse equilateral hyperbola. 

206. We thus see, that several interesting geometrical 
theorems concerning arcs of the lemniscate follow from their 
being equal to elliptic integrals of the first kind. But as the 
modulus involved in the arc of the lemniscate is particular, 
namely, l/\/2, it becomes a matter of interest to inquire 
whether there are not other curves, whose arcs represent 
elliptic integrals of the first kind in a more general manner. 

2t 
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We have seen already, in Arts. 200, 201, that the sum 
or difference of two arcs of the Gassinian oval is in each case 
represented by a pure elliptic integral of the first kind ; and 
we have thus, by means of arcs of a curve, a complete geo- 
metrical representation of such an integral with an arbitrary 
modulus. But as the integral is not represented by an arc 
measured from a fixed point, we cannot multiply or divide 
algebraically any assigned arc of the curve, so that from 
this point of view the Gassinian oval cannot be considered a 
solution of the problem. 

207. The most general solution of the question under 
consideration was given by Serret, who discovered a whole 
series of systems of algebraic curves corresponding to certain 
determinate numerical values of the modulus. An algebraic 
curve, whose arc involves an arbitrary modulus, remains thus 
to be discovered. 

We investigate here merely one of Serret's systems. 
Let be the angle which the radius vector makes with the 
curve; then, if we have r*= 6* + a'sin^, it is easy to see 
that the arc is expressible by an elliptic integral of the first 
kind; for 

2rdr = 2r costpda = a'cos^rf^ ; 



therefore 


ds- 


a^ 


d<p 


2/(6' 


+ a'sin0)' 


from which 


we get 








s = 




rfii'), 


where the modulus is 







ay/2 1 y {a" + V), and = 2;// + 7r/2. 



HECTIPICATION OP PLANE CURVES. 331 

We have now to find whether the equation r* = ft'^ + a* sin 
can ever represent an algebraic curve. We have 

,-, dr . a^ sin0r?0 

rf9=— tan0= -rr- — f-:^; 



" ^ J 6^ + a^si] 



therefore 20 

sin0 

6' . JJ^+o^sin^; 

"* v/(6*-a*) ^'"^ (a'+ft^sin^J- 

Hence, if we take w'a* = (m' - 1) 6*, where w is a commen- 
surable number, we have 

. /0-29\ b' + g' sin ^ ,^.. 

8^ r^^ N "S — M ■ ; (48) 

BO that we get thus an infinite number of algebraic curves 
corresponding to the different values assigned to m. 

208. Of these curves, Serret has also given the following 
geometrical mode of generation. With the radius vector OP 




Pig. 34. 

as base, let a triangle be constructed whose sides JfP, OM 
are equal to y^(n + 1), y^w, respectively ; then, if 

= wa- (n+l)|3, (49) 

where MOP = a, 0PM = /3, the locus of P is one of Serret's 
elliptic curves. 
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To show that the aro of this curve is an elliptio integral, 
we have, writing for brevity, 

A=V^|-r* + 2(2n + l)r»-l}, 

OOS a = ^ 7-, COS p = 



Sin a = 



2;Vw' 2r^{n + l)' 

;=, Sin p = 7; -7 rr-, 

2rv^ 2rv/(w + l) 



by the ordinary trigonometrical formulae. 
We thus find 

hence, from (49), 

dB = nda - (n + 1) rffl = ^^ — , 

from which we get 

afr Vr V^^yj V I -r*+2(2«+l)r*-l| 

= ^ • (51) 

We see thus that the arc is expressible as an elliptic 
integral of the first kind, which, it may be observed, assumes 
the standard form, if we take the angle a as the variable. 
We have, from (50) and (51), 

ds ds dr ~2^/[n{n+l)} rA 
da dr da A r^ + 1 

r' + 1 
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but n + l -nswra = 1 + . ^ = , , ; 

so that W€f get 



da v^(l - A^sin^'a)' 
where A* = n/(w + l). 



(52) 



209. We might also consider these curves of Serret's 
from a different point of view, namely, as the inverses of 
the curves known as epitroohoids. The epitroohoid is the 
loous of a point rigidly connected with a circle which rolls 
on the circumference of another ; and if the origin be taken 
at the centre of the fixed circle, the co-ordinates of any point 
a?, y of the locus can be expressed as follows : — 

X = mb cos^ - coosnifji, y = mb&m<ft - c sinm^. (53) 
Hence, for the arc of the epitrochoid, we have 

= m*(6sin0 - csinm0)^ + w'(6cos^ - ccosm^)' 
= m'{b^ + c^-2bcooaxlj), (54) 

where i/^ = (m - 1) ^. 

wi 

That is, ds = — -— =• ^(6* + o' - 2bo cost//) d\pj 

from which, it may be observed, we see that the length of 
the arc is equal to that of an ellipse. 
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Now we have, from (53), 

f» = m* J* + d» - 2fnbe cos ^, 
so that for the arc «' of the inverse we get, from (23), 

d'^^d a ^** v/(y-K^-26coosi^)rfi^ 
r* i» - 1 m'J*+ c'- 2mJcoos^ 

A» (j. (m - 1) (c» - i»J«) 



1 



i» - 1 ( m^b^ + c^- 2mbc oos^ 
^^j 

Hence, if we pnt ^ = ir - 2d, we obtain 

(m-l)(J + c) ^' (c + w6f(6 + c) ^ ' '' ^ 

where « = - 4mbc/{c + mby^ 

and the square of the modulus is ibc/{b + c)'. 

We thus see that the arc of the inverse curve represents 
an elliptic integral of the third kind with an arbitrary 
modulus. The parameter, however, must be connected with 
the modulus by some numerical relation if the curve is to 
be algebraic ; for, if X is the modulus, we have 

4mX' 
n = - 



2M2' 



{w + l + (m-l)^/(l-X*)) 

and if the curve is algebraic, m must be a commensurable 
quantity. 
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Suppose we have now & - mW^ then the coefiBldlent of 
n (tf, 0) vanishes, and we get 

''- K».-W.»^l) ^'"^- "'> 

-where X'* = 4 \/m/(l + v^^)% 

80 that the length of the arc is then expressible by an elliptic 
integral of the first kind. 

We can easily verify that in this case the curves are those 
of Serret. From (53) we get 

ind/u ydx , , . , , - . , 

^ = m'6' + mc'-m(w + Ijoccos;/' 



2. 



But 



d^ d^ 

= 2m^b^ - 2m3 (m + 1) 6^ cos xp. 

xdy ydx _ pds 
dip dip dip 



and "1- = mb^[m + 1 - 2 ^/w cost//} ; 

also r^ = m^b^ + c* - 2mbc cost// 

= mb^{m + 1 - 2\/moos\p) ; 

so that -IT ^ r^m. 

dip 

Hence we have 

pr^/m = 2m^b^-{m + 1) [m{m + 1) J*- r") 

= (w + l)r*-w(m'+l)J». 

But putting j? = r sin x> and then substituting k^/r for r, 
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and leaving x unaltered for the inverse curve, we get a 
relation of the same form as that which we assumed in 
Art. 207 for Serret's curves, namely, 

210. We now mention two very simple curves whose 
arcs are expressible by elliptic integrals of the iSrst kind 
with numerical moduli. If the arc of the curve 

be expressed in terms of r, we have 

a^dr 



ds = 



Hence, taMng w = 3, we see that the arc of the curve 

r^ = aJ^ cos 36 

^' dz 



is equal to ^ 



V^(S3-1)' 



where r^=^ a^/z; but this is an integral of the first kind 
whose reduction to the standard form is given in Ex. 2, 
p. 133. Again, let m = 3/2, and we have 



8 






which is also an integral of the first kind. 

211. We now give an interesting theorem of Bemouilli's 
with respect to the rectification of a certain locus. Let us 
consider any number n of points on a curve or on different 
curves at which the tangents are all parallel, and let us take 
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the locus of the centre of mean position of these points for 
any system of multiples ; then the arc of the locus measured 
from a properly selected point is equal in length to the mean 
value for the system of multiples of the arcs described by the 
points. 

To prove this, let fli, erg, . • . «n be the system of multi- 
ples ; then if arj, yi, . . . ir„, y^ are the co-ordinates of the 
points on the curves, and x^ y are those of the corresponding 
point of the locus, we have 



» «-•» 



therefore -r- cfeS** ar = S" ar -7^ dsr, 

as ^ ^ dsr 

-7- osS ar = ^ar -^ dSr. 
as ^ ^ asr 

B t dxr dyr 

dSr dSr 

are the same for all values of r, on account of the tangents 
being parallel. Hence we get 

dx n dXr^ , 

da ^ dSr 

i^ da r ar =^ -^a.dsr, 
as * asr 

from which, by squaring, adding, and then extracting the 
square root, we obtain 

ds 2" ar = ^ardsr ; (58) 

and this, by integration, evidently gives the result stated 
above. 

2X3 
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It may be observed that it also follows from these equations 
that the tangent to the loous has the same direction as the 
tangents at the points on the generating curves. 

It is shown in treatises on plane curves that if we draw 
all the tangents parallel to a given direction, then the centre 
of gravity of the points of contact is a fixed point. Hence, 
by the theorem of this Article, if all the tangents of a curve 
be drawn parallel to a given direction, the sum of the aroual 
distances of the points of contact from a given point of the 
curve is constant. 

212. We now give Steiner's theorem on the rectification 
of roulettes which we referred to in Art. 164. If a curve 
roll on a right line, the length of the arc of the roulette, 
described by a point P invariably connected with the rolling 
curve is equal to that of the corresponding arc of the pedal 
taken with regard to P. 

We liave seen already in the Article referred to that if 
ir, y are the co-ordinates of P, then 

dx = pdwi dy = dp\ 
hence, we have 

dx^ + dy"^ = dp^ + p^dtj^, 

which is evidently equivalent to the statement just made, as 
p, w are the polar co-ordinates of a point on the pedal. From 
this result we may notice that it follows that the length of 
the roulette described by a focus of an ellipse rolling on a 
right line is equal to an arc of the auxiliary circle. 

Again, we see that the length of the arc of the cycloid can 
be obtained from that of the cardioid ; for the latter curve is 
the pedal of a circle with regard to a point on the circumfe- 
rence. 
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213. In the motion of a rigid lamina in a plane, if we 
are given the lengths of the envelopes of two lines of the 
figure, we can find the length of the envelope of any other 
line. 

Let pu p2y pz be the perpendiculars from an arbitrary 
origin on three lines of the figure, then we have 

api + bp2 + cpz = 2A, (59) 

where a, 6, c are the sides, and A the area of the triangle 
formed by the lines. Hence, differentiating twice with 
regard to w, the angle through which the figure turns, we 
get 

ad^Pi hd'Pi cd^Pi ^ 

— - — h — — H — = 0; 

d(o^ d(o^ d(jj^ 

whence, from (59), by addition, and putting 

ds, , d^pi ^ 

— ioT p, + --j-^, &c., 

we obtain 

adsi bdsz cdsz ^ ^ 

1- i = !<&A. 

du) dio du) 

Integrating, then, we have 

If the figure return to its original position after making a 
complete revolution, we take vj between the limits 2k and 0, 
and there results 

asi + bsz + cSi = 47rA, (60) 

where Si, ^2, Sa are now the perimeters of the curves enveloped 
by the lines. 
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From (60) it is easy to see that lines of the figure which 
envelop curves of equal perimeter are all tangents to a cirde. 
For, taking three such lines, we have 

where L is the common length. Now if r is the radius of the 

inscribed circle, 

(a + J + c)r = 2A ; 

therefore L = 27rr, from which the result just stated follows 
at once. This theorem is due to Mr. W. S, M*Oay. 



f-^V(a:* + 2j;2cos« + l) 



Examples. 

1. Show tbat the integral 

dx 

can he represented by an arc of an hyperhola. 

2. If * is the length of the cycloid represented by the equations 

a; = a(l - COS0), y = a(0 + sin0), 
show that «- = 8<7a*, 

3. If < is the arc of the curve (m + 1) y = a;»»»+i, show that 

x'Jil+x^^) m f dx 

»= — ^— ; — --V ' 



m f 



m+l »t + lJV(l + X'^) 

4. Show that all the cuitcs compiised in the equation cy»» = a;"*-^, where m 
is an integer, are rectifiable by means of the elementary integrals. Show that 
this is also the case if the axes are oblique. 

6. If 8 is tlie length of an arc of the curve 

e)"-(f)"-' 



show that 

8 



m C 
= o- V{a^ ^«»-2 + b^l - t}^'^} dt, 



m m 



where «; = «<*, y = *Cl-^)*i 
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6. If 8 is the arc of the curve whose equation in oblique co-ordinates is 

show that 

where x = at^, y = 5 (I — ^)»». 

7. Given a curve defined by the equations 

show that its length measured from the origin is 

f{(l + ^)t-l}. 

8. If a curve be given by the equations 

X ± ii^ = / (^ ± ia)»» {t T iaYdt, 

where m and n are both even, or both odd positive integers, show that the arc 
is an algebraic function of t. 

9. If « is the arc of the curve given by the equations 

show that » = y + 2^ 

10. If a curve be such that the length of the tangent measured from the 
point of contact to a fixed line is constant, show that the length of an arc is 
proportional to the logarithm of the ratio of the perpendiculars from its extre- 
mities on a fixed line. 

11 . If « is the arc of the curve, y — c^, show that 

V(a2 + y2)-a) 



8 



= V(a2+y2) + fllog| 



12. Show that the length of the curve y = log (1 — x^) measured from the 
origin is 

*°8 (r^) - *• 
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13. Show that the length of a loop of the cuire r* s of cos m9 



m 



T 



m 



14. Show that the lengtha of the loops of the positive and negatiTe pedals of 
"O^coBmO are in a constant numerical ratio. 

15. Show that the length of the curye r = a8 is 



2i— + 2^^M a -]' 



16. If « is the arc of a curve which is given as the envelope of the line 

M— ». 

show that 8 = t-{ — — — 

where ^ is the length of the tangent measured from the point of contact to the 
axis of X. Also show that the similar formula for the axis of y is 

., . f &d$ 

8 






17. Show that the arc of the envelope of the line 

a; cos » + y sin « — 4>'(w) = is 4>(«) + 4>"(«)» 

18. If 0* is the arc of the curve enveloped by lines drawn, making a constant 
angle a with a given curve, show that 

0* = f> sin a + » cos o + C, 

where p, a are the radius of curvature and the length of the arc, respectively, at 
the point on the given curve. 

19. Show that the arc of the ellipse or hyperbola can be expressed as 
follows : 

(a2 cos'w + h"^ sin'w)^ 
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20. If a curve ia p,t» co-ordinates be generated from another in polar co- 
ordinates by the transformation 

r^ = 2ap, 2e = m, 

find the relation between the arc of the first curve and the area of the second. 

21. Show, by the transformation given in the preceding example, that the 
problem of finding the area of the Cassinian oval is the same as that of the 
rectification of the ellipse or hyperbola. 

22. If 2 is the area of a closed curve described by the point x\ y', and Pthe 
perimeter of the closed curve enveloped by the line 

ax{x'^ - y'2) + 2ax'y'i/ - {x'^ + y'^)* = 0, 

show that 42 = aS. 

23. Show that the arc of an ellipse can be expressed by the integral 






where r is the semidiameter parallel to the tangent. 

24. If an endless string be passed round the circumference of an ellipse, and 
be kept stretched by a moving pencil, show that the pencil will trace out a con* 
focal ellipse. 

; 25. If from any'point P of the ellipse 



tangents* PT, PT' be drawn to the confocal ellipse 
show that 

.2 1 7.5 



Pr+ FT' - arc Tr = 2hJ (f^) - 2aE(<l>), 

where tan^* = hjb. 

26. If Xj y are connected with the variables /a, y, by the equations 

ex = fiy, cy = V {^' - c^){e^ -"')}> 
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show that the differential equation 

dfi dp 



= 



V(a«-/i»)*V(a«-ir«) 
represents a series of circles having double contact with the conic /i — a. 
27. In the same case, show that the differential eqiuition 

fidfi pdp 



V{(At»-a»)(At-'-0} "^ V{(«'-|^)(<?*-|^} 



= 



represents another system of circles haying double contact with the same 
conic. 

28. If the portion of the tangent of an ellipse intercepted between two fixed 
tangents is a minimum, show that its extremities are equidistant frmn the 
centre of the curve. 

29. If a curve be determined by the equations 

az a:? 



* = T-T-i» y = 



show that the element of the arc is 

adz 
V(l + z*)' 

30. If m is any integer, show that the inverse of the curve cy^ = ar»**^ 
with regard to any point can be rectified by means of the elementary 
integrals. 

31. Show that the arc of the inverse of the curve cy^ = s^ with regard to 
the point - 4c / 27, is proportional to 



J 



de 



(9a+4)S(9a + i)* 

where x = cO, y i= cd^ for the given curve. 
32. If « is the arc of the envelope of the circle 

cos Zu{x^ 4- y2j _ ^ jj. cos « + y sin a) = 0, 

show that 8 = -— ^ tan-^ (2 v'2 sin 3«). 
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that the arc of the envelope of the circle 

cos J« (a;* + y') - A (a; cos « + y sin «) = is 



( 2 4- VSsin^w ) 
^^^ 12-V38in4«r 



34. Show that the sectorial area of Serret's curves varies as the difference 
of the areas of the generating triangles at the corresponding points. 

35. If a curve be obtained by eliminating 4> between the equations 

f = a v^(l - fw2) + -— , 

sin 4> 

1 +V(l-m2)8ind) 
cos me = „ — -. — ^, 

V(l — f»2) + 8in4> 

show that 4> is the angle which the radius vector makes with the curve, and 
that « s 6 cot 4>, where « is the length of the arc. 

36. If a curve be obtained by eliminating 4> between the equations 

(d> — nB\ 
j = tan ^, 

show that (f> is the angle which the radius vector makes with the tangent, and 
that 

'- J V(r2»-1) * ^^ J V(l-r2«)* 
where s is the length of the arc. 

37. If « is the arc of the curve, 

r'in _ 2a»r«cosfia + a^» -il^ = 0, 

2b»r**dr 



show that ds = 



V {- y4n + 2 (a«» + i2») r2» - (a^n _ i2«)2} • 



38. Show that the element of the arc of the curve whose polar equation is 
given in the preceding example can be written in the form 

b**d(l> 



by assuming 



(a2»»- 


- 2a"*' 




r^ = 


a^H- 


2a»^ sin «4> +&'»•. 

2x 
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89. Show that the polar eqnationa of Serret*i corresy oorreeponding to the 
caaet of » «> 2, and n m 1/2 in Art. 207, are 

4p« + 27p* - 12/»» + 1 - 12 V3p*co6e = 0, 
p« + 6/»< - 2 - 3 V3/»«coB 2e = 0, 

retpectiTelj, and hence that the arcs of these curves of the sixth degree are 
ezpressihle by elliptic integrals of the first kind whose moduli are \^/ V3, 1/V3. 

40. If on the tangent at a point P of a given curve we measure out a con- 
stant length FQ equal to a, show that the arc of the locus of Q is / V(p> + a') tUg, 
where p is the radius of curvature of the given curve. 

41. If the given curve in the preceding example is a hypocydoid, show that 
the arc of the locus is equal to that of an ellipse. 

42. Show that the arc and area of the curve r'cos Z$=ifi ore expiessible by 
means of the same integrals as the area and arc of the curve r' ss o'cosStf, 
respectively. 

43. A aiTcle passing through the origin and a fixed point on the curve 
r' = a^cos 30 meets the curve again in ^, ^ ; show that the middle point of the 
arc ^^ is fixed. 

44. If from the equation of a cuiTe in rectangular co-ordinates we form 
another in polar co-ordinates by the transformation r = y, rdd = dx, show 
that the lengths of corresponding arcs of the curves ai*e equal, and that 
the area j ydz of the former curve is equal to double the sectorial area of 
the latlbr. 

45. If a closed curve be such that the distances ri, r2, &c., of any point 
thereon from certain fixed points are connected by the relation li ri + /2^2+ &c. = /, 
show that the perimeters «i, «2, &c., of the pedals with regard to these points 
are connected by the relation 

hsi + I2S2 + &c. = 2ir/. 

46. Let zjJi = a: cos «i + y sin «i - ^i = 0, 

X72 = a:cos «2 + y sin «2 — joo = 0, &c., 

be the tangents to certain curves, all inclined to each other at constant angles. 
Show that the arc of the envelope of the line /i^i + /2X?2 + &c. = can be 
expressed linearly in terms of arcs of each of the curves. 
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47. If a curve be determined by the equations 

a; = a^ - 3o)8^ - 3a, y = jS^ - SjSa^ + SjS, 
where (a^ + fi'^)- - 2 (a* - i8^) = 0, 

show that its arc is equal to that of a lemmscate. 

48. If a point x', y' be connected with a point ar, y by the equations 

xjx^^y'^^c^) y(a:^ + y^-g') 

show that ds* = Pf^, 

V { (a;2 + y2)2 _ 2c« (a:« - y2) + c* } 



where P = 



{x^ + y'*) 



49. If a curve in polar co-ordinates be transformed by the substitution 
r* = r», d' = «d, show that ds' = wr»»-Vs. 

60. If a curve be transformed into another by the substitution ^+ V(/:a'— c*) 
= r, y = c cos By where /t, v are elliptic co-ordinates, and r, polar co-ordinates, 
show that 

61. Show that the arc of the curve, whose equation in elliptic co-ordinates 
is /A + ^(/a' — ^) — m v(/i^ — v'), is equal to an arc of a Cassinian oval. 

62. Show that the arc of the curve, whose equation in elliptic co-ordinates 
is 

can be expressed in terms of two arcs of a bicircular quartic with a centre. 
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- MISCELLANEOUS EXAMPLES. 



J («»+ 2« + 6) («» + « + 1) («*+ 1) " 130 ^^^*^+ Z« + 0} 

-- log (1 + «») + — tan-^ar. 



2. 



f aj»<ijp lla»+ 27«**:c+18a*»a;» 1, , 



x^th (a^-^-Aa^bx-^-eab^x^+Wafi) 



(7+1^ ~ 4ft* (a + fta;)* 

f ix^dx tafi x^ x\ 1 1 ^ , 

^' J(rT^=ll6-^6-16J(lT^3+l6t*n-a:. 

at (Itx + h) b(6ae-V) t dx 

~ 2c' (4<w! -**)(« + i* + ea^ ~ 2«'(«« - 4») J a + i« + ««** 

f , . ,>» il' (2**' - 7«) , , , .,t 

6. j («+»'')* JIo = 43^ ('• + *^)- 

7. 3(p-l)(«A'-4«'0U 

fdx 
where X = a + fta:* 4 <?«•. 



dx 

■^dx 
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8. 



9. 



10. 



11. 



12. 



13. 



14. 



I '7 T 'if^ 

(sin ey de = -— cos 7$ - — - COS 5d + — cos 3d - — cos $. 

in'd cos'^ede = — - j Q cos 8a + - cos 6$-- cos 4^-3 cos 20 } 
128 (8 3 2 ) 



sm 



8ill*aCO8*0(fa.= 



J_(l . 

256 



j-sin9a + i 



14 4 

sin 7$ -- sin 60 - - sin 3d 
6 o 



+ 6 sin 



T — = (16 sm - o su^e - 2 sin^ a) - -— d. 

cos^e 8cosa ^ 8 



<f0 



1 



sin^ B cos^ 48 sin cos^ 



{8 + Ucos^d + 35cos*d 



36 
- 105 cos^a} + 77 log (sec a + tan a). 
16 



a* cos a^a = (a* - 20a' + 120 a) sin a + 5 (a* - i2a2 + 24) cos a. 



X sin"' xdx sin-^ a? 



(l-a;2)3 V(l-a^*) 



:;t + 



^°^(itI)- 



16. To prove "Weierstrass's transformation in elliptic integrals, namely, 

xdy — ydx 1 dz 



"where 



and 



V27-. "2V(-4z«+&-r)' 

Z7= fla;* + 4^2:8^ + 6(7a:V + ^^^y^ + '^y** 
S = ae-ibd+ Zc\ 
T=:ace-\- 2bcd - ad^ ^ eH^ - <^, 
z=: SjU, S being equal to 

144 {ds^ 1^ " \dxdyl ] 

{ac - b'^)3*-2{ad-be)3?y + [Zc^-ae - 2i^ar^y» 

- 2(*« - iJ^flary' + (<?' - t^^y. 
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We have 

, UdH-HdU 
dz ■ 



1 fxdU ydV\ IdH ^ dH , \ 



1 txdH ydE\ IdU . dU .\ 



± tdU_dJS ^dUd^K 

^U^\dx dy dy dxP^ ^ ^' 



^, . .. ^ dTIdK dUdE __ 

80 that II we put -— — ; — — = 87, 

dx dy dy dx 

we get *^ = m ^'^^^ ~ y^*)* 

Now it is shown in treatises on algebra that 

J^^^iS^^ SKIP' TIP. 
Hence we have 

xdy — ydx U^dz XJ^dz 



which gives the required result by putting H = Uz. 

16. Eeduce the integral 

IU'+ tnS {xdy — ydx) 



!r 



U^- m'S V U 



by "Weierstrass's transformation, where U^ B'have the same meaning as in the 
preceding example. 

17. Z7and F'are binary quartics, such that Tis of the form 

a7^+*Q^+2APQ, 

where P, Q are quadi-atic factors of U\ show that 



j -y- (xdy - ydx) 



can be made to depend upon two elliptic integrals of the third kind with the 
same modulus and different parameters. 
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18. 17* is a binary quartic and V a quadratic ; show that 
cldVdU dVdU\ 



/dVdU dVdU\ 

\ dx dy dy dx ) (xdy — ydx) __ 



= 4ton-'(^), 



and hence deduce a relation connecting four elliptic integrals of the third 
kind. 

19. P, Q are quadratic functions of a;, y ; show that 

I ^'^'^^[dxdy dy dx) {xdy - ydx) _ ^ ^ _Jy //PU 

J WTW V(^~ UVwl' 

and hence deduce a relation connecting four elliptic integrals of the third 
kind. 

20. To show that 

IS!dy — ydx 

where CT is a binary cubic, can be expressed by an elliptic integral of the first 
kind with a numerical modulus. 

If we apply the linear transformation as in Art. 20, the integral is found to 
retain the same f oim. If we suppose then the coefficients of y^ and x^y to vanish 
in the new expression for U, the integral may be written 



I 



xdy — ydx 



I which, when we take a; = 1, and put a + yy^ = 2^, becomes 
: zc dz 

2jv{±7(a-2^)}' 

and this comes under either Ex. 1 or Ex. 2, p. 133. 

Or thus : Putting with the notation of Ex. 40, p. 38, z = — , we have 

ZUE^ =^ZUdE-- 2EdU = ZG{xdy - ydx) ; 
since G^ + iE^ ^ AlP, where A is the discriminant of Z7, namely, 



f xdy " ydx ^ tU 
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We find thus 

f xdy^ydx e 

21. II the relation 

(«-a)(*-i)(*-<?) + x(«-a?i)(*-ari)(*-j?j)s {mx-^-nY 
is identically satiBfied for all values of x^ show, by the method of Art. 99, that 

22. Show that the rektion 

(*-OV{(«-«)(«-y)(«-*)} + (^-^)V{(*-*)(*-y)(*-*)} 

+ («-*)V{(<^-«)(<^-y)(^-*)} = o, 

where A; is an arbitrary constant, is an integral of 

dx^ dy _ 

\{x-a)(,x-h){x-e]i^ {(y-«)(y-*)(y-c]}»" ' 

23. With the notation of Ex. 15, show that 

1{xdy - ydx) __ 1 f dz 

yj 2 J (423 - & + x)\ 

24. Show that the integral of the differential equation 

dx dy 

+ -77-. r: rr. rr rr-= 



can be written in any one of the four forms 

?V{(a-a:)(a-y)}+wV}(5-a;)(i-y)} + wV{((J-a;)(c-y)} = 0, 
where 

25. If sn^Mi, sn'wz, sn'wa, sn^M* are the roots of the equation 
a; (a + i8;i:)2 - (7 + 8j;)2 (1 - a:) (1 - A?2ar) = 0, 
show, by the method of Art. 99, that 

«i±M8±M3±W4 = 2«tjr+ (2«+ \)\K\ 
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26. If snMi, Bnu2, snws, 811^4 are the roots of the equation 

(a + i8a?)2 (1 -a;2)-. (7 + 8a;)2(l -ife^**) = 0, 

show that «i + fi2 + «3 + «4 = (4m + 2) jB: + 2«tJE". 

27. To show that 

(oa; + fiy) (xdy - ydx) 



! 



V27 



where IT is a binary sextic, can be expressed by elliptic integrals of the first 
kind, if TJ has its roots forming a system in involution. 

In the case in question (7 is the product of three quadratic factors which are 
connected by a linear relation, and, therefore, if we transform two of the qua- 
dratics, as in Art. 20, so as to involye the squares only of the new variables, the 
third also will involve these squares. The integral being transformed thus takes 
the form 

{ax + i3'y) (xdy - ydx) 



1 



V { (to2 + my^) (Vx + my) (l"x^ + m'Y)}' 
which, if we put y = x^t, becomes 



kJ 



dt 



y/{t{l-\-mt){V-\-m't){l"'\-m"t)} 



+ 



i3'| 



dt 



V{(Z+mO(^'+m'0(r-f «"0} * 



but these are evidently two elliptic integrals of the first kind. 

It is to be observed that the reduction to elliptic integrals with real moduli 
obtains when the new variables are capable of being expressed in a real manner 
in terms of the old. If this is not the case the reduction is useless, at least for 
purposes of calculation, as the moduli are then imaginary. 



28. Express 



J(l- 



de 



c'sin^a)^ 



by means of elliptic integrals of the first kind. 



29. Given 



show that 



tan 



(*-?)■ C-i^) -. 



Fh(^) 



m 



2 -m 



M^\ 



where 



2wj — 1 , «„ J 
m^ (2 - m) 
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80. Show that 

and tw6 other siinilar reladooB are integiala of the equation 

^ dy 

V{(«-ii)(*-*)(*-<j)(«-rf)}"*'V{(y-a)(y-*)(y-i?)(y-iJ)} 



= 0. 



81. J /(am?, oo8*)log n + ^jito 

-J7/(«n..co.*)U.gjl + jg^j*^ 

ThiB relation may be obtained by a process exactly similar to that used 
£x. 6, p. 170. 

32. I u log cos edx =1 « log ( -W- ) dx, 

where u = /(sin 2'irXy cos 2'irx), 

» = f. 

2* 



33. 



j^ « log (1 + c-c=) rf* = I ttlog— — i?jr, 



where u = /(sin 2irj;, cos 2im:), 

a = 2«. 



34.. 



fi a-#-i(l -fa;- 2a,-«)rfa; , 



36. 



Jo V(l-a:2) 24^2 ^''^^^• 



36. 



fi (x^ x*^'<^-')([ogx)^dx ^^^Q^(^j 
Jo 



1 - a;** 



w' sin' ( — j 



y ■ , ■ \ 
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37. If / = (* (T'log-rflr, 

Jo * 



1 
show that /' = J«+^. 



6 



38. Show that 



IT 

I* logsiaa^a = - i (c72 + ^ log2J , 

IT 

|Mog8indefa= ^(72-^log2), 



^ 1 1 1 o^ 
wrhere (72 = _.-_. + -. &c. 



IT 

39. Show that f* dtana^a = - [C2-- log2], 

Inhere ^2 has the same meaning as in the preceding example. 
[^ aogtang)Vg X (,^-,iAor^V 

41. Show that 

Jo (a + *a; + cx^)"" " <ji (^ + 2 Vii^)"-! r(«) * 

f * a?*»-t<?a? yjir T(n - j) 

Jo (« + *a; + ca;2)»""<rf(i+2Vfl<?)'»-» r(») ' 

where a, ^, are positiye, (Professor Oayley.) 



/ 
\ 
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^ cosmi d? — ]dx 






42. . [t = »#-■•. 



43. Show that 






44. Giyen 


y B eOMca^Bde, 


show that 


xd'^y dy ^ ^ 
dx^ dx 


46. If 





(1 - 2«r+ a«)"i = 1 + aPi + a'P2 + . . . + a''Pr+ &e., 

show that I PmPndx = 0, 

except when m^sn, 

2 



'\ ) 



and then l Pm^dx = ^ 

J-i 2m+l 

46. If the point x, y lies outside the ellipse 

show that I = 

Jo v{(a:-acosa}-^ + (y-ftsina)2} V(p/>') 

where the modulus is equal to the sine of half the angle between the tangc 
drawn from r, y, and p, p are the distances of the same point from the foci. 

X^ f/* 

47. If -1+H-1>0' 
show that 

f2ir de ' 2irV{(aHXi)(^HXi)} ^ 

Jo (i;-acose)« + (y-ftsina)-'' Ai(Xi-A2) ' 

where \i, A.2 are the greatest and lenst roots, respectiyely, of the equation 

+ r^ 1 = 0. 



«* + A **+A 



MISCELLANEOUS EXAMPLES: 357 



48. If 1-1-S = 'S^>0» 



show that 



Jo {(a; -« cos 6)2+ (y-*8ina)2}2 ^sft^^^"*" «*iS3 \fl* "*" ft*/ * 

49. If r is the distance of the element ds oi a. circle from a fixed point P, 
show that 

ds 2ira(5* + 4a2 52 + a4) 



f ^*_ 



(82 ^ a2)6 



where a is the radius, 8 the distance of P from the centre, and the integral is 
taken throughout the entire perimeter. 

50. If each element of a finite right Hne is divided by its distance fropi 
a fixed point, show that the sum of these quantities is equal to 



/r + r'+5\ 



where 8 is the length of the line, and r, r' the distances of its extremities from 
the fixed point. 

61 « If /S^ is the area cut off from the lemniscate r^ = 2(;^cos 26 by a tangent 
of the curve at a point P, show that 

J (g*-r«)^ 



52. A bicircular quartic consists of two ovals, one within tlie other ; if the 
area which the tangent at a point P of the inner oval cuts off fix)m the outer 
one is a maximum or a minimum, show that the normal at P passes through 
the centre of the generating conic. 

63. A, B are two points on the curve 

ic* + j^ + 2a:*y2co8 2a = «*, 

such that the area AOB is given, where is the origin. If concentric 
equilateral hyperbolae are described through A, B, show that they touch 
the curve 
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64. If S 18 the area included between two i^ormals of the paiaboU 
y* - 4mx s 0, the curve and its evolute, show that 

5=2m«{a-i8 + |(a»-i88)+J(a»-i85)}, 

where a, iS are the tangents of the angles which the normals make with 
the axis of x. 

65. A yariable circle has double contact with a fixed curve at P, Q, andcnls 
off from another fixed curve a given area at the points A, B ; show that flie < 
line FQ passes through the centre of gravity of the circular arc AB, 

56. If A is the area between the ellipse 

x^ v' 

and the tangents drawn to the curve from the point xy^ show that 

A = a* (V/S - tan~W/S). 
67. If A is the similar value for the hyperbola 

show that £i, = ab\/S--ab\o%\- — — j. 

58. A right line cuts off from two parabolae with parallel axes areas which 
are in a constant ratio ; show that its envelope is a parabola. 

59. Lemniscates of which the origin is the node are described to touch the 

equilateral hyperbola 

x^ — y^ — a^ = 0; 

show that they cut off a constant area from 

a;2 - y2 _ rt'2 = 0. 

60. If the tangent at a point P of a curve meet an outer curve in ^, ^, 
so that the arc AB is given, show that AFj FB is inversely as the tangents to 
the outer curve at A, B. (MacCullagh.) 

61. Two lines intersect on a curve and make angles with the normal whosQ 
sines are in a given ratio ; find the relation connecting the arcs of their 
envelopes. 
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62. A Cartesian oyal being written in the form 

r2 - 2r (<J + a cos a) + a^ - ^2 a ; 

let 8 be the perimeter of the pedal of an oyal with regard to the origin, and S 
the area of the pedal of the same oval with regard to the point 

r = a, d = 0, 

then show that 

2-S = M + 2 + rrb\ 

where :g is the area of the oval. 

63. A circle of given radius turns about a fixed internal point; show that 
it is cut orthogonally in every position by curves represented by the equation 

r* + A;2 - 2ar cos ^ = 0, 

where r is the length of the radius vector, and tp the angle it makes with the 
curve. 

Show then also that the arc 8 of this curve is given by the equation 

« = «log(r2 + A;2), 
and that the curve is algebraic if A; /a is a number. 

64. Ay B are two variable points on a given curve ; show that if the arc 
. AB is given, the locus of the middle point of the chord ^^ is cut orthogonally 

by the locus of the middle point of the chord of arcs whose point of bisection is 
fixed. 

65. Three points, A, B, C, are taken on the axis of the hyperbola 

80 that 

0A + OB + OC=0y OA^ + OB^ ■{■ OCr^ == 2c^, 

where is the origin. If «i, «2, «3 are the arcs of the inverses of an arc of the 
hyperbola with regard to -4, B, C, respectively, show that 

BC. 81 ^- CA.82-¥ AB ,83 = 0. 

66. If 01, 82 are the inverse arcs of an arc 8 of the curve 
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with regaid to the pointa f «, and ndius k, ihow that 

» = #1 + •». 

67. Let A, Bf C be the rerticefl of a tiiangle inambed in the cizele 

and drcumsciibed about the ellipee 

then ahow that the inyerse arcs with respect to A, B, Cot an arc of the curre 

{«»+ y' + (a + hfY - 4 (a2«» + 4»y«) « 
are connected by a linear relation. 

68. If d« ifl an element of the arc of a cloaed cunre without inflexions, and 

Jdi 
— 

taken throughout the entire perimeter has the same value for the curve itself 
and its polar reciprocal with regard to P. 

69. If there be a system of curves given by the equation 

^ (m) + 4' (/*) = «» 

where /a, v are elliptic co-ordinates, as explained in Art. 189, and a is a para- 
meter, show that they are all cut orthogonally by the system 






70. Show that the equations 



f M* f vdv 

repieaent the two fiyfitema of cixdea ha\iii^ double contact with the conic /u = a. 



u 
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i 



71. Show that the circles represented by the equation 



= 



fidfi vdv 






= 0, 



= 



■>»: 






are cut orthogonally by the curve \ 

that is, 

where e = cja. 

Hence, also show, that if « is a number, the trajectory will be algebraic. 

72. Show that the system of curves represented by the equation 

»'{/*+V(/A^-c^)}=« 
are cut orthogonally by the system 

Show also that these curves are circular cubics with nodes. ^ 

73. Show that the equations 

^l" _- + ± =0, 



represent three systems of conies, respectively, having double contact with the 
confocal conies /* = «,!' = «'. ' 

74. Show that the system of Cartesian ovals 

tt + Ari/ = mc, 
where m is given and k variable, is cut orthogonally by the curve 
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75. Show that the arc « of the cunre 



V{c«-(a;+iy)n"v{c»-(4;-.iy)«} 
ia given by the equation 



= 2 






where t = 



Hence show that the arc is expressible as that of the lemniflcate of Bemouilli; 

76. Show that the system of curves 

where pit P29 &c., denote the distances of a variable point from giyen fixed 
points, /, m, &c. are constants, and X* is a variable parameter, is cut orthogo- 
nally by the system 

^1 + man + &c. = a constant, 

where »], »2, &c., are the angles which the lines joining the variable point to 
. the fixed points make with a given direction. (Mr. M. Boberts.) 

77. Show that the system of Cartesian ovals Ipi + mp2 = e, where /, m are 
constants, and e a variable parameter, is cut orthogonally by the curves 

(tanj«i)'= C(tanJ«2)«, 

where uit (m are the base angles of the triangle formed by the variable point 
and the foci. (Mr. W. Roberts.) 

78. Show that the envelopes of the lines 

(x cos « + y sin «) cos a +/(«) = ci 
are cut orthogonally by the envelopes of 

{x cos a + y sin «) cos » — /(« + Jir) = cjj. 

79. An arc of the lemniscate 

r' = a* cos 2$ 

is of given length ; show that the locus of its centre of gravity is 

{m + n)(x^ + y^)^ = ^{(m^l)x^+{n-l)y^}, 

Vhere / is the given length of the arc, and m, n are constants connected by the 
TdhtioD w^ + «^ = 2. 
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80. Show that the system of curves 

y-^-j (cosa)«=a, 
where r, $ are polar co-ordinates, is cut orthogonally by the system 

81. Show that the differential equation 

fxdfi vdv 



7 = 0, 

where ju, v are elliptic co-ordinates, represents the evolutes of the system of 
confocal conies. 
82. Show that 

xy{a + * - 2c) + (c* - ah) (a; + y) + 2ahe - c^(« + i) = 0, 
and two similar relations are integrals of the differential equation 

dx dy ^ 



{{x-a)(x-h)(x^e)}l {(y-«)(y-*)(y-c)}S 

* 83. Given wi + «3 + wa + W4 = JT, show that the anharmonic ratio of sn*Mi, 
&c., is equal to that of snui cnMi/dn?«i, &c., taken in the same order. 

84. Given two curves, ^ = 0, ^n-2 = 0, of the n^ and (n - 2)'* degrees, 
respectively, show, as in Art. 168, that the sum of the areas between the curves 
^n = 0, ^» + h<pn-2 — 0, and two lines whose directions are di, 82, is 

k 






where ^n, ^n.2, being transformed to polar co-ordinates, take the forms — 

^« =^©r" +^ir«-*+&c., 
^.2 = 5o»*"'^ + ^iJ*-^ + &c. 

85. If 2 is the algebraic sum of the areas intercepted between two lines, a 
curve of the n^^ degree, and its n asymptotes ; show that 2 can always be ex- 
pressed by no higher traoBcendents than lo^gixltiiifia ot ^mxiNssiL las!£i6ssc&^ 
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86. Uisa bicircular quartic and ^ is a circle. Show that the algebraic turn 
of the areas intercepted between two lines and the qnartics 17= 0, 17*4- kS sxOia 
proportional to the angle between the lines. 

87. Show that the system of curres 

is cut orthogonally by the system 

y (y» + 3j;3 - A-') - $(x* + y») = 0. 

88. If a curve be given by the equations 

^ ± »y = J {^ - (^' ± »/)' } "^(^' ± »y'), 
where x', y* lie on the Cassinian 

show that the arc of the locus is proportional to the corresponding ait; of the 
Cassinian. 

89. Show that the differential equation 

where TJ = [au^ + la'u + a") {cu^ + 2c' u + <?")- {hu^ + tVu + h")\ 

r = (av^ + 2hv + c) (a"t;2 + 2h"v + e") - (a'f;* + 2h'v + c')«, 

u^ x + ii/, v = x-it/, 

represents a system of bicircular quartics. Hence, also, show that two curves of 
the system pass through a point and cut each other orthogonally. (Darboux. ) 

90. Show that the differential equation 

— u, 



V{(«-.«)(«-ft)(w-c)} •^V[(v-a){V'b)(V''C)} 

where x + ii/ = nf x ^ if/ = v, 

represent a system of Cartedan o\alB. 
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91. Show that the differential equation 

du dv 



where a; + ty - «, a; - iy = t;, 

represent a system of confocal conies. 
92. Show that the equations 

du dv 

±-1: ^ = 



0, 



w^ + c* ~ t;' + c^ 

represent two orthogonal systems of coaxal circles. 

93. Show that the arc of the curve whose equation in polar co-ordinates is 
r^ = a^ cos 40 can he expressed in terms of two elliptic integrals of the first 
kind with numerical moduli. 

94. Show that the curve determined hy the equations 






is algehraic, and that its arc is equal to an arc of the lemniscate. (Serret.) 
95, Show that the^system of curves 

a a — 0? 
where a is a parameter, is cut orthogonally hy the system 

^y y^ o 

^^m ^B^a «■■• /**' 



96. Show that the envelope of the lines 

ic cos « + y sin » = V { a + /(») } 
is cut orthogonally hy the envelope of 

a?co8» + y sin« = V{)3 -/(» + J»)}. 

97. Show that the differential equation 

du dv 

{(u^a)(u-b){u-e)]i {(v - a) (t; -*)(<;-. c)}* 

where x-\-iy^Vk^ « - \t^ =1 id, 



= 0, 
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represents a system of curves of the sixth order. Show also that three curves 
of the system pass through a point, and that the tangents at the point are 
parallel to the sides of an equilateral triangle. 

98. Show that the systems of curves 

du dv ^ 

= 0, 



where x-^iytsu, x-iff*sv, cut orthogonally. Show also that their equations 
in rectangular co-ordinates can he written, respectively, 

99. Show that the area hetween any branch of the cubic 



27xy(l-^- ?)=«*, 



and the two asymptotes which include it, is one-tbird of the area of the tri- 
angle formed by the asymptotes. 

100. Show that the arc of the curve whose polar equation is 

r«-2a3r3cos3a + A;« = 
can be expressed in terms of two elliptic integrals of the first kind. 
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326. 

Graves, theorem of, on arcs of an ellipse, 

304. 
Gudermann, notation of, 143. 
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by parts, 5, 22. 
by successive reduction, 79. 
by rationalization, 63. 
by differentiation, under the 

stgnL 32. 175, 195. 
regarded as summation, 2, 164. 
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Inreno carvet, rectificatioo of, 310. 
Involute of circle, area of, 236. 

Kempc, theorem of, on areas, 285. 

Landen, theorem of, in elliptic integrals, 

on arcs of conies, 308. 
Lcgendre, on elliptic integrals, 225. 160. 

formula of, on rectification, 297. 
Lemniscate. area of, 234. 

arc of, 296, 329. 
Limafon, area of, 234. 
arc of, 297. 

M'Cay, on envelope connected with mov- 
ing lamina, '340. 

MacCullagh, theorem of, on arcs of conies, 
306. 

Modulus of elliptic int^^als, 124. 

Modular transformation, 150. 

Negative pedal, area of that of ellipse, 263, 
266. 
perimeter of, 300. 

Parabola, area of, 226. 

arc of, 289, 298. 
Parallel curves, areas of, 262. 

arcs of, 299. 
Partial fractions, 39. 



Pedal, area of 248. 

area of that of conic, 233, 249. 

Steiner's theorem oa area of, 267. 

arc of, 316, 338. 
Periods of elliptic integrals, 148. 

Quartic ctirve with two nodes at infinity, 
area of, 253. 

Rectification of plane curves, 287. 
Reduction, integration by, 79. 
Roberts, W., elliptic curves of, 336. 
Roulette, area of, 269. 
arc of 338. 

Semicubical parabola, arc of, 292, 299. 
Serret, on arcs of Cassinian oval, 325. 

elliptic curves of, 330. 
Spirals, 236, 297. 
Steiner, theorem of, on areas of pedals, 267. 

on areas of roulettes, 269. 

on arcs of roulettes, 338. 



Taylor's theorem, 198, 
Transformed curves, areas of, 258. 



Unicursal curves, areas of, 255. 

Weierstrass, transformation of in elliptic 
integrals, 349. 
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